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t. In the framework of the methods we intro-du
ed for the restoration of images of Fizeau interferome-ters su
h as the Large Bino
ular Teles
ope, we propose analgorithm whi
h is able to super-resolve 
ompa
t stellarobje
ts su
h as a binary system with an angular separa-tion smaller than the angular resolution of the teles
ope.The method, whi
h works also in the 
ase of a mono-lithi
 mirror, is based on a simple modi�
ation of theRi
hardson-Lu
y (RL) method or of the Ordered Subsets- Expe
tation Maximization (OS-EM) method for imagede
onvolution. In general, it 
onsists of three steps: the�rst one requires a large number of RL-iterations, whi
hare used to identify and estimate the domain of the unre-solved obje
t; the se
ond one is a RL-restoration initial-ized with the mask of the domain. These two steps 
anprovide a super-resolved image of the stellar system butthe photometry of the stars may not be 
orre
t. There-fore their positions are derived from the result of the �rsttwo steps while their magnitudes are estimated in a thirdstep by solving a simple least-squares problem. In orderto show that the method 
an work in pra
ti
e, we use(simulated) adaptive-opti
s-
orre
ted point spread fun
-tions (PSF), both in the 
ase of a monolithi
 and in the
ase of a bino
ular teles
ope, and we investigate mainlythe 
ase of binary systems. We analyze the limitations ofthe method in evaluating the angular separation and therelative magnitude of the two stars. The results we obtainare quite promising.Key words: super-resolution { image restoration {Ri
hardson-Lu
y method1. Introdu
tionIn two previous papers (Correia et al. 2002; Carbillet etal. 2002) we present the Software Pa
kage AIRY (As-tronomi
al Image Restoration in interferometrY), imple-menting methods for the simulation, re
onstru
tion andanalysis of Fizeau interferometri
 images, as well as itsSend o�print requests to: M. Bertero

appli
ation to the 
ase study of the Large Bino
ular Tele-s
ope (LBT). In a third paper (An
onelli et al. 2004) wepropose a

elerated versions of these methods whi
h al-low their use as qui
k-look methods to be routinely usedfor data redu
tion. Then the qui
k-look image 
an beused for investigating the obje
t and extra
ting informa-tion for a further improved re
onstru
tion. A �rst exam-ple of this two-steps approa
h is given in Correia et al.(2002) where we sket
h a possible method for the super-resolved re
onstru
tion of binary systems. In this paperwe generalize and validate this method; the implementedalgorithms have been inserted in the Software Pa
kageAIRY, version 2.0 (see http://dira
.disi.unige.itand http://www.ar
etri.astro.it/
aos).In astronomy and mi
ros
opy super-resolution is aterm whi
h, in general, is used to indi
ate any method ableto improve resolution beyond the di�ra
tion limit. In the
ase of a teles
ope with a single mirror of diameter D, per-fe
t opti
s and no atmosphere, this limit is approximatelygiven by �=D, where � is the wavelength of the observedradiation; in the 
ase of interferometers su
h as LBT, itis given by �=B, where B is the maximum baseline. Theidea of over
oming su
h a limit with a suitable pro
essingof the dete
ted images is an old one and dates ba
k topapers by Toraldo di Fran
ia (1955), Wolter (1961), Har-ris (1964), M
Cut
hen (1967), Rushforth & Harris (1968)and others.Resolution beyond the di�ra
tion limit requires the ex-trapolation of the Fourier transform of the obje
t outsidethe band of the opti
al instrument and, as remarked inthe papers by Wolter and Harris mentioned above, thisis possible if the obje
t has a �nite extent. Sin
e the ex-trapolation problem is ill-posed (in pra
ti
e, very sensi-tive to noise propagation from the data to the solution),unlimited super-resolution is impossible in the presen
eof noise. A �rst attempt of estimating how mu
h super-resolution 
an be a
hieved in pra
ti
e is developed in Bert-ero & Pike (1982), where it is shown that the amountof super-resolution is basi
ally 
ontrolled by two param-eters: the spa
e-bandwidth produ
t (SBP) and the signal-to-noise ratio (SNR). In the 
ase of a teles
ope the SBP



2 An
onelli et al.: Restoration of interferometri
 images. IV.is approximately given by the ratio between the angu-lar diameter of the obje
t and the di�ra
tion limit; thenthe results derived in the paper mentioned above im-ply that super-resolution is feasible when this parame-ter is not mu
h greater than one, namely in the 
ase of
ompa
t and unresolved obje
ts. On the other hand theamount of super-resolution in
reases with in
reasing SNR.An estimate in terms of the photon 
ux is given by Lu
y(1992a,1992b). A survey of the mathemati
al foundationsof super-resolution is given in Bertero & De Mol (1996)(see also Bertero & Bo

