APPSEM’98

A categorical semantics of MetaML

Eugenio Moggi DISI - Univ. of Genova, Italy

http://www.disi.unige.it

joint work with W.Taha, Z.Benaissa, T.Sheard • multi-level languages and modal/temporal logic λ2 [DP96@POPL], λ^◯ [Dav96@LICS] • categorical semantics of 2-level languages λ_{cr}, λ_{sd} [Mog97@MFPS] • MetaML: a strongly typed multi-stage language MetaML [TS97@PEPM] λR [TBS98@ICALP] = λ^◯ + persistence + run * monadic metalanguage ML^ω_M with modalities * categorical semantics of ML^ω_M in ω-level categories * translation of MetaML into ML^ω_{MPN}

→ better understanding of MetaML type system and its relations with λ^◯ → suggests extensions with closed code types * computational adequacy result

Informal definitions

• multi-stage programming =

generic programs + controlled specialization • values of code type ⟨τ⟩ =

representations of programs of type τ

A motivating example

type Z = integers;
type X = integer variables;
type E = integer expr. in X;
val e: E = an expression;
val rho_i: X -> Z = valuations;

(* expr. evaluation *)
val eval: E -> (X->Z) -> Z = ...;
val f = eval e;
val it = (f rho_1, f rho_2);

(* staged expr. evaluation *)
val eval’: E -> <(X->Z)->Z> = ...;
val f’ = run (eval’ e); <<= compile
val it = (f’ rho_1, f’ rho_2);

Idealized MetaML: λR [TBS98] • τ ∈ T : : = b | τ_1 → τ_2 | ⟨τ⟩ • e ∈ Exp: : = x | c | λx.e | e_1 e_2 | ⟨e⟩ |ẽ | run e Typing rules • Γ = {x_i: τ^{ni}_i |i ∈ m} with x_i distinct • Γ ⊢ c: τ^n_c • Γ ⊢ x: τ^n 0 if Γ(x) = τ^n and n ≤ n^′

• Γ, x: τ^n_1 ⊢ e: τ^n_2 Γ ⊢ λx.e: τ_1 → τ^n_2 Γ ⊢ e: τ_1 → τ^n_2 Γ ⊢ e_1: τ^n_1 Γ ⊢ e e_1: τ^n_2 • Γ ⊢ e: τ^{n+1} Γ ⊢ ⟨e⟩: ⟨τ⟩^n Γ ⊢ e: ⟨τ⟩^n Γ ⊢ẽ: τ^{n+1} Γ^+ ⊢ e: ⟨τ⟩^n Γ ⊢ run e: τ^n Operational semantics (with errors) • e^n⇒ e^′ big-step operational semantics • well-typed expressions cannot go wrong ∅ ⊢ e: τ^n and e^n⇒ e^′ imply e^′ ≢ err * bug in reduction semantics of [TBS98]

Big-step operational semantics • ⊥^0⇒ e ⊥^0⇒ e ⊥^{n+}⇒ ⊥ x^{n+}⇒ x • λx.e^0⇒ λx.e e^{n+}⇒ e^′ λx.e^{n+}⇒ λx.e^′

• e_1^0⇒ λx.e e_2^0⇒ e^′_2 e[x: = e^′_2]^0⇒ e^′ e_1 e_2^0⇒ e^′ e_1^{n+}⇒ e^′_1 e_2^{n+}⇒ e^′_2 e_1 e_2^{n+}⇒ e^′_1 e^′_2 • e^0⇒ ⟨e^′⟩ e^{′ 0}⇒ e^{′′} run e^0⇒ e^{′′} e^{n+}⇒ e^′ run e^{n+}⇒ run e^′ • e^{n+}⇒ e^′ ⟨e⟩^n⇒ ⟨e^′⟩ e^0⇒ ⟨e^′⟩ ẽ^1⇒ e^′ e^{n+}⇒ e^′ ẽ^{n++}⇒ ẽ^′ Examples of evaluation • ⟨~⊥⟩: ⟨τ⟩^0⇒ and ⟨λx.~⊥⟩: ⟨τ_1 → τ_2⟩^0⇒ diverge • ⟨⊥⟩: ⟨τ⟩^0⇒ ⟨⊥⟩ and ⟨⟨~⊥⟩⟩: ⟨⟨τ⟩⟩^0⇒ ⟨⟨~⊥⟩⟩ •~⊥^0⇒ and ⟨λx.x̃⟩^0⇒ get stuck * f x y = if x=0 then 0 else x*y;

g x = <fn y=>~(if x=0 then <0> else <x*y>)>;

