1lI-Posed Problems in Early Vision

MARIO BERTERO, TOMASO A. POGGIO, AsSSOCIATE, teee, AND VINCENT TORRE

Invited Paper

The first processing stage in computational vision, also called
early vision, consists of decoding two-dimensional images in terms
of properties of 3-D surfaces. Early vision includes problems such
as the recovery of motion and optical flow, shape from shading,
surface interpolation, and edge detection. These are inverse prob-
lems, which are often ill-posed or ill-conditioned. We review here
the relevant mathematical results on ill-posed and ill-conditioned
problems and introduce the formal aspects of regularization the-
ory in the linear and nonlinear case. Specific topics in early vision
and their regularization are then analyzed rigorously, characteriz-
ing existence, uniqueness, and stability of solutions.

INTRODUCTION

Vision systems, whether artificial or biological, are con-
fronted with the problem of inferring geometrical and
physical properties of surfaces around the viewer. The
available data—the images—consist of two-dimensional
arrays of light intensity values measured by an eye or acam-
era. For tasks such as navigation, manipulation, and visual
recognition, vision systems have to first recover 3-D prop-
erties of surfaces from the 2-D images. Typical 3-D prop-
erties are the distance between the surfaces and the viewer,
their orientation, texture, reflectance, and motion param-
eters (from a temporal sequence of images).

The visual skills that provide us with this kind of infor-
mation have been explored in animals and humans with
physiological and behavioral techniques. With the recent
developmentof computer vision, these problems have been
formulated rigorously and given, by now, familiar names
such as, structure from stereo, structure from motion, struc-
ture from texture, shape from shading, edge detection,
visual interpolation, and computation of optical flow. The
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computational modules that solve them together consti-
tute the core of early vision, and provide spatial and geo-
metrical information aboutthe 3-D world. The results of this
first stage of processing are then used for higher level tasks
such as navigation in the environment, manipulation of
objects and, of course, object recognition as well as rea-
soning about objects. Unlike high level vision, early vision
is mostly considered as a set of bottom-up processes that
do not rely upon specific high-level information about the
scene to be analyzed. It is commonly argued, on the basis
of computational and psychophysical considerations, that
these different modules of early vision can be analyzed
independently of each other, to a firstapproximation. Their
most natural implementation is in terms of distinct pieces
of hardware, whose outputs will be integrated at a later
stage, possibly using more “intelligent”” procedures.

Even a superficial analysis of these problems reveals their
common inverse nature: they can be regarded as inverse
optics since they attempt to recover physical properties of
3-D surfaces from the 2-D images they generate. This obser-
vation characterizes the field of early vision as the solution
of problems of inverse optics [1], [2]. The same observation
makes clear that the data of the problems (the 2-D images)
contain in general limited information about the solutions
(the 3-D properties). This lack of information implies that
the problems of early vision are very often ill-posed in the
original sense of Hadamard [3], [4]: the solution may not be
unique (giving an ambiguous reconstruction) or it does not
exist, or it does not depend continuously on the data. As
aconsequence of the ill-posedness of the problems of early
vision, the effect of noise, which is always presentin a phys-
ical measurement, is very important: even a small error in
the data can produce an extremely large error in the solu-
tion. Notice also that, since practical problems are always
made discrete and therefore are reduced to the inversion
of a matrix (in the linear case), non-uniqueness and numer-
ical instability can have very similar effects.

Inverse and ill-posed problems are very important in sev-
eral domains of applied science such as medical diagnos-
tics, seismic exploration, atmospheric remote sensing,
radioastronomy, microscopy and so on. The relevance of
these problems has stimulated, since the beginning of the
1960s, the development of theoretical and practical meth-
ods for determining approximate and stable solutions. Most
of these methods have now been unified in a theory which
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is called the regularization theory of ill-posed problems [5],
[6]. On the other hand, it has been recognized only recently
that several problems of early vision are ifl-posed and that
methods developed independently by researchers active in
this field are in fact specific examples of regularization the-
ory [1], (2], [71-(17]. Even if the theory of ill-posed problems
has not yet significantly contributed to early vision, the
development of this theoretical framework is important for
at least two reasons. First, the synthesis of methods devel-
oped independently in different scientific domains within
a general framework always contributes to a deeper under-
standing of the problems. Second, regularization theory
provides several methods and algorithms that have not yet
been applied to early vision.