a

i 1998).A

ording to the previous remarks, the developmentof a super-resolving method requires an estimate of thedomain D of the obje
t, to be used as a 
onstraint in therestoration algorithm so that the total 
ux of the restoredobje
t is 
on
entrated within D. In addition, it has been
laimed by other authors that other 
onstraints may pro-vide super-resolution. One is non-negativity, whi
h is im-plemented, for instan
e, in the maximum entropy method.However, it has been proved that maximum entropy pro-vides super-resolution in the 
ase of the so-
alled nearly-bla
k obje
ts, i.e. obje
ts whi
h are essentially zero in thevast majority of the samples (Donoho et al. 1992). In gen-eral, non-negativity works well when 
ombined with thesparsity of the obje
t, as shown by Donoho (1992). It isalso known that the restoration of a sparse obje
t is stablewith respe
t to noise if the restoration algorithm imple-ments a 
onstraint on the total 
ux of the obje
t.The frequently used RL method (Ri
hardson 1972,Lu
y 1974), also known in emission tomography as Expe
-tation Maximization (EM) method (Shepp & Vardi 1982),implements in a quite natural way both the 
onstraint ofnon-negativity and that on the total 
ux of the image.Moreover it implements also the 
onstraint on the domainof the obje
t if a suitable initialization of the iterationsis used. The same remarks apply to the OS-EM method(Hudson & Larkin 1994) we have extended to LBT imag-ing (Bertero & Bo

a

i 2000a, 2000b). Therefore thesemethods provide algorithms implementing all the relevant
onstraints and they look quite suitable for estimating theamount of super-resolution a
hievable in pra
ti
al situa-tions.In Se
tion 2 we introdu
e the algorithm proposed inthis paper and based on RL-like methods. In Se
tion 3 wedes
ribe the simulation of the PSFs and their 
orre
tiondue to adaptive opti
s (AO), together with the generationof the simulated images of binary systems. In Se
tion 4we give the results obtained with the proposed algorithmboth in the 
ase of a monolithi
 mirror and in the 
ase ofan interferometer su
h as LBT. Possible appli
ations andperspe
tives of the method are dis
ussed in Se
tion 5.2. The super-resolving algorithmThe proposed super-resolving algorithm is based on theRL method in the monolithi
 
ase and on the OS-EM

method in the LBT 
ase (the version of these methods,implemented in AIRY, is given in An
onelli et al. (2004)).It is a two-steps algorithm, ea
h step 
onsisting of RLor OS-EM iterations. Moreover we introdu
e a third stepwhi
h may be required for estimating the 
orre
t photom-etry of stellar systems su
h as binaries.The basi
 property of the RL and OS-EM methods,whi
h allows their use as super-resolving algorithms, de-rives from the fa
t that the result of one iteration 
ontainsas a fa
tor the result of the previous one; therefore, if theinitial guess is zero at a given pixel, then all the iterateswill be zero at that pixel. We 
all su
h a property the lo-
alization property of these methods, in the sense that we
an 
onstrain the obje
t to be lo
alized in a given domainD by a suitable initialization of the iterations, namely afun
tion whi
h is 
onstant over D and zero elsewhere.Our approa
h to super-resolution applies to the 
asewhere the astronomi
al target 
onsists of unresolved ob-je
ts (angular size of the order of the di�ra
tion limit) sep-arated by an angle 
onsiderably greater than the di�ra
-tion limit (sparsity 
ondition), so that there is no overlap-ping of their images. For simpli
ity we assume that there isonly one of these unresolved obje
ts, surrounded by emptysky. Then the approa
h 
onsists of the following steps.Step 1 - Apply the RL or OS-EM method to the dete
tedimages, using a 
onstant array as initial guess and a num-ber of iterations su
h that the restored obje
t is suÆ-
iently well lo
alized. If the angular separation is not mu
hsmaller than the di�ra
tion limit and the magnitude dif-feren
e is small, it may happen, in the 
ase of a binary,that the two stars are already resolved in this �rst step. Insu
h a 
ase one 
an estimate their positions by 
omputingthe 
entroids and go dire
tly to Step 3 for a more a

