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• Q #SRT'VU � RT'�W6$ �BXY� Q Z �1�M[ map rev
[
L \ X → l \ X]_^a`cbedgf2bih4jFblknm2oporq s f=tuhvkpjFbGh
twhyxwblkpjcz `{x|hyxD}

• ~ �a�I� R �S� � # ~+� [/���e�6�{���F�a�4���Y�F�T���F��� �/�Y�a�=��� ���F�+���=�������F�2������ f=j �F����� h�` �F�+���S��� mTq �F� m �
•
� �6� R 'G� ��� � [a�   ¡

. . .¢¤£w¥ W§¦:R-# ~ � � b¨q�d©hyx � x�ª¬«ch4s m+x � Z # �V� Q # ~LZ � 'G� Q
­ bGh
tws x � b¨q�d©h�m+x¬x|k®zFj{s¯h4jFb � tuh-°:`Bª|blkpf=j

•
� �6� R � ~ � �±� � £w¥ W²¦³R-# ~ � [
­ ´ `�j�ª|buf=twx
­ � �6� Z ���8� £w¥ W²¦³R-# ~ � ��� mTq �F� ^ �
­ twh4datuhyx|h4jFbµm4blkpf=j{xef ´ x�«�m2d©h4orq ´ `�j�ª|buf=twx

• Z§~ # Z � ~ R-' � � # £ �±� � ]1m+x�hH¶�d©h�ª|bih-°·} ���¸�F� �=¹*��[
­ bºq�d·hvkpj ´ h
twh4j�ª»h¼m2o®zFf=t¬krbº«as
­ xµ`½^�¾Gh�ªDb¿tuh-°:`Bª|blkpf=j ��� «½`atuªH«cÀ � fÁx¬xDh�tÂdatuf-d©h�tib¨q
­ xlb¬tuf=jcz jaf=tws m2opk®ÃTm4blkpf=j ]_jafÅÄ½¶>}
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	 Q #SRT'VU � RT'�W6$ �BXY� Q Z �1�
• map

[
∀F

[y�
.∀X,Y.

]
X → Y

}
→ FX → FY

­ °{m4bµmÅdgf*orq�s f=twda«akÆx�s [ F Ä½¶�h-° �
X,Y Ç m2tGq¢¼xµ«�m2d·hvdgf*orq�s f=tuda«akÆx�s [

F Ç m2tHkphyx � X, Y
Ä½¶�h-°

• L
[<� bº«chvopkÈxlb ´ `�j�ª|buf=t

• rev
[
∀X.LX → LX

tuh Ç h
tlx|kpjcz m¤opkÈxwb
É �6� R ¦ � W Ê � '�W £ � ~*~ �S��Ë

• ´ `{oporq h¬¶�d�opkpª»krb
map L Ì LX LX

]
rev X

} [
L \ X → L \ X

map L L Ì X L Ì X ]
rev LX

} [
L \ X → L \ X

•
b¨q�d©hÍkps d�opkÎª4krb
map L Ì rev

[
L \ X → L \ X

map L rev
[
L \ X → L \ X¢ ´ `{oporq kps d�opkpª»krb

map rev
[
L \ X → L \ X

	 Z6Z²~ # � ¦ ��� �
•
� «�m2t¬krb¨q [

F
s¤`{xwb¸^©h�hH¶�d�opkpª»krb

•
� m+x�ÏÁh4opo©bºq�d·hÍª4onm+x¬x|hyx [ ª4f:°Bh ´ f=t map

x�`adcd�opkph-° ^½q `�xDh�t
•
� �   [

F
]
GX

}
6 Ð ]

F ◦ G
}»]
X
} � f=jaorq kÆx�f=s f=twda«akpªLÑ
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• F

]
GX

}
6 Ð ]

F ◦ G
}»]
X
} � f=jaorq kÆx�f=s f=twda«akpªLÑ

• F
]
GX

} [
F ´ `�j�ª|buf=t � GX

°{m4bµm
• F 〈G〉

]
X
} [ ]

F ◦ G
} ´ `�j�ª|buf=t � X °{m4bµm

• ÓyÔºÕ4Öc×iØGÙ�ÚFÛ<Ü ��� h4j ¹½ÝT� f ´{´ `�jaªDbuf=tlx [ ª»f=s d>fÁxHkrblkpf=j¯`adÞbµfßkÈx�fà]1m+xx�f2op`cbikpf=j{x�bufà°{f=s m2kpj h�á:`·m4blkpf=j{x|}ãâ
•
ª
m2jaf=jakÎª<m2oMkÆx�fÁx�m+xe°am4bµmÅ°{kÈxlb¬t¬kp^a`:blkpf=j ��� mTq �F� ª �

F
]
GX

}

F 〈G〉
]
X
}

dex

?