The aim of this paper is to give arigorous formulation and
development of the ideas outlined above. It is organized
in two parts. In the first part, for the convenience of the
reader, we sketch the theory of ill-posed problems. In par-
ticular we characterize the difference between well-posed
and ill-posed problems (Section I1) and between well-con-
ditioned and ill-conditioned problems (Section 1V). The
notions of generalized inverses (Section 11l) and of regu-
larization methods (Section V) are then introduced. Section
VI contains some results related to inverse nonlinear prob-
lems. Several monographs are already available on the sub-
ject [5], [6], [18]-[21]. They stress the mathematical aspects
of the theory rather than its practical applications. More
physical presentations are given in [22], [23].

In the second part we show that several approaches,
recently proposed by many authors to solve problems of
early vision, using smoothness constraints and variational
techniques, can be obtained directly and justified in the
general framework of regularization theory. Five problems
in early vision are studied in detail: edge detection and
numerical differentiation (Section V11), optical flow (Section
VIII), surface interpolation (Section IX), shape from shading
(Section X), and stereo matching (Section XI). The solutions
that we will describe for edge detection and stereo using
the regularization approach are new, though they are prac-
tically equivalent to previous methods. In the case of optical
flow, surface interpolation and shape from shading, regu-
larization leads to the same solution already obtained by
previous workers. We derive, however, more complete
results about uniqueness and the properties of the solu-
tion.

The problems of early vision are in general mildly ill-
posed. Roughly speaking, this means that areduction of the
errors in the data can produce a significant improvement
of the solutions. This is a lucky situation because many
inverse problems are severely ill-posed, in the sense that
areduction of the noise even of several orders of magnitude
will not induce a significant improvement of the solution.
More precise mathematical definitions of these concepts
are given in [24], where mildly ill-posed problems are called
well-behaved.

The prototypical problem for early vision is surface
reconstruction. This is the problem of approximating a
"surface” from noisy and possibly sparse data. As we will
see later, even problems that do not suffer from being
underdetermined (like the new formulation of the optical
flow in Section VIII-E) still require regularization because
the measurements are noisy and sparse. The main role of
regularization in vision is therefore as an approximation

870

technique that exploits a priori information to counter noise
in the data and to fill-in wherever data are missing or not
reliable.

PART ONE
I. OUTLINE

In this part of the paper we review some of the methods
which have been developed for the approximate solution
of ill-posed problems. The linear case is discussed in detail
since a well-developed theory is-available. We also make
some comments on nonlinear problems.

In Section |l we define the class of well-posed problems,
stressing that awell-posed problem is not necessarily robust
against noise. A well-posed problem, in order to have solu-
tions that are robust against noise, must also be well-con-
ditioned (see Section V). For ill-posed, linear, inverse prob-
lems, well-posedness can be restored by generalized
solutions if the range of the operator (which has to be
inverted) is closed (see Section 11l). When the range of the
operator is not closed, or when the problem is seriously ill-
conditioned, regularization techniques have to be used
(Section V) in order to avoid the instability of the solution
against noise. Therefore, since images are intrinsically
noisy, these techniques represent the ideal tool for early
vision problems. Some results on inverse nonlinear prob-
lems are presented in Section VI.

1. WELL-POSED AND [LL-POSED PROBLEMS

Hadamard [3], (4] defined a mathematical problem to be
well-posed when:

a) foreach datum gin a given class of functions Y there
exists a solution u in a prescribed class X (existence);

b) the solution u is unique in X (uniqueness);

¢) thedependence of u upon gis continuous, i.e.,when
the error on the data g tends to zero, theinduced error
on the solution u tends also to zero (continuity).