urateestimate of their magnitudes.If the two stars are not resolved, then go to Step 2.Step 2 - De�ne the domain D of the obje
t by identifyingthe pixels where the 
ux of the result of Step 1 is greaterthan a sele
ted threshold (for instan
e some per
ent of itsmaximum value); in alternative one 
an take a dis
 withdiameter equal to the di�ra
tion limit and 
ontaining mostof the 
ux of the re
onstru
ted obje
t.Apply again the RL or OS-EM method to the dete
tedimages, but now initialized with the mask of the domain,namely a fun
tion whi
h is 
onstant over the domain andzero elsewhere. Ea
h iterate is lo
alized in the sele
teddomain; if, after a number of iterations, the two stars areseparated, their positions are obtained by 
omputing their
entroids.In order to illustrate the method, in Figure 1 we showan example of its appli
ation. The parameters used in thesimulation are des
ribed in Se
tion 3. The obje
t, shownin the upper-left panel, 
onsists of two unresolved bina-ries, the angular separation of ea
h binary being about1/3 of the di�ra
tion limit while the angular separation ofthe 
entres of the two stars is about 2/3 of the di�ra
tion
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Fig. 1. Upper-left panel: the obje
t; upper-right: the re
on-stru
tion after 1000 OS-EM iterations (�rst step); lower-left:the mask obtained with a thresholding of the previous re-
onstru
tion (50 % of the maximum value); lower-right: therestoration after 1000 OS-EM iterations, initialized with theprevious mask (se
ond step). The diameter of the 
ir
le shownin ea
h pi
ture is �=B.limit. In ea
h binary the di�eren
e of magnitude is zero,while the di�eren
e of magnitude between the two bina-ries is 0.5. The images have been generated by 
onvolvingthe obje
t with three ideal LBT PSFs, 
orresponding toequally spa
ed paralla
ti
 angles (0Æ; 60Æ, and 120Æ), andby perturbing the result with photon and read-out noise.For the �rst step we sele
ted 1000 OS-EM iterations ini-tialized with a uniform array; the result is shown in theupper-right panel of Fig. 1. The two binaries are resolvedbut not the stars within ea
h binary. Then a mask hasbeen estimated by sele
ting the pixels where the 
ux isgreater than 50 % of the maximum value of the restoredimage; the result is shown in the lower-left panel. Finallythis mask is used for re-initializing OS-EM and the resultis shown in the lower-right panel. The two binaries are
learly resolved. In this 
ase also the magnitude are ob-tained with a suÆ
ient a

ura
y (few per
ent errors) aswell as the angular separations.However, in our numeri
al simulations on binary sys-tems we have veri�ed that, when there is a signi�
ant dif-feren
e of magnitudes between the two stars, these maynot be 
orre
tly estimated at the end of the se
ond step,while their angular positions are, in general, 
orre
tly es-timated. In order to over
ome this diÆ
ulty we proposethe following third step.

Step 3 - Let us assume, in general, that the restored ob-je
t, provided by Step 1 or Step 2, 
onsists of q starslo
alized at the pixels P1; P2; :::; Pq . We denote by K(i)j(j = 1; :::; p) the PSFs 
entered at Pi and given by:K(i) = K � Æ(Pi) ; (1)where Æ(Pi) is the 
hara
teristi
 fun
tion of the pixel, i. e.it is one at pixel Pi and zero elsewhere. Then we introdu
ethe images:gj;
 = qXi=1 
i K(i)j ; (2)depending on the unknown parameters 
 = f
1; 
2; :::; 
qg.These are determined by means of a least-squares method,namely by minimizing the dis
repan
y:�(
) = vuut pXj=1 jjgj;
 � gj jj22 ; (3)where jj:jj2 denotes the usual Eu
lidean norm.3. Image generationIn our numeri
al simulations we 
onsider the 
ase of LBTboth in its \�rst-light" s
heme (one pupil of 8.25m ef-fe
tive diameter), and in its \se
ond-light" s
heme (twopupils separated by 14.4m and re
ombined interferomet-ri
ally in a Fizeau way). The �rst s
heme implies the sim-ulation of the �rst-light AO system of LBT (Esposito etal. 2003), while the se
ond s
heme is to be 
onsideredwithin the framework of the LINC-NIRVANA instrument(Ragazzoni et al. 2003; Herbts et al. 2003). The 
ommonand main features of both systems are the use of pyramidwavefront sensors and the LBT672 adaptive se
ondarymirror (Ri

ardi et al. 2003).The tool employed for numeri
ally simulating the PSFsrelative to the two 
ases is the Software Pa
kage CAOS(Carbillet et al. 2004) whi
h is used to simulate in detailsthe whole pro
ess of atmospheri
 propagation of light,wavefront sensing (with a 
omplete model of the pyra-mid wavefront sensor), wavefront re
onstru
tion (usingthe LBT672 adaptive se
ondary mirror modes), and dy-nami
 
losing of the loop. In the 
ase of the interferometri
PSFs, the Fizeau re
ombination of light, together with therelated di�erential piston error, is also taken into a

ount.3.1. The AO-
orre
ted PSFsA detailed explanation of the method and of the tuningof the system parameters for the simulation of our AO-
orre
ted monolithi
 (one pupil) PSFs 
an be found inCarbillet et al. 2003. We will here only brie
y re
all themain physi
al parameters 
onsidered for the present 
ase.The multi-layer atmosphere has an average layer velo
ityof 15m/s, a total Fried parameter r0 (�500nm)=0.15 
m,a wavefront outer s
ale L0=20m, and a resulting seeingof roughly 0.5 ar
se
. The guide star 
onsidered has anR-band magnitude of 13 and is a K5 spe
tral type. The
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Fig. 2. One-pupil AO-
orre
ted K-band PSFs: ideal 
ase (left), on-axis 
ase (middle), and 15 ar
se
 o�-axis 
ase (right). Thetotal �eld is 256�0.0025=0.64 ar
se
 and for rendering purpose the images are shown at the power of 0.2. Note the slightdi�eren
e in image quality between the on-axis PSF and the o�-axis PSF.