L
]
L
]
LX

}u} map rev
- L

]
L
]
LX

}u}

L Ì ] LX
}

dex

?

map rev
- L Ì ] LX

}
dex

?

H
]
X
} map f

- H
]
Y
}
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¢ ´ `�j�ª|buf=twx¸ä ` F

[
m
f ´ m2t¬krb¨q m

F,G
[y[ Ð X | C | å m

i | F 〈G〉n | µmF

•
b¨q�d©hyxeä

` τ
[�æ

τ
[y[ Ð X | τ ç → τ Ì | . . . | F

]
τ
}

•
xµªH«ch4s mèä

` σ

σ
[y[ Ð τ | ∀X.σ | ∀X

[
m.σ

é «ch�tuh�ä [<[ Ð |
ä

, X
[
m |

ä
, X

[µæ b¨q�d©h�ª4f=jÁbih¬¶�bTâ
� ¥ W§¦:R-# ~ ��ê � ~ '8R � � W � ë Q �·� W§'IW6$�ì

•
ª»f=j{xwbum2jFb ´ `�j�ª|buf=twx [
­ �L[H� `�jakrb�b¨q�d©h
­ ×,

¡í[|� ^akpj�m2tGq datwfc°:`Bª|b�m2jB° x�`�s
¢Þdatwf*¾Gh�ª|blkpf=j å m

i

[
m
� é «ch�tuh i ∈ m

å m
i

]
X
} ∼Ð Xi¢¤ª»f=s dgfFxHkrblkpf=j

F 〈G〉n
[
n
� k ´ F [

m
m2jB°

Gi∈m
[
n

F 〈G〉n
]
X
} ∼Ð F

]
Gi

]
X
}
i∈m

}
•
kpjB°:`Bª|blk Ç h µmF

[
m
� k ´ F [

m
¡ �

µmF
]
X
} ∼Ð µY.F

]
X,Y

}
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¢èmÅtwhDÄ�jch�sàh�jÁb¿f ´ b¨q�d©hDÀIª4f=j�xwb¬tw`BªDbuf=tlx [
é krbº« î ÚFï Ø m*°a°{krbikpf=j�m2o>xwb¬tw`Bª|bl`atuhyð+datwf-d·h�tibikphyxh=âñz©â ´ `�jaªDbuf=tlx � x�«�m2d©h4orq ´ `�j�ª|buf=twx � . . .

•
WY#MR �   ´ `�j�ª|buf=twx [^a`:b¸ª»f=`aoÆ° ^©h ØyòóÕ4Ú*ô�Ø4ô m+x �   xwb¬tw`Bª|bl`atuhyx
F ∗ [
õ>ö=÷ ø é «ch4j F

[
m
� é «ch�tuh

õ>ö=÷�ù�ú û õ>ö=÷
ü�ýaþMÿ ��� � � ��� �
	 ÿ���ü�ýaþMÿ ��

����� � � ��������������
�������� ��������� � �
����� ÿ! �"#�

^a`:b W # kpj Ç h
tlxDh ô{Ø4Õ4Ú*ô½ÔVòaÙ â
•
WY#MR � m+x�ÏÁh4opo�ð%$�f ´ h�t�b¨q�d©hvª»onm+x¬x|hyx [^a`:bvª4f=`{oÆ° ^©h Ø<òóÕ�Ú2ô{Ø»ô m+xÍh4oph4s¯h4jFbwxvf ´ m¯bºq�d·h¤ª»onm+x¬x¯] x|m2s¯hkÆ°ch-mím+x¿m<^>f Ç hy}ãâ
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` # Q � � � Q � W�RT'�¦�� £ # ~ F
[T� '�W `6� R

• F
[a` � R

→
`6� R ´ `�j�ª|bµf=tª»f=s dgfFxHkrblkpf=j m2jB° datwf*¾Gh�ª|blkpf=j{xe`ad bufàh�á:`·m2opkrbºq

jafàkps d�opkpª»krb¸x�«�m2d©hvdgf*orq�s f=twda«akÆx�s ]_jaf=t
µmF

}
• F

[a` � R
→

`6� R ´ `�j�ª|bµf=t é krbº« tuh4onm4blkpf=j�m2o&m*ª|blkpf=j
X ç f

- Y ç

X Ì

R

g
- Y Ì

S
kps d�opkphyx

FX ç Ff
- FY ç

FX Ì

FR

Fg
- FY Ì

FS

• F
[a` � R

→
`6� R x�«�m2d©h4orq ´ `�j�ª|bµf=t � kVâ h=â

F
]
X
} dataX

- L
]
X
}

S ∼Ð F
] � }

F
]lÑ�}

? b
Ð data ç- L

] � } ∼Ð N
?