The requirement of continuity is related to the require-
ment of stability or robustness of the solution (see, for
instance, [25]). Continuity, however, is a necessary but not
sufficient condition for stability. A well-posed problem can
be ill-conditioned (see Section V).

All the classical problems of mathematical physics, such
as the Dirichlet problem for elliptic equations, the forward
problem for the heat equation, and the Cauchy problem for
hyperbolic equations, are well-posed in the sense of Had-
amard. Also, the “/direct” problem in scattering (or imaging)
theory, namely the computation of the scattered radiation
(image) from a known constitution of the sources and of the
targets, is well-posed.

“Inverse’ problems usually are not well-posed. In most
cases an “‘inverse” problem can be obtained from the
“direct” one by exchanging the role of solution and data.
For instance, in the case of scattering theory, the inverse
problem consists of the computation of the characteristics
of the targets from the knowledge of the sources and of the
scattered radiation.

As an example of an inverse problem in early vision, let
us consider the problem of edge detection. One part of the
problem is equivalent to numerical differentiation which
is ill-posed because the solution does not depend contin-
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uously on the data. The intuitive reason for the ill-posed
nature can be seen by considering a functionf (x) perturbed
by a very small noise term ¢ sin Qx. The functions f(x) and
f(x) + € sin Qx can be arbitrarily close for very small ¢, but
their derivatives may be very different if @ is large enough.
This simply means that differentiation “amplifies”” high fre-
quency noise.

The need to investigate problems that are not well-posed,
but are of interest in applied science, originated two inter-
esting branches of mathematical analysis: the first is the
theory of generalized inverses [26], [27] which is an exten-
sion of the theory of the Moore-Penrose inverse of amatrix;
the second is the regularization theory of ill-posed (or
improperly posed) problems [5], [6], [18]-[21]. At present,
the term ill-posed is used generally (but not only) for those
problems that do not satisfy the requirement of continuity.
Examples of ill-posed problems are analytic continuation,
the Cauchy problem for elliptic equations, backsolving the
heat equations, superresolution, computer tomography,
Fredholm integral equations of the first kind, and, as we will
see, many problems in early vision.

1. GENERALIZED INVERSES

Most linear inverse problems can be formulated as fol-
lows: assume that functional spaces X, Y (for instance, Hil-
bertspaces)are given and thatalinear, continuous operator
L from X into Y is also given; then the problem is to find,
for some prescribed g € Y, a function u € X such that

g = Lu. 3.1

In this formulation, the direct problem is just the com-
putation of g, given u. Therefore, continuity of L is equiv-
alent to well-posedness of the direct problem.

The problem of numerical differentiation discussed in
the previous section takes the form (3.1) if we introduce the
integral operator

(Lu)(x) = S“ u(y) dy. (3.2)

Thus u is the derivative of the data g. The operator (3.2)
is not continuous in [X—o, +o) but continuity can be
restored by an appropriate choice of the space X.

The problem (3.1) is well-posed if and only if the operator
L is injective (i.e., the equation Lu = 0 has only the trivial
solution u = 0 (uniqueness)), and it is onto Y (existence).
Then general theorems of functional analysis (for instance,
the “closed graph theorem”) ensure that the inverse map-
ping L~ "is also continuous (continuity).

Assume now that the equation Lu = 0 has nontrivial solu-
tions. The set of these solutions is a closed subspace of X,
which is called the null space N(L) of L. This is the subspace
of the “invisible objects,” since they produce a zero image
g. Assume also that the range R(L) of L, namely the set of
the g which are images of some u € X, is a closed subspace
of Y. An example is provided by the integral operator cor-
responding to the perfect low pass filter

“ sin Qx ~ y)

tuyx) = S_m P,

u(y) dy. (3.3)
tn such a case, if we take X = Y = [~ o, +0), the null

space is the set of all the functions u whose Fourier trans-
form is zero on the band [-Q, Q], while the range of L is the
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set of the band-limited functions with bandwidth @, which
is a closed subspace of L%(— o, +o). Notice that L is a pro-
jection operator, the so-called band-limiting operator.

