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Warning: computational types # monads

e Monad/Triple T' mathematical notion (Category Theory)
monads arise in many contexts (e.g. algebraic theories)

Kleisli and Eilenberg-Moore: monads/comonads <= adjunctions

e computational type/notion of computation T informal concept

ceTA é “c program computing values in A"
Y:(TA— TA) — TA recursive definitions of programs

thesis [M0og91]: notions of computation are (strong) monads

* bulk/collection types T informal concept

ceTA é} “c finite collection of elements of A"
0: TA empty collection and +:TA — TA — TA merge of collections

thesis [BNTW95,Man98]: collection types are (strong) monads



Simple examples of notions of computation in sets
(no recursive definitions of programs)

partiality TA= A 2 A+ {1}, L diverging computation
nondeterminism TA = Py;,(A) set of finite subsets of A
side-effects TA = (AxS)S, S is a set of states, e.g. UL or U*
exceptions TA = A+ E, E set of exceptions

. . . (RA)
continuations TA = R R set of results

interactive input TA = uX.A + XV ie. set of U-branching trees with
A-labelled leaves,

interactive output TA = uX. A+ (UxX)=U*xA



Simple examples of notions of computation in cpos
(allow recursive definitions of programs)

partiality TA = A |, i.e. lifting
nondeterminism T A = powerdomain
side-effects TA = (AxS)"

exceptions TA=(A+ FE) |
continuations TA = REY) | R cpo with L

interactive input TA = . X.(4 + xY) |,

interactive output TA = uX.(A+ (UxX)) |
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More complex examples of notions of computation in sets
TA = ((A+ E)xS)° imperative programs with exceptions
TA = ((AxS) + E)° imperative programs with exceptions

TA = pX.Psin(A+ (UxX)) nondeterministic interactive programs,

TA = pX.Psin((A+ X)xS)? parallel imperative programs,
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Fix a category C, e.g. the category of sets or cpos
(T,n,_*) Kleisli triple/triple in extension form VEN

T:|ICl —|C|, nmatA—TAfor Ae|C|, f*"TA—TBfor fiA—TB, s.t.
A nA TA

N

- n% =idry and f i (f;9%)*

\

Intuitive justification in terms of computational types:
- T A type of computations
-ar A 4, [a]: TA inclusion of values into computations

, f :
. ad — JaTB extension of f to computations

c:TA o letaecin fa: TB

TB——qg*——>TC

Warning: the first choice to make is which category C to use, e.q.
to support recursive programs or recursive/polymorphic types.



EXxercise: examples of notions of computation revised

Extend notions of computation given in sets/cpos to Kileisli triples, e.g.

e nondeterminism TA = Py, (A)
naa) ={a} and f*c=U{fzlz € ¢}

e side-effects T A = (AxS)S
na(a) = As: S.(a,s) and f*c = As:S.let(a,s’) =csinfas

e exceptions TA=A+ F

. « _ ] inre ifc=inre
nala) =inla and f C_{fa, it o—inla

e continuations 74 = R(EY
na(a) = Mk: R4 ka and f*c= Xk: RB.c(Ma: A.fak)
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The Kleisli category Cr of programs
A
- |Cp[ = [C]
- Cr(A,B) = C(A,TB), programs of type B parameterized w.r.t. A

- iy 2 fi. g*, sequential composition of programs

az:Alfo:TB y:B|i>gy:TC

2 ALY let ye=fzingy: TC

Prop. Axioms for Kileisli triples amounts to say Cp is a category



(T, n, ) monad/triple in monoid form N

T:C — C functor, n:ide — T and M:T2 — T natural transformations, s.t.

T3SA—ppa—>T2A TA—npia—>T°A<-Tns—TA
T

A A A 1A s

T°A——pg—>TA TA

Prop. There is a bijection between Kleisli triples and monads:
(1A= TB*2TA— Tf{—>T?B—s—>TB

ST(f:A— B2 (A f B np—>TRB)*
- uA é (TA—idp4—>TA)*

Warning: to verify that “(T,n, 1) is @ monad” there are 7 equations to check!