L
]wÑ�}

F
]
X
} ∼Ð c s

[
S.X d s

j�m4bl`at¬m2oporq kpj
X¢

F
tuh4dat�â

〈S ∈
`6� R

,

b [
S → N〉

f ´ xµ«�m2d·h4orq ´ `�jaªDbuf=t
F
]
X
} Ð¼Ð c s

[
S.X d s å çe Ð¼Ð 〈

�
, λ

[y�
.
�
〉ª»f=s dgfFxHkrblkpf=j m2jB° datwf*¾Gh�ª|blkpf=j{xef=jaorq `ad bµfèkÈxµf

kps d�opkpª»krbex�«�m2d©hvd>f2orq�s f=tud{«akÈxµs ]1m2jB°
µmF

}
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•
bGh
tws xeä fHg

` t
[
σ

t
[<[ Ð x | c | λx.t | t ç t Ì |

ophDb
x Ð t ç kpj t Ìé «ch�tuhhg [y[ Ð |

g
, x
[
σ
]8k ´ ä ` σ

} bGh
tws ª4f=jÁbih¬¶�bTâ
� ¥ �O� � £ # ~ R � Z � � �=�Á'O$ W Q � W�R

]
c
} ä fHg

`ä fHg
` c

[
σc

]
x
} ä fHg

`ä fHg
` x

[
σ

σ Ð gY]
x
}

]I¢ji dcd
n

} ä f]g
` t

[
∀X

[
n.σ

ä
` F

[
nä fHg

` t
[
σ{F/X}

]I¢jk
n

} ä
, Y

[
n
f]g

` t
[
σ{Y/X}ä fDg

` t
[
∀X

[
n.σ

Y 6∈ lnm ]Vä }

]oi dcdg} ä fDg
` t

[
∀X.σ

g
` τä fHg

` t
[
σ{τ/X}

]ok¿} ä
, Y

[µæ fDg
` t

[
σ{Y/X}ä fDg

` t
[
∀X.σ

Y 6∈ lnm ]Vä }
]1m2dcd·} ä f]g

` t
[
τ ç → τ Ì

ä fHg
` t ç [ τ çä fHg

`
]
t t ç } [ τ Ì]

λ
} ä fHg

, y
[
τ ç ` t{y/x}

[
τ Ìä fHg

`
]
λx.t

} [
τ ç → τ Ì

y 6∈ lnm ]8g }
]8ophDbD} ä f]g

` t ç [ σ ç ä f]g
, y
[
σ ç ` t Ì {y/x}

[
σ Ìä fDg

`
ophDb

x Ð t ç kpj t Ì
[
σ Ì

y 6∈ lnm ]8g }
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� # W§�-R � W�R*� � W � R � � ' ~ �+¦ ��� Q �
s m2d

m

[
∀F

[
m.∀X,Y .

]
Xi → Yi

}
i∈m → F

]
X
}
→ F

]
Y
}

d©h¬¶
m,i

[
∀X.Xi → å m

i

]
X
}

dakpj
m,i

[
∀X. å m

i

]
X
}
→ Xi

°ch¬¶
m,n

[
∀F

[
m.∀G

[
n.∀X.F

]
Gi

]
X
}
i∈m

}
→ F 〈G〉n

]
X
}

°{kpj
m,n

[
∀F

[
m.∀G

[
n.∀X.F 〈G〉n

]
X
}
→ F

]
Gi

]
X
}
i∈m

}

kpjFb�tuf
m

[
∀F

[
m
¡ �

.∀X.F
]
X, µmF

]
X
}u}
→ µmF

]
X
}

´ f*oÆ°
m

[
∀F

[
m
¡ �

.∀X,Y.
]
F
]
X,Y

}
→ Y

}
→ µmF

]
X
}
→ Y

`�j [í�
d·m2kpt [

∀X e , X ç .X e → X ç → X e × X çd{k
j

[
∀X e , X ç .X e × X ç → Xj

kpj
j
[
∀X e , X ç .Xj → X e ¡ X çª<m+x|h [
∀X e , X ç , Y.

]
X e → Y

}
→

]
X ç → Y

}
→ X e ¡ X ç → Y

Ä½¶ [
∀X.