A way of restoring existence and uniqueness of the solu-
tion under the conditions above is to redefine both the solu-
tion space X and the data space Y. We take a new space X’
which is the set of all the functions orthogonal to N(L) (in
the case of (3.2), X' is the space of square integrable Q-
bandlimited functions), and we take R(L) as the new data
space Y’ (in the case (3.2) again, the space of the square
integrable Q-bandlimited functions). Then for any g € Y’
there exists a unique u € X’ such that g = Lu, (in the case
of (3.2) the solution is trivial: u = g) and therefore the new
problem is well-posed.

The redefinition of the space X, Y outlined above usually
is quite difficult (almost impossible) in practical problems.
Therefore, it is useful to have a method, based on the solu-
tion of variational problems, which produces the same
result. This is just the method of generalized inverses [26),
[27].

A. Least Squares Solutions or Pseudosolutions

Consider first the case in which L is injective but not onto
(i.e., the existence condition is not satisfied). The functions
u € X that solve the variational problem

Lty — glly = minimum (3.4)

where |-]ly denotes the norm of Y, are called the fleast
squares solutions (or pseudosolutions) of problem (3.1).
These solutions can be easily obtained considering the first
variation of the functional (3.4)

2Re (Lu — g, Lh)y 3.5

where Re denotes the real part, h is an arbitrary function
of Xand (-, -)y the inner product of the Hilbert space Y. Set-
ting (3.5) equal to zero, we obtain the Euler equation

L*lu = L*g (3.6)

where L* is the adjoint of the operator L (L* is a mapping
from Y into X). When R(L) is closed, (3.6) always has solu-
tions but the solution is not unique when N(L) is nontrivial.
Notice that the set of solutions of (3.6) coincides with the
set of solutions of the equation

Lu = Pg 3.7)

where P is the projection onto R(L). Therefore, solving (3.5)
is equivalent to assuming Y’ = R(L) or to projecting g onto
Y’. When the operator L is injective, the solution of (3.6) is
unique and well-posedness has been restored.

B. Normal Pseudosolutions or Generalized Solutions

Consider now the case in which L is not injective (i.e., the
uniqueness condition is not satisfied and the problem is
underconstrained). Then, one looks for the solution of (3.6)
which has minimal norm

flully = minimum. (3.8)

This solution is unique and is denoted by u *. u * is usually
called the generalized solution (or normal pseudosolution)
of problem (3.1). u * is orthogonal to N(L) and therefore this
procedure is equivalent to taking X' = N(L)*.

Since there exists a unique u* forany ge Y, alinear map-
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ping L* from Y into X is defined by
ut = Ltg. 3.9

The operator L* is the generalized inverse of L and it is
continuous. Therefore, the problem of computing the gen-
eralized solution of (3.1) is well-posed if and only if R(L) is
closed. The essential reason for this result is that in this case
the space Y can be decomposed as

Y =R @ RW) (3.10)

where @ means direct sum and R*(L) is the orthogonal
complement of R(L). This decomposition can be made if,
and only if, R(L) is closed.

C. C-Generalized Solutions

In several inverse problems, the generalized solution is
trivial or does not satisfy some physical requirements such
as smoothness. Examples are provided in Section IX. Then
an extension of the generalized solution proceeds as fol-
lows: let p(u) be a norm or a seminorm on X of the following
style:

pw) = ||Cull; 3.11)

where C is a linear operator from X into the Hilbert space
Z(the constraint space). The operator C may not be defined
everywhere on X. For instance, suppose X is a space of
square-integrable functions and Cis a differential operator.
Therefore, in general, p(u) is defined on a subset of X, i.e.,
the domain of C, denoted as D(C). When the null space of
Cis trivial (containing only the null element of X), then p(u)
is a norm on D(C); otherwise, p(u) is a seminorm.