Fig. 3. Interferometri
 AO-
orre
ted K-band PSFs: ideal 
ase (left), on-axis 
ase (middle), and 15 ar
se
 o�-axis 
ase (left).The total �eld is 256�0.001=0.256 ar
se
 and for rendering purpose the images are shown at the power of 0.2. The di�eren
ein image quality between the on-axis PSF and the o�-axis PSF is appre
iable. The PSFs shown here 
orrespond to the 
ase of0Æ paralla
ti
 angle. Note that in our simulations we use two other similar sets at 60Æ and 120Æ.sensing band is 600{900nm (roughly R and the �rst partof I) and the average total transmission related to thesensing is approximately of 40%. Following Carbillet et al.2003 the optimum sensor 
on�guration is therefore the one
orresponding to 15�15 sub-apertures, with an exposuretime of 1.67ms, and 150 LBT672 modes re
onstru
ted.Figure 2 shows the resulting K-band PSFs, 
omparedwith the ideal one that would be obtained in 
ase of no per-turbations at all from the atmosphere. The on-axis PSFhas a Strehl ratio of �79%, while the o�-axis PSF is at15 ar
se
 away from it, with a resulting Strehl ratio of�67%. Note that the di�eren
e in Strehl ratio betweenthe two PSFs is highly dependent on the turbulent lay-ers distribution (the higher the turbulen
e, the lower theo�-axis Strehl ratio). Moreover we assume the somehowoptimisti
 
ase where a referen
e star is available in thevi
inity of the observed obje
t. This may depend on the

dete
tor size. In prin
iple we should require a very largedete
tor be
ause we assume to have a pixel size of 2.5mas,whi
h is a 
onsiderable over-sampling: sin
e the di�ra
tionlimit is about 50 mas (the 
onsidered band is K, 2200nm),we have approximately 20�20 pixels within a resolutionelement. However, as we dis
uss in Se
tion 5, the requiredoversampling 
an be obtained by a rebinning of the de-te
ted images if these are moderately over-sampled, as itwill be in the 
ase of LBT.Starting from the known performan
e of the �rst-lightAO system of LBT (monolithi
 
ase explained above), andassuming that at least the single-
onjugate phase of LINC-NIRVANA will have a similar behaviour, the resulting setof interferometri
 images is then 
omposed from obser-vations at di�erent paralla
ti
 angles (here 0Æ; 60Æ, and120Æ), 
orresponding to three di�erent moments duringthe observation night, and therefore to three di�erent re-
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a)

b)


)Fig. 4. Example of appli
ation of the two-steps algorithm. Theobje
t is a binary 
onsisting of two stars with angular separa-tion 14�=B (B = maximum baseline of LBT) and with thesame magnitude m = 12; three interferometri
 noisy imagesare generated by 
onvolving the obje
t with the PSFs with av-erage Strehl ratio 66% and are de
onvolved by means of thePSFs with average Strehl ratio 77% (see Figure 3): a) the orig-inal obje
t; b) the restored obje
t obtained after Step 1; 
) therestored obje
t obtained after Step 2.alizations of the turbulent atmosphere. The AO systembehaviour is simulated with the same sets of parametersas for the monolithi
 
ase, but with the additional e�e
t ofdi�erential piston residual. Finally the pixel size is 1 mas(again about 20�20 pixels within a resolution element,sin
e the di�ra
tion limit is about 20 mas in K-band). The

resulting Strehl ratio of the on-axis PSF is �77% (aver-aged over the 3 realizations), while that of the o�-axis one(15 ar
se
) is �66%. Figure 3 shows the resulting inter-ferometri
 PSFs 
orresponding to 0 deg paralla
ti
 angle.3.2. Image formationSets of binary star images are formed starting from thesum of two shifted PSFs (see Eq. 1), 
entered on thepixels of the two stars, and weighted with the desiredmagnitudes. Sky ba
kground emission is then added andthe resulting images are eventually 
orrupted with Pois-son and dete
tor noise realizations. The overall eÆ
ien
ytaken into a

ount for both the monolithi
 8-m PSFs andthe interferometri
 PSFs is 30%. K-band sky ba
kgroundis 12.5mag/ar
se
2, read-out noise is 2 e� rms, and dark
urrent noise is negle
ted. The integration time 
onsideredin both 
ases is 20min, and the K-band magnitudes 
on-sidered (
on
erning the binary main 
omponent) rangefrom 10 to 17. In su
h a situation we 
an 
onsider theimages as dominated by photon noise, so that the signal-to-noise ratio (SNR) simply depends on the square root ofthe number of obje
t photons. As a 
onsequen
e the in-terferometri
 
ase shows a SNR improvement by a fa
torof �p6 with respe
t to the monolithi
 
ase, sin
e we are
onsidering two 8-m pupils and three di�erent paralla
-ti
 angles. Su
h an improvement 
orresponds to roughly 1magnitude gain.4. Numeri
al resultsIn this Se
tion we validate the super-resolving algorithmproposed in this paper by 
onsidering the problem of es-timating the astrometri
 and photometri
 parameters ofunresolved binary systems. We 
onsider �rst the 
ase ofa single mirror and next the interferometri
 