f 0^0⇒ λy.if x = 0 then 0 else x ∗ y g 0^0⇒ ⟨λy.0⟩

Categorical semantics of MetaML • S semantic category

parameterized w.r.t. a base category B * ML^ω_M monadic metalanguage with modalities conservative extension of typed λ-calculus • interpretation of ML^ω_M in S

parameterized w.r.t. a strong monad M over B modalities explained by adjunctions * translation of MetaML into ML^ω_{MPN} * computational adequacy

e ⇓_0 iff ⊥ ≠ [[e]] ∈ M[[τ ]], when ∅ ⊢ e: τ^0

Notation • GF = G ∘ F and HGF = H ∘ G ∘ F when F , G and H functors • GF = G(F ), when object or morphism

The semantic category S

• B CCC with small limits, e.g. Set or Cpo

* S^Δ= B^{(ωop)} ω-levels category (CCC) ω^{op} 0 < 1 < 2 . . . n < n + 1 . . . A A_0 < a_0 A_1 < a_1 A_2 . . . A_n < a_n A_{n+1} . . . . . . . . . B f ∨ B_0 f_0 ∨ < b_0

B_1 f_1 ∨ < b_1

B_2 f_2 ∨ . . . B_n f_n ∨ < b_n B_{n+1} f_{n+1} ∨ . . . • M strong monad over B (basic computations), e.g.

MX = X + 1 or MX = X_⊥

A typed metalanguage: ML^ω_{MPNB}

τ ∈ T : : = b | (τ_i|i ∈ m) | τ_1 → τ_2 |

| Mτ comp. types | Pτ | Nτ open code | Bτ closed code MA = MA_0 < Ma_0 MA_1 < Ma_1 MA_2 . . . MA_n < Ma_n MA_{n+1} . . . NA = 1 < ! A_0 < a_0 A_1 . . . A_n�_1 < a_n�_1 A_n . . . PA = A_1 < a_1 A_2 < a_2 A_3 . . . A_{n+1} < a_{n+1} A_{n+2} . . . BA = lim A < id lim A < id lim A . . . lim A < id lim A . . .

Categorical properties of S

• reflections, coreflections, and lim. pres. functors

B < π ⊥ æ Δ > ⊥ < Γ S S < P ⊥ æ N > S

• B = Δ ∘ Γ idempotent (limit preserving) comonad

• N(Y^X) → (NY )^{NX} iso, since P preserve limits

• orthogonality: ΔY → (ΔY )^{NX} iso

• up_X: X → NX s.t. up_{NX} = N up_X

X_0 < x_0 X_1 < x_1 X_2 . . . X_n < x_n X_{n+1} . . . up_X = . . . . . . 1 ! ∨ < ! X_0 x_0 ∨ < x_0 X_1 x_1 ∨ . . . X_n�_1 x_n�_1 ∨ < x_n�_1 X_n x_n ∨ . . . • δp_X: MPX → PMX iso, δn_X: MNX → NMX M1 < M! MX_0 < Mx_0 MX_1 . . . MX_n�_1 <

Mx_n�_1 MX_n . . . δn_X = . . . . . . 1 ! ∨ < ! MX_0 id ∨ < Mx_0 MX_1 id ∨ . . . MX_n�_1 id ∨ < Mx_n�_1 MX_n id ∨ . . . (P, δp) and (N, δn) monad endomorphisms on (S, M)

From λR to ML^ω_{MPN} • translation of types τ ∈ λR τ∗ ∈ ML^ω_{MPN} b b τ_1 → τ_2 τ_1∗ → Mτ_2∗ ⟨τ⟩ NMτ∗ * translation of terms Γ ≡ {xi: τ n^ii |i ∈ m} ⊢ e: τ n Γ∗ ≡ {xi: Nn^i τi∗|i ∈ m} ⊢?: τ⋆n where τ⋆^{n Δ}= (MN)^n M τ∗

τ∗ = A_0 < a_0

A_1 < a_1 A_2 . . . A_n < a_n A_{n+1} . . . τ⋆^n = M1 < M! M^21 <

M^2!

M^31 . . . M^{n+1}A_0 <

M^{n+1}a_0 M^{n+1}A_1 . . .