The Eilenberg-Moore category ¢l of T-algebras

24 PA S 74 A A S 1a
—oz€|CT|<é> Ta e _ e
IdA
TA A A
(@
Tf
TA TB
T A
- felt(a,p) <= « I6;
TA B
/

- fTg2 fig



Monad on sets induced by algebraic signature >

2 single-sorted algebraic signature

TX 2 Ts-(X) set of X-terms with variables in X
-MNx T 2 x, i.e. variable z as a term

f*t = t[f], i.e. substituting in term ¢ every variable x € X with term fx

Prop. Eilenberg-Moore category ¢! isomorphic to category of 2_-algebras
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Relations between C, C; and ¢!

U

C cl T-algebras
>
F
U
Cr free T-algebras

-U(a:TA— A) = A, the carrier of T-algebra «
_FAZ2 4
- A é A T2A — TA, the free T-algebra over A

Prop. F; U

Prop. Both adjunctions induce the monad T



The category Mon(C) of monads/Kleisli triples over C

- |Mon(C)] = monads/Kleisli triples over C

C o (T, *) — (T, *) L5 6, TA - T'A for Ac|C| s.t.
1) nasoa=mn /
2) f*;op=o04,(f;,0p)* for fiA—TB

Prop. There is a bijection between monad morphisms o: T — T’ and
carrier preserving functors V:cT' — c7T, i.e. UVe)=U((:T'"A— A) = A

Prop. There is a bijection between monad morphisms oc4:TA — T’A and
layerings (5. T(T'A) — T'A of T over T [Fil99], namely (4 = Vuy



Metalanguages§ with computational types
(the syntactic/axiomatic counter-part of monads)

(§) e.g. equational logic and higher-order A\-calculus, with judgments:
=, TF7type, T FeT, [Fe =enT

[ = 7type lift [ Fe T ot [(Fey:Tm™ T@,ximiFexTm «
=TT type F[e]pr:TT M F (letpxz<eiiney): T

|_|—€12T’7'1 r,x1:’7'1|—62:T’7'2 r,$22T2|—63ITT3
M Fletpaxs<=(letpri<eriiney)ines = letpxi<eqin (letpaxo<esines): T3
[(Fey:m T@,ziTyFexTm (e TT
M Fletrax<ler]rines = es[x:=eq]: T [ Fletpx<ein(z]lr =e:TT

Prop. The axioms are sound and complete w.r.t. interpretation in a category
with a parameterized® monad (see [Mog91] for details)

(§) parameterization related to the nature of contexts I, need of parametrized
notions by now well-understood in categorical logic (see [Jac99,Pit00])
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Interpretation in a category with finite products

General pattern for interpreting a simply typed calculus:
- context I' = and type  7type interpreted by objects I' and T,
- term I I e: 7 interpreted by morphism f. [ — 7

RULE | SYNTAX SEMANTICS
T
= T type = T
=TT type = T
lift
[ Fe:T = fil —r7
M Elelp: Tr = finr:il = T1
let
[(Fe1:TT = f1:I =17
[, x:71 |—82ZTTQ = f22|_><’7'1 — T'1mo
[Fletprx<=ejiney: Ty = (idr,fl);fékir%TTQ

parameterized extension operation _* maps f:CxA —-TB to f*:CxTA —TB
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Syntactic sugar

. AN A . .
iterated-let: letp0<=0ine = ¢/, letpx,T<e,eine = letpx<einletyz<eine’

A A
do-notation: do{e'} = ¢/, do{z < ¢; stmts} = letp x<ein do{stmts}
Combinators definable in higher order \-calculus

triple in extension form:

T:o— o

unitp.VX.e. X — TX

unitp X © = [x]p

letp:VX,Y:e (X -TY) -TX - TY
letp fe=letpxr<cin fx

triple in monoid form: 7', unitp and

mapp.VX,Y.e (X -Y) >TX - TY
mapr fec=letpx<cin[f z]p
flat7:VX:0T?X — TX

flatp X c = letpx<=cinx
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Definitions in metalanguage with computational types

- a:TA — A T-algebra é
. A F alzx]lpr=x A
c:T?A F a(letpz<cinz) = a(letp z<cin [az]p): A
- fi A — B T-algebra morphism from a:TA — A to 3:TB — B é

c:TA F flac) = pG(letpx<=cin|[fx]r): B

- o:VX:e.TX — T'X monad morphism from T to T’ é

X:ox: X b oX[x]p=[z]p:T'X
X, Y:ecTX f: X —>TY F oV (letpx<cinfzx) =
letprz<=o X cinaV (fz): T'Y
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Monadic approach to denotational semantics

transl interp

PL M Lp(X) C

1) identify metalanguage ML, (3) with comp. types: auxiliary notation;
2) define translation of programming language PL into M Lp(X);
3) construct model of MLp(X), e.g. via translation.