ase. We es-timate the performan
e of the algorithm both when theideal PSF is used for 
onvolving and de
onvolving the bi-nary (this simulation provides the maximum attainablesuper-resolution for the given SNR) and when di�erentAO-
orre
ted PSFs are used for 
onvolution and de
onvo-lution.After an analysis of a few 
ases, we de
ided to use10000 RL-iterations in Step 1 and up to 5000 RL-iterationsin Step 2; indeed, in Step 2, the number of iterations de-pends on the result of Step 1 and, in some lu
ky 
ases 
anbe small (about 250). In general the analysis of ea
h single
ase 
an be quite heavy from the 
omputational point ofview, espe
ially in the interferometri
 
ase (about a fa
torof 3 in 
omputation time with respe
t to the monolithi

ase). In Figure 4 we give a typi
al result of the two-stepsalgorithm together with the original obje
t. The parame-ters 
hara
terizing the numeri
al experiment are given inthe 
aption. In this 
ase Step 3 is not required.
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aseThe super-resolution attainable for given values of the ob-servational parameters (eÆ
ien
y, integration time, et
.)depends both on the magnitude of the primary star andon the magnitude di�eren
e between the two stars. Sin
ea 
omplete analysis should require the investigation of avery large number of possible 
ases, we introdu
e a num-ber of limitations in the 
hoi
e of the parameters.The �rst study 
on
erns the limit attainable in angu-lar separation by assuming that the magnitude di�eren
ebetween the two stars is zero and that the K-band mag-nitude of the single 
omponent ranges from 10 to 17. Forea
h one of these values we sear
h for the minimum binaryseparation allowing for dete
tion and 
hara
terization ofthe system.The se
ond study 
on
erns the limit attainable in themagnitude di�eren
e �m between the two stars by �x-ing their angular separation to 12�=D (we think that thisis a relevant value in the potential appli
ations of themethod); moreover, as above, we assume that the mag-nitude of the primary 
omponent ranges from 10 to 17.Again for ea
h value of the primary magnitude we sear
hfor the maximum magnitude di�eren
e allowing for dete
-tion and 
hara
terization of the system.main star Case A Case B Case CK-ba nd mag. Sep. [�=D℄ Sep. [�=D℄ Sep. [�=D℄10 3/20 1/4 1/411 3/20 1/4 3/1012 3/20 3/10 3/1013 3/20 3/10 3/1014 3/20 3/10 3/1015 3/20 3/10 3/1016 1/4 3/10 3/1017 1/4 3/5 3/10Table 1. Summary of the results obtained in the 
ase wherethe magnitude di�eren
e between the two stars is zero { mono-lithi
 
ase. Sep. is the minimum separation, in units of �=D,allowing for dete
tion and 
hara
terization of the binary sys-tem.We 
onsider three di�erent 
ases, denoted asA,B, andC. In 
ase A ideal PSFs are used both for 
onvolution(image formation) and de
onvolution. Case B and 
aseC 
on
ern AO-
orre
ted PSFs. In 
ase B the observedobje
t (the unresolved binary system) is also used as theAO guide star while the image of an o�-axis point-likereferen
e star is used as PSF for de
onvolution. This isprobably the most 
ommon 
ase. Anyway we also 
onsiderthe 
ase where the image of the AO guide star is used forde
onvolving the binary image (
ase C), i. e. the role ofthe two PSFs is ex
hanged with respe
t to 
ase B; su
ha situation is realisti
 when the observed obje
t is fainterthan the referen
e star in the wavefront sensing band.

4.1.1. Binary separation limitAs stated above, in this simulation study we assume �m =0 and we �x to 10000 the number of iterations of Step 1;the number of iterations of Step 2 ranges from 250 to 5000(iterations are pushed untill 
lear separation of the binary
omponents is dete
ted). In 
ases A and B the mask usedin Step 2 is based on an intensity thresholding of the imagere
onstru
ted in Step 1, while in 
aseC we apply a 
ir
ularmask of diameter � �=D. This mask suppresses artifa
tswhi
h may appear outside the region of interest (ROI),namely a region with a size of the order of the resolutionlimit �=D. We point out that, sin
e in all these 
ases wehave �m = 0, the �rst two steps provide both the angularpositions and the magnitudes with suÆ
ient a

ura
y andStep 3 is not required.For the sear
h of the minimum separation whi
h 
anbe resolved, we 
onsider angular separations whi
h areinteger multiples of the pixel size, so that we have an a
-
ura
y of about one pixel. Sin
e, as indi
ated in Se
tion3, we have 20 pixels within a resolution element �=D, oura