Auxiliary morphisms • ⊥^⋆_n: 1 → (MN)^nMA • up^⋆_{m,n}: N^mA → (MN)^nMA provided m ≤ n • @^⋆_n: (MN)^nM (MB)^A×(MN)^nMA → (MN)^nMB * λ^⋆_n: ((MN)^nMB)^{NnA} → (MN)^nM (MB)^A • run^⋆_n: P(MN)^{n+1}MA = M(MN)^nMA → (MN)^nMA

Interpretation of λR in S [[Γ ⊢ ⊥: τ^n]]^Δ= !; ⊥^⋆_n: X → (MN)^nMA

[[Γ ⊢ x: τ^n]]^Δ= π_x; up^⋆_{nx,n}: X → (MN)^nMA [[Γ, x: τ^n ⊢ e: τ^{′n}]] = f: X × N^nA → (MN)^nMB [[Γ ⊢ λx.e: τ → τ^{′n}]]^Δ= Λf; λ^⋆_n: X → (MN)^nM (MB)^A [[Γ ⊢ e_1: τ → τ^{′n}]] = f_1: X → (MN)^nM (MB)^A [[Γ ⊢ e_2: τ^n]] = f_2: X → (MN)^nMA [[Γ ⊢ e_1 e_2: τ^{′n}]]^Δ= ⟨f_1, f_2⟩; @^⋆_n: X → (MN)^nMB [[Γ ⊢ e: τ^{n+1}]] = f: X → (MN)^{n+1}MA [[Γ ⊢ ⟨e⟩: ⟨τ⟩^n]]^Δ= f: X → (MN)^nM(NMA) [[Γ ⊢ e: ⟨τ⟩^n]] = f: X → (MN)^nM(NMA) [[Γ ⊢ẽ: τ^{n+1}]]^Δ= f: X → (MN)^{n+1}MA [[Γ^+ ⊢ e: ⟨τ⟩^n]] = f: NX → (MN)^nM(NMA) [[Γ ⊢ run e: τ^n]]^Δ= Pf; run^⋆_n: X → (MN)^nMA X = PNX where A^Δ= [[τ∗]], B^Δ= [[τ^′∗]] and X^Δ= [[Γ∗]]

Definition of auxiliary morphisms

⊥^⋆_n) 1 ⊥ >MA ℓ^n >(MN)^nMA where ℓ = up; η: A → MNA up^⋆_{0,n}) A η >MA ℓ^n >(MN)^nMA up^⋆_{k,n+k}) N^kA L^k(up^⋆_{0,n}) >(MN)^{n+k}MA where Lf = Nf; η: NA → MNB when f: A → B @^⋆_0) (MB)^A × MA → MB usual CBV translation

@^⋆_{n+1}) (MN)^{n+1}M (MB)^A × (MN)^{n+1}MA ψ^′ > MN((MN)^nM (MB)^A × (MN)^nMA)

MN @^⋆_n > (MN)^{n+1}MB ψ^′: MNA×MNB → M(NA×NB) = MN(A×B) run^⋆_0) μ: M^2A → MA run^⋆_{n+1}) M(MN)^{n+1}MA M(δn) > MNM(MN)^nMA MN(run^⋆_n) >(MN)^{n+1}MA

Definition of auxiliary morphisms λ^⋆_0) η: (MB)^A → M (MB)^A usual CBV translation

λ^⋆_{n+1}) ((MN)^{n+1}MB)^{Nn+1A} λ^⋆ > MN ((MN)^nMB)^{NnA} MN(λ^⋆_n) > (MN)^{n+1}M (MB)^A where λ^⋆: (MNMB)^{NA} → MN (MB)^A f) (MNMB)^{NA} δn^{NA}> (NM^2B)^{NA} ¸= N (M^2B)^A N^(μ^{A)}> N (MB)^A because (NB)^{NA} ∼= N(B^A) c) (MNMB)^{NA} (M!)^{NA} >(M1)^{NA} ∼= M1 because (ΔB)^{NA} ∼= ΔB λ^⋆) (MNMB)^{NA} ⟨c, f⟩ >M1 × N (MB)^A t >MN (MB)^A • λ^⋆_0(h) = ⊥ never, where h ∈ (MB)^A • λ^⋆_1(h) = ⊥ iff c(h) = ⊥, where h ∈ (MNMB)^{NA}

Conclusions • expressive metalanguage ML^ω_M • with several modalities P, N, B, . . . • a categorical semantics in B^{ωop}, where

computational types interpreted by pointwise monad interpretation of modalities given by adjunctions • simplification to MetaML type system {x_i: τ^{ni}_i |i ∈ m} ⊢ e: τ^n Computationally adequate translations * MetaML → ML^ω_{MPN} S = B^{ωop} ? λ^◯ → ML^ω_{MN} S = B^N ? λ2 → ML^ω_{MB} S = B^{2op} Expected fallouts • extension of MetaML, e.g. with closed code types • equational calculus (fix bug in reduction of [TBS98])