Pros and Cons

+ translation PL — M Lp(X) simple and usually
no need to be redefined (only extended) when PL is extended;
+ same M Lp(3X) can be reused for several translations/interpretations;

— interpretation of M Lp(X) gets complex when PL/monad is complex,
but monad transformers/incremental approach provide a partial solution.
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CBN translation

- pattern: {x;: 7;|i € m} Fpp e:7 translated to {x;:T'7]*|i € m} Fprp €™ T'T"

A
- 2 = signature for datatype of integers,

Y:VX:e.(TX — TX) — TX fix-point combinator

A A A
- types: Int" =Int (11 = )" =T7¢ = T158  (Tixm)" = TTPXTTY

e € PL e € ML (%)
X X
n [n] 7
eo +e1 | letrzg, v1<€j, el in [zo+x1] T
WX T.€ Y 7" (Ax: T™.e™)
AL T.€ [Ax: TT™. e
e1 en let f<elin fe3
(61762) [(6?768)LT
;e letr x<=e™inm; x
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CBYV translation
- pattern: {x;: 7;|i € m} Fpp e:7 translated to {x;: 7|t € m} Fprp eV T7TY

A
- 2 = signature for datatype of integers,
Y:VX:e.(TX — TX) — TX fix-point combinator

A A A
- types: Int" =Int (11 = )" =7{ = T75 (11x1m)" = 71{X13

e € PL eV € ML (%)
x [z] 7
n [n] 7
eo + e1 letr xg, x1<=€f, €] in [xo+x1]7
wf:m — ™AriT1. | *Y (Afi(m1 — )V Az 7].€e")
AL T.€ [Az: 7V.e¥] 1
e1 en lety f,x<ef,e5infx
(e1,e2) letrz1, xp<=el, e5in [(z1,z2)]r
;€ letr x<=eVin [m; ]




Extension of let and fix-point combinators to 7-algebras

o, sort of T-algebras

U:.e, — o forgetful functor
xletp:VX:eNVa. 0 (X - Ua) - TX — U«
*Y:VXa:e.(Ua — Ua) - U«

Fbe1:Tmy Noemibex:U(a:Tmo — 1)

*let
M - sletp aeq inen 2 a(lety z<ey in [es]): Ula: T — 7o)
Nz:rkeU(w:Tr — 1)

Y N
FExY 7 (Az:1.e) = (Y7 (Ae:Tr.[elr:=acd]p): U(a: Tt — T)
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CBYV translation extended to PL with integer locations

1>

Loc set of locations,

¢: Loc fixed set of constants,

get: Loc — T'Int get integer from location,

set: Loc — Int — 71'1 store integer into location

- interpretation of monad 7', e.g. side-effects

- types: ... Loc" a Loc Unit? a 1
e € PL el € MLp(X)
¢ €]
le letr l[<=e" in get
9 [Olr
ep: = eq | letypl,n<ej, ef insetin
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PCF translation
- pattern: {x;: 7;|i € m} Fpp e:7 translated to {x;: 7|t € m} Fpsp %7

A
- 2 = signature for datatype of integers,
Y:VX:e.(TX — TX) — TX fix-point combinator

A A A
- types: Int* =TiInt (11 = m)* =7 =15 (11X712)* = 7{XT5

cc PL @ € ML ()
€T X
n [n]7

eo t+e1 | letrzg, r14€f, e in [zo+z1]T

X T.€ Y 7% (Ax: 7%.e%)
Ax:.T.€e Az 7% e

e1 en e} €5
(e1,€2) (ef,€3)




PCF translation extended to Algol

- monads T T' ,e.g. T state-readers and T’ side-effects

>

- > .
Loc set of locations,

?: Loc fixed set of constants,

get: Loc — T'Int get integer from location,

set: Loc — Int — 7’1 store integer into location

- types: ... Loc? 2 Tloc Cmd? 21

e € PL e € MLy p(X)