ura
y is about �=20D. Our results are summarized inTable 1.As follows from this Table, the amount of super-resolution obtained in the ideal 
ase is spe
ta
ular butthe e�e
t is greatly redu
ed by in
omplete AO-
orre
tion,even if rather high AO-
orre
tions are 
onsidered in oursimulations. Moreover, as it is expe
ted, the e�e
t de-
reases for in
reasing magnitudes, be
ause the SNR is de-
reasing. We also point out that the di�eren
e betweenthe super-resolution attainable in 
ase B and that attain-able in 
ase C is about one pixel and therefore these two
ases 
an be 
onsidered as equivalent within our a

ura
y.This result is reasonable be
ause, as follows from Fig. 1,the di�eren
e between the two PSFs used in these sim-ulations is not very relevant. Anyway, a gain of a fa
tor4 in resolution, as that estimated in both 
ases for thebrightest binaries, 
an be 
onsidered as remarkable.4.1.2. Magnitude di�eren
e limitIn this study Step 2 is not ne
essary in 
ases A and B,ex
ept for the fainter magnitude (17), while it is alwaysne
essary in 
ase C in order to eliminate artefa
ts out ofthe ROI. In all 
ases the magnitudes must be estimatedby means of Step 3. In order to redu
e 
omputation timewe have 
onsidered steps of 0.5 mag in the variation of themagnitude di�eren
e between the two stars.Our results are summarized in Table 2 where the fol-lowing notations are used:{ �m0 = maximum magnitude di�eren
e whi
h 
an bedete
ted;{ ��r = relative re
onstru
tion error on the angularseparation;{ �mr = re
onstru
ted magnitude di�eren
e.
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Fig. 6. Behaviour of the maximum magnitude di�eren
e �m0whi
h 
an be dete
ted as a fun
tion of the magnitude m ofthe main 
omponent { monolithi
 
ase. For the sake of 
larity
oin
ident points are represented with a small horizontal shift.Moreover in Figure 6 we plot the behaviour of the magni-tude di�eren
e limit as a fun
tion of the magnitude of themain 
omponent, in the three di�erent 
ases.Again the best results are obtained in the ideal 
ase,even if the di�eren
e between the three 
ases is not as sig-ni�
ant as in the previous study 
on
erning angular sepa-ration. The reason probably relies in the fa
t that, in thisstudy, we only require an improvement in resolution by afa
tor of 2. We also remark that the maximum di�eren
ein magnitude attainable de
reases with in
reasing valuesof the primary magnitude, namely with de
reasing SNR.Similarly, the error in estimating the magnitude di�eren
e(i. e. the di�eren
e between �m0 and �mr) in
reases withde
reasing SNR.As a 
on
lusion we point out that the magnitude dif-feren
e is around 3 for the brightest 
ases and is �1 evenin the 
ase of a binary with a 17th main 
omponent mag-nitude (hen
e 
orresponding to a binary star 
ombinedmagnitude of �16.6).4.2. The interferometri
 
aseIn the interferometri
 
ase, we follow the same simula-tion strategy introdu
ed in the monolithi
 
ase. Thereforewe investigate the minimum separation attainable in the
ase where �m = 0 and the maximum di�eren
e magni-tude attainable in the 
ase where the angular separationis 12�=B, B being now the maximum baseline of LBT.Again we 
onsider three 
ases: A, B, and C. In 
ase Aideal interferometri
 PSFs are used both for 
onvolution(image formation) and de
onvolution. In 
ase B the ob-served obje
t (the unresolved binary system) is also usedas the AO guide star and therefore images are obtainedby 
onvolving the obje
t with the PSFs 
orresponding toa Strehl ratio of about 77% while the PSFs 
orresponding

to a Strehl ratio of about 66% are used for de
onvolution(see Fig. 3). In 
ase C the role of the two sets of PSFs isex
hanged.4.2.1. Binary separation limitAs in the monolithi
 
ase we perform 10000 iterations inStep 1 while the iterations of Step 2 are pushed untill 
learseparation of the two stars is obtained. Again Step 3 is notrequired and we 
onsider angular separations whi
h areinteger multiples of the pixel size. Therefore our a

ura
yis about �=20B. Our numeri
al results are summarized inTable 3.These results look even better than those obtained inthe monolithi
 
ase, but one must take into a

ount thatea
h image of LBT has a higher SNR than the image ofthe monolithi
 
ase (roughly a fa
tor p2) and that we usethree images 
orresponding to di�erent baselines (see the
omment at the end of Se
tion 3). The e�e
t of this higherSNR will be re
onsidered in 
onne
tion with the subse-quent results. Anyway, at least for the brightest binaries,the amount of super-resolution does not strongly dependon the amount of AO 
orre
tion and is 
onsiderable. Asit is obvious, an improvement in resolution by a fa
tor ofabout 7 in the 
ase m = 10 is quite surprising; even ifit will not be attained in real observations, it indi
atesthat LBT 
an be 
ompatible with a remarkable amountof super-resolution. This will probably depend also on theorientation of the binary axis with respe
t to the obser-vation baselines, as it 
an be expe
ted from the angular
overage study we have made in Carbillet et al. 2002.Here one 
an appre
iate a di�eren
e between the twoAO-
orre
ted 
ases, namely B and C. Su
h a di�eren
e(
ase B permits a higher amount of super-resolution formedium-high binary magnitude 
ases) 
an be reasonablyexplained by the fa
t that in 
ase B the images 
orre-spond to PSFs with a higher AO-
orre
tion and thereforeintrinsi
ally 
ontain more information than those of 
aseC. As also follows from Fig. 2, the di�eren
e between thetwo PSFs is mu
h more signi�
ant than that observed inthe monolithi
 