]
X → X

}
→ X

• Q � 'IW ~ � � ¥ � R [ �   ÀIopkpÏÁh�b¨q�d©hÍkpj ´ h�tuh4j�ª»h¼m2o®zFf=t¬krb¨«{s â
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]
λx.t Ì

}
t ç > t Ì {t ç /x}ophDb

x Ð t ç kpj t Ì > t Ì {t ç /x}
dak

j

]8d©m2kpt
t e t ç } > tjª
m+xDh

f e f ç ]8kpj j t
}

> fj t

dakpj
m,i

]8d©h¬¶
m,i t

}
> t°{kpj

m,n

]V°ch¬¶
m,n t

}
> t

s m2d
m fk∈m

]8d©h¬¶
m,i t

}
>

d©h¬¶
m,i

]
fi t

}
s m2d

n fk∈n

]V°ch¬¶
m,n t

}
>

°ch¬¶
m,n

]8s m2d
m

]8s m2d
n f

}
i∈m t

}
s m2d

m fi∈m

]8kpjFb�tuf
m t

}
>

kpjFb�tuf
m

]8s m2d
m � ç f

]_s m2d
m f

}
t
}

s m2d
Ì f e f ç ]8d©m2kpt t e t ç } >

d·m2kpt�]
f e t e }�] f ç t ç }s m2d

Ì f e f ç ]8kpj j t
}

>
kpj

j

]
fj t

}
s m2d e `�j >

`�j

´ f2oÆ°
m f

]8kpjFb�tuf
m t

}
> f

]8s m2d
m � ç ] λx.x

}
i∈m

] ´ f*oÆ°
m f

}
t
}

Q � '�W ~ � � ¥ � R*�
•
� «F`atµª¬«BÀ � fFx¬x|h
t�datwf-d·h�tibºq:f

•
� `F^�¾¨h
ª|b¿tuh-°:`Bª|blkpf=j\f

•
� b�tuf=jczíjaf=tws m2opk®ÃTm4blkpf=j ] é «ch4j jafÅÄ½¶>}ãâ
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• ´ f2oÆ° e f

]8kpjFb�tuf e t
}
> f

]_s m2d ç ] ´ f*oÆ° e f
}
t
}

F
]
µ
e
F
} kpjFb¬twf e

- µ
e
F

F
]
Y
}

s m2d ç ] ´ f*oÆ° e f }
?

f
- Y

?

´ f*oÆ° e f

•
s m2d ç f

]_kpjFb¬twf ç t
}
>
kpjFb�tuf ç ]8s m2d Ì f

]8s m2d ç f
}
t
}

F
]
X, µ

ç
F
]
X
}u} kpjFb¬twf ç

- µ
ç
F
]
X
}

F
]
Y, µ

ç
F
]
Y
}u}

s m2d
Ì
]
f,
s m2d ç f }

? kpjFb¬twf ç- µ
ç
F
]
Y
}?

s m2d ç f
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•
� �   ´ `�j�ª|buf=twx¿m+x#i l æ
­ x|h Ç h
t�m2o ÔVïhr<s Øyï Øyò%×¨ÖB×OÔ¨ÚFò îedgfFx¬xHkp^�oph
­ mÅxµs f:f2bº« é mTq bufèhH¶�bGh4jB° �  Rtuwv ��  � ª»f=tuh|À �  

⊂
�/�  

­ ^{`cb¸t¬m4bº«ch
t�opf é ÀIoph Ç h4o � h=âñz©âopkÆxwbwx
L Ð µ

ç
F é «ch
twh F Ð ¡

〈
�
〈〉 Ì ,×〉j{kpo Ð ]_kpjFb¬twf ç ◦ °ch¬¶ Ì , Ì ◦

kpj e ◦ °Bh¬¶ e , Ì
}§`�j [

LX

•
xwbi`�°Bq � �   bih�tus x�m onm � `atwtiq [ t¬kpª¬«ch
t�s f:°Bh4oÎx � ^·hDb�bih�tÍf-dBÀ
blkps k®ÃTm�bikpf=j{x ����� �F�-�

•
ª
m2jaf=jakÎª<m2oMkÆx�fÁxekpj ´ h
twh�jaª4h�datwf=^�oph4s

•
� �   m+x kpjFbih�tusàh-°{knm4bih onm2jBzF`©m-zFh ´ f=tÞm2j�m2orq�xHkÆx f ´ m*ª�ª»hyx¬x�buf°{m4bµm ]8ª<m2j{f=jakpª
m2oMkÈx�f=s f=tuda«{kÈx�s xD} ���Â�2�a�=�a  h
t �F�T�
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