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e motivating example: map rev: L’X — X

(but potentially more interesting uses)

o related work: [BFSS90, RP90], [MFP91, MH95], [CF92],
[Jon95, Jeu95|, [Jay95al

e what is FML: ML + . ..

* functors, types, schemas, polymorphism

— terms, type assignment, reduction
e what are FML functors:

— functors
— shapely functors [Jay95b]

— representations of shapely functors
e properties of FML (as expected) [BJM96]:

— type inference algorithm
— subject reduction, Church-Rosser property

— strong normalization (no fix)



A motivating example

e map:VF. 1VX,Y.(X -Y)— FX — FY
— data polymorphism: F' fixed, X,Y vary
* shape polymorphism: F' varies, X, Y fixed
e [:1 the list functor
o rev: VX.LX — LX reversing a list

What can be inferred?

o fully explicit
map L* LX LX (rev X): L’X — L3X
map L L*X L*X (rev LX): L’X — L°X

e type implicit

map L? rev: X — L3X
map L rev: X — L’°X

* fully implicit
map rev: L°X — L3X
Approaches
e Charity: F' must be explicit

e Haskell type classes: code for map supplied by user

e FML: F(GX) # (F o G)(X), only isomorphic!



Key idea
o ['(GX) # (F o G)(X), only isomorphic!
o ['(GX): F functor, GX data
e ['(G)(X): (F o @) functor, X data

e bicategory [Ben67] of functors: composition up to iso (as
solutions to domain equations).

e canonical isos as data distribution [Jay95c]

FGX)  LL(LX) P n(Lx)
dex dex dex
FO)(X) LX) LYLX)

() — "Ly



Functors, types, schema

* functors A + F:m of arity m
F.G..=X|C|II"| F{(G)" | u"F
o types A - 7: T
=X |mnm—omnl|...|FT
e schema A - o
og:=717|VX.0o|VX:m.o
where A::= | A, Xom | A, X: T type context.
Functors: arity and “meaning”

e constant functors:
— 1: 0 unit type
— X, +: 2 binary product and sum
* projection I1": m, where 1 € m
IIM(X) = X;

* composition F(G)":n, if F:m and Gicp:n

F(G)"(X) = F(Gi(X)iem)
e inductive u"F:m, it F:m + 1

p"F(X) = uY F(X,Y)



What are FML functors?

* a refinement of type-constructors:
with some additional structure/properties

e.g. functors, shapely functors, . ..
e not ML functors:

but could be encoded as ML structures

F*:sig m when F: m, where

sig_1 = sig
type X C ; (*x or eqtype *)
val M : (’X->’Y)->’X C—>’Y C ;

. end;

but no inverse decoding.

e not Haskell /Gofer type classes:
but could be encoded as elements of a type class (same
idea as above).

Slogan: FML functors form an abstract datatype
of type constructors!



Some semantics for F:1 in Set

e [': Set — Set functor

composition and projections up to equality
no implicit shape polymorphism (nor p"" F)

e [:Set — Set functor with relational action

F
X1 / Yi FX; ! FY;
R S implies F'R S
X9 - Y5 FX, FY,
g Ig

e [: Set — Set shapely functor, i.e.
data x

F(X L(X

( )J (X)
E() L)
S=F() L) =N

F(X) & ¥s: S. X7 naturally in X
* Frepr. (S € Set,#: S — N) of shapely functor
F(X)==%s8.X7" Tl ==(1,A:1.1)

composition and projections only up to iso
implicit shape polymorphism (and ™ F')



Terms a la Church
o terms A\:I' -t o
to=x|c|Axt|tite|letz =1t inty
where [::= | I, z:0 (if A - o) term context.
Rules for type assignment

) AT () AT
(e AT c o, * AT EFaxo

o =1(x)

- App, ) AT'FtVX:no AF F:in
! AT Fto{F/X}
ANYnT'Fto{Y/X}

AT HtEtVXin.o

(*An) Y ¢ DV(A)
(App) AT HFtVXoe T'FT
ATHto{r/X}
AY: T T'Fto{Y/X}
(A) AT HFtVX.o
ATt —1mn ATFtin
(app) A, [ I_ (t t1>3 T9
ATy Et{y/zhm
M) AT E (Axt)m — 1 y ¢ DVIT)
fet) AT tiop ATy o0 Ftdy/at:og
AT Flet x =t in ty: 09

Y ¢ DV(A)

y ¢ DV(T)
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2\7)(0,)(1QX5 —9')(1-—9 )(OIX )(1
Z\V)(O,jleXb X )(1-—>;X}

pair
pi j

1nj
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fix :

 VF-m+ 1VX.F(X,
- VEm+1VX ) Y.(F(X,)Y)—=Y) > u"F(X)—Y

Constants and their schema

VEmNVYX,Y.(X; = Y)iem — F(X) — F(Y)

VXX, — TTM(X)
 VX.IIM(X) — X,

VE-mNG nVX.F(G(X)iem) — F
VE:m NG nVX.F(G)"(X) — F(Gi{(X)iem)

W (X)) — u"F(X)

1

. VSYO,)(lQX} —ﬁ.AQ)%-)(l
2\7)(0,)(1,}<()(0-—+ }f)

- (X1 —=Y)= X)+ X; =Y

VX.(X —> X) — X

e main result: ML-like type inference algorithm.



Type-free Reduction

()\33752) t1 > tQ{tl/Cl?}
let x = t1inty > tQ{tl/CU}

pi; (pair to t;) > t;
case fo fi1 (in;t) > f; ¢

V
~

pin,,, ; (pex, ; t)
diny, , (dexyp t)

V
~

map,, frem (PeXp,; t) > pexy,; (fi t)
map,, fren (deXpn t) > dexy,, (map,, (map, f)iem t)
map,, fiem (intro,, t) > intro,, (map,,.; f (map,, f) )
mapy fo f1 (pair tg t1) > pair (fo to) (f1 1)
mapy fo fi (in 1) > in; (; )
map, un > un

fold,, f (intro,, t) > f (map,,.; (Ax.2)ien (fold,, f) t)

main results
e Church-Rosser property;
e Subject reduction;

e Strong normalization (when no fix).



Sample reductions

e foldy f (introg t) > f (map, (foldy f) t)

introg

F(u'F) p'F
map, (foldg f) fold f
F(Y Y
(Y) 7

e map; f (introj t) > intro; (map, f (map, f) t)

Introq

F(X, ' F(X)) pF(X)
mapZ(fv maplf) mapy f
F(Y, i F(Y)) 'F(Y)

Introq
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Conclusions

e I'ML functors as ADT

— several 1mplementations possible

— a smooth way to extend ML?
NESL, core-ML C FML

— but rather low-level, e.g.
lists L = pu'F where F' = +(1()?, x)
nil = (intro; o dexy 9 © ing o dexq o) un: LX

e study FML terms a la Curry: richer models, better op-
timizations [HM95]

e canonical isos inference problem

e ML as intermediate language for analysis of access to
data (canonical isomorphisms) [PJ91, Ler92]
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