ase.To be very 
onservative we 
an 
on
lude that a gain ofa fa
tor 5 in resolution is 
learly attainable in the brightest
ases.4.2.2. Magnitude di�eren
e limitIn this simulation study the angular separation is �xed,as indi
ated above. Moreover we use the same notationsintrodu
ed in the monolithi
 
ase for the maximum mag-nitude di�eren
e, the error on angular separation and there
onstru
ted magnitude di�eren
e. Our numeri
al resultsare summarized in Table 4. Moreover in Figure 7 we plotthe behaviour of the magnitude di�eren
e limit as a fun
-tion of the magnitude of the main 
omponent, for the three
ases we have 
onsidered.
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 images. IV.main star Case A Case B Case CK-band mag. Sep. [�=B℄ Sep. [�=B℄ Sep. [�=B℄10 3/20 3/20 3/2011 3/20 3/20 1/512 3/20 3/20 1/413 3/20 3/20 1/414 3/20 1/4 1/415 3/20 1/4 1/416 1/5 1/4 1/417 1/5 1/4 1/4Table 3. Summary of the results obtained in the 
ase wherethe magnitude di�eren
e between the two stars is zero { inter-ferometri
 
ase. Sep. is the minimum separation obtained inunits of �=B, where B is the maximum baseline of LBT.
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Fig. 7. Behavior of the maximum magnitude di�eren
e limit�m whi
h 
an be dete
ted as a fun
tion of the magnitude mof the main 
omponent { interferometri
 
ase. For the sake of
larity 
oin
ident points are represented with a small horizontalshift.Again we �nd better results than those obtained inthe monolithi
 
ase. However, if we 
ompare the two Ta-bles, we �nd that in the interferometri
 
ase we have animprovement of about one magnitude with respe
t to themonolithi
 
ase and su
h an improvement is 
ompatiblewith the higher SNR of the interferometri
 images as dis-
ussed at the end of Se
tion 3.5. Dis
ussionIn this paper we have proposed an algorithm for the super-resolution of stellar systems, with an appli
ation to binarystars. From a general point of view we have shown that thewell-known RL algorithm 
an be used for su
h a purposeif it is joined with a suitable initialization of the iterations,namely the mask of the domain where the unresolved ob-je
t is lo
alized.We have shown that, in 
ase of relatively high SNR(small magnitudes) and relatively high AO 
orre
tion, again of a fa
tor from 4 to 5 in resolution is 
learly attain-

able. This would 
ompare an 8-m teles
ope, equipped witha high-order AO system and our de
onvolution method,to a 30-m future teles
ope, res
aling at least the obje
tmagnitude be
ause of the obvious di�eren
es. In an equiv-alent manner, this would also 
ompare a teles
ope su
h asLBT in its interferometri
 mode to a 100-m ExtremelyLarge Teles
ope (ELT), or, more reasonably, to the VLTIwith two Unit Teles
opes (UT) and a baseline of �50-m,
onsidering that the limit in resolution for a Mi
helsoninterferometer is typi
ally �=2B.However this remark does not mean that we proposeFizeau interferometers as 
ompetitors of the Mi
helsonones for the analysis, for instan
e, of binary systems. Weonly mean that an astronomer doing observation withLBT, hen
e with a wide �eld of view at his disposal (10ar
se
 in the 
ase of the dete
tor of the beam 
ombinerLINC-NIRVANA), has a method for investigating whetheran unresolved stellar obje
t in the �eld has a stru
ture ornot and for attempting a quantitative analysis.The 
ru
ial point in our approa
h is that it needs anoversampling of the data whi
h is not provided by theexisting dete
tors. However, a moderate oversampling willbe available with the dete
tors designed for the �rst lightof LBT and for LINC-NIRVANA, as we will re
all in amoment. Therefore we performed a numeri
al experimentin order to verify that the required oversampling 
an beobtained by means of a suitable rebinning of the images.The experiment applies to the obje
t of Fig. 1 and 
onsistsof the following steps:{ three LBT images, with a sampling distan
e of 1 mas,are generated by 
onvolving the obje
t with ideal PSFs
orresponding to 0Æ; 60Æ, and 120Æ;{ the three images are rebinned to 5.12 mas (the sam-pling distan
e of the dete
tor of LINC-NIRVANA in Kband) and then are perturbed with photon and read-out noise;{ the noisy images are now re-rebinned to 1 mas;{ these �nal images are de
onvolved with ideal PSFs.In the third step the 
ubi
 interpolation provided by thestandard IDL routine 
ongrid is used but, of 
ourse, morere�ned interpolation methods 
ould be devised.The experiment was su