¢ €]
le letr [<=e%in get

ep: = eq | lety [, n<oeg, oef insetin

skip (O]
eo; €1 let _<:(38 inef

16-1



Incremental approach: general methodology

P transl ML(=,) transl transl ML(So) interp C

incremental definition of auxiliary notation [CM93,Mo0g97,LHJ95,LH96,Fil99]

Filinski’'s approach: I: ML, :(Zoq + Spew) = MLp(Zo1a)

1) I definitional extension, i.e. identity on M L=(%,4)
2) T! new computational type,

3) /., auxiliary notation related to T’

Usually T’ defined by applying monad transformer for adding new computa-
tional effect to a T in T. X/ ., may include operations op’ extending to T’

pre-existing op for T', and operations associated to new computational effect.
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Monad transformers semantically

function F:|Mon(C)| — |[Mon(C)| mapping monads (over C) to monads

monad morphism wnp: T — FT for any monad T

Monad transformers syntactically: Ip: MLT,,T(ZPW) — ML (Xpar)
2 par Parameters of the monad transformer
Examples of Ir in higher order A\-calculus: general pattern

new monad 77 and monad morphism in: T — T’

operations in >,y associated to new computational effect
operation op’:VX:e.A — (B —- T'X) — T'X extending
pre-existing op:VX:e.A —- (B—-TX) - TX
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Haskell constructor classes provide convenient setting for the incremental
approach [LHJ95]: type inference allows concise and readable definitions,

type-checking detects most errors.

Logical frameworks needed to express and validate properties [Mog97].
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Monad transformer ;. for adding side-effects

states S:e

lookup lkp':T'S
update wupd:S — T'1

T'X 2§ T(Xx58)
A
[x]r = As.[(z,s8)]T
let x<=cin fz 2 As.letr (x,8))<=csin fx s
mXc 2 As.letpxz<cin [(x, s)] T
lkp' 2 As.[(s, 8)] T
upd' s 2 s’ [(x,8)]T
op/ Xaf 2 AS.0p a(Ab.fbs)
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Monad transformer I., for adding exceptions

2 par €Xceptions E:e

2 new raise raise:vVX:e.FE — T'X
handle handle:VX:0(FE - T'X) - T'X — T'X

T'X 2 T(X + B)
2l £ [inlaly
letr x<=cin f x 2 let u<cin(caseuofxz = fx|n = [inrn]y)
T T
in X ¢ = letpx<cin[inlx]p
raise! Xn = [inrn]p
handle’ X fc 2 et uecin (caseuofxz = [inlz]p|n = fn)
T
A

op' Xaf = op a f




Monad transformer I., for adding complexity

1. M
x: M — M — M (we use infix notation for x*)

T'X £ T(XxM)
2l £ [(2, Dy
let x<=cin fx = letr (x,m)<cin (lety (y,n)<fzxin[(y,mxn)]r)
inXec 2 letr z<=cin [(x,1)] 1
tick! m 2 [(x,m)] T
op/ Xaf £ op af
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Monad transformer I[.,, for adding continuations

2 par results R:e

> hew abort  abort’:VX:e.R —T'X
call-cc called:VX,Y:e.((X - TY) - T'X) - T'X

T'X 2 (X — TR) — TR
(] 2 Mk
letr x<=cin fx 2 ke (Mx.fxk)
inXc 2 Meletpaecinkz
abort’ X r 2 Ak [r] T
A

called XY f = Me.f Qx k' [kx]7) K
op Xaf = Mk.op Ra(\b.fbk)

>
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EXxercises

3.3) Extend CBN/CBV/PCF translation to PL with polymorphic types.
3.7) Use translation to Validate laws for PL, or find counterexamples.

3.8) Give translation for Haskell with interger locations.

3.9) Give translation for SML with allocation of interger locations.

3.10) Give translation for SML with references of any type.

3.14) Validate monad transformers, i.e. T monad and in monad morphism.

3.15) For each monad transformer define Y’/ for T’ given Y for T.
Try to extend an op of type VX, Y:e.((X - TY) - TX) - TX.

3.16) Define monad transformer I, for state-readers, and relate it to Ige.

3.17) Check which monad transformers commute up to iso.

HARD) Define predicates for ¢ € T'X 2 S — T (X xS) capturing properties:
“c does not read from S” and “c does not write in 5.

Define a predicate for c € T'X 2 T(X + E) capturing property “c does not
raise exceptions in E".
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