essfull, in the sense that thetwo binaries were resolved and the a

ura
y in the es-timation of the astrometri
 and photometri
 parameterswas still satisfa
tory. For instan
e we have a few per
entin
rease of the errors in the estimation of the angular sepa-rations; as 
on
erns the magnitude di�eren
e between thetwo binaries, we �nd 0.49 in the experiment of Fig. 1 and0.4 in the rebinning experiment, the 
orre
t value being0.5. Of 
ourse our simulation does not 
orrespond exa
tlyto the real world of the dete
ted images, but it is promis-ing and therefore we think that a rebinning strategy is aviable approa
h in pra
ti
e.In alternative to a numeri
al rebinning, one 
ould also
onsider a dithering the data (see e.g. Fru
hter & Hook
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an be obje
ted that this is probablynot ne
essary sin
e it does not add information if the im-ages are already sampled well beyond the Nyquist limit.The super-resolution 
apabilities 
ome from the fa
t thatthe de
onvolution algorithm tries to extrapolate informa-tion down to the pixel limit, hen
e a numeri
al rebinning isprobably suÆ
ient. A study of these two te
hniques, pos-sibly 
ombined together, for obtaining over-sampled datais beyond the s
ope of this paper but will soon be theobje
t of further study.The results we have derived in the monolithi
 
ase
ould be applied to observations with the �rst-light AOsystem of LBT together with the near-infrared instrumentLUCIFER (Mandel et al. 2001). Sin
e the pixel size of thisinstrument is 15 mas in J, H, K band and sin
e the res-olution is 55 mas in K band, we see that the 
onditionsfor applying the rebinning pro
edure outlined above aresatis�ed. The same remark applies to interferometri
 ob-servations with LINC-NIRVANA in its single-
onjugatedAO 
on�guration, sin
e the pixel size will be 5.12 mas inJ, H, K band, with a resolution of 20 mas in K band.Another important problem is the PSFs determina-tion, i. e. the obtention of a suitable referen
e star for thePSF estimation and subsequent de
onvolution of the s
i-enti�
 images. This problem 
ould in some 
ases lower theperforman
es evoked in this paper. Nevertheless, if a suit-able star is not present in the �eld of view of the dete
tor,this problem 
ould be addressed by 
hanging the pointingof the tele
ope in a reasonable time, as it is done routinelyin spe
kle imaging (see, for instan
e, Carbillet et al. 1996,Aristidi et al. 1997) for taking images of point-like sour
es.A last 
ru
ial point in our approa
h is the 
hoi
e ofthe mask, whi
h is fundamental for obtaining a good re-
onstru
tion. In the module DEC of the software pa
kageAIRY, where we have implemented our approa
h, we al-low three possible 
hoi
es: a 
ir
ular mask with diameterequal to the resolution limit of the teles
ope; a mask de-�ned by a thresholding of the image re
onstru
ted in Step1, the threshold being sele
ted by the user; a user-de�nedmask. The �rst mask is useful when artifa
ts, 
learly dueto noise ampli�
ation, are present outside the region ofinterest while the se
ond one requires the 
hoi
e of thethreshold. No pre
ise rule 
an be given to this purposebut, in general, one must look for a threshold between30 and 50 % of the maximum value of the re
onstru
tedimage.A
knowledgements. We wish to thank Serge Correia for fruitfulintera
tion and early work on this super-resolution algorithm,and Piero Salinari for useful dis
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 in theframework of the LBT teles
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 images. IV.main star 
ase A 
ase B 
ase CK-band mag. �m0 ��r �mr �m0 ��r �mr �m0 ��r �mr10 3.5 20% 3.75 3 20% 2.8 2.5 20% 2.412 3 10% 3.2 2.5 20% 2.5 2.5 15% 3.314 2.5 20% 2.5 2.5 20% 2.2 2.5 15% 3.115 2.5 20% 2 2 10% 1.5 2 20% 2.717 2 20% 1 1 20% 0.4 1 10% 0.4Table 2. Summary of the results obtained in the 
ase where the angular separation of the two stars is 12�=D. The quantities�m0, ��r, and �mr are de�ned in the text.main star 
ase A 
ase B 
ase CK-band mag. �m0 ��r �mr �m0 ��r �mr �m0 ��r �mr10 5 20% 3.5 3.5 20% 2 3 22% 2.512 4 10% 2.8 3 20% 2 3 22% 2.514 3.5 10% 2.5 3 20% 1.8 2.5 22% 2.315 3 10% 2.3 2.5 10% 1.7 2.5 22% 217 2.5 10% 1.7 2 0% 1.4 1.5 10% 1Table 4. Summary of the results obtained in the 
ase where the angular separation of the two stars is 12�=B, where B is themaximum baseline of LBT.