If there exists a unique least-squares solution that min-_

imizes p(u), we denote it by u ¢ and we callita C-generalized
solution. The mapping g - u¢ defines a linear operator
L& from Y into X, which will be called the C-generalized
inverse of L. It is obvious that u{ can have a nonzero com-
ponent anto N(L) (the subspace of the ‘‘objects’” that are
“invisible’” under the action of the operator L). Therefore,
this procedure is physically plausible only when the con-
straint describes some physical property of the solution of
the problem.

Necessary and sufficient conditions for the existence of
u¢ for any g have been given in the case where R(L) is closed
and Cis abounded operator with R(C) also closed [26]. How-
ever, the assumption of a bounded constraint operatot C
may not cover the interesting case of adifferential operator.
Furthermore, when D(C) is a subset of X, it is obvious that
u¢ does not exist for any g € Y. If we denote by LD(C) the
set of all the functions g e Y such that g = Lu with v € D(C),
then LD(C), in general, does not coincide with R(L). Under
these circumstances, if Pg ¢ LD(C), the intersection between
the set of the least squares solutions and D(C) is empty and
u¢ does not exist. In other words, the problem of deter-
mining the C-generalized solution may be ill-posed even
when R(L) is closed.

Sufficient conditions which assure the existence of u £ for
any g such that Pg € LD(C) are the following [21]:

i) The intersection of N(L) and N(C) contains only the
null element of X, i.e., the set of equations

Lu =0, Cu=20 (3.12)
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has only the common trivial solution u = 0 (unique-
ness condition);

ii) The operator C:X — Z is closed with D(C) dense in
X and R(C) = Z;

iii) The set of functions g such that g = Lu and Cu = 0,
i.e., the set LN(C), is closed in Y.

The third condition is always satisfied in the case of
seminorms defined in terms of differential operators
because in that case N(C) is a finite dimensional subspace
of X and L is a continuous operator.

When the constraint operator C satisfies conditions i)-iii)
and furthermore is bounded, u¢ exists for any g € Y and
the C-generalized inverse ¢ is bounded.

D. Generalized Solutions for Problems with Discrete Data

We conclude this section by noting that problems with
discrete data can be formulated as (3.1), g being now an n-
dimensional vector in a Euclidean space. In fact, ignoring
theerrorsinthedata, alinear inverse problem with discrete
data can be formuiated as follows [28]: given a set
{F;}7-1 of linear functionals defined on X and a set
{gi} -1 of numbers, find a function u € X such that

g=Fw, i=1--,n (3.13)

In particular, when the functionals F; are continuous on
X, by Riesz Theorem [80], there exist functions ¥, ¥,
-+ -, ¥, such that

Fi(u) = (u, ¥ikx 3.14)

where (-, ‘) is the inner product of X.
This problem is a special case of the problem (3.1) if we
consider the data g; as the components of a vector g in a

. n-dimensional Euclidean space Y and if we define an oper-
“ator L from X into Y by means of the relation

(Lu); = (u, ¥ix, i=1+-,n (3.15)

The operator L is not injective: N(L) is the infinite dimen-
sional closed subspace of all the functions u orthogonal to
the subspace spanned by the functions ;. On the other
other hand, the range of L, R(L), is closed: R(L) is just Y when
the functions y; are linearly independent; otherwise, it is
a subspace with dimension n’ < n.

Along the lines described above one can introduce gen-
eralized solutions or C-generalized solutions for problems
with discrete data. Their determination is always a well-
posed problem in the strict mathematical sense. However,
numerical stability cannot be guaranteed (see the next sec-
tion).

As a final remark, we point out that the problem of inter-
polation by means of spline functions can be formulated
as aproblem of determining ageneralized or C-generalized
solutionin asuitable reproducing kernel Hilbert space (see,
forinstance, [28], [29]). As a simple example we shall discuss
the problem of linear interpolation.

Let X be a space of differentiable functions, defined on
the interval [0, 1] and having a square integrable first deriv-
ative. X is a Hilbert space if we define a scalar product by
means of the formula

1
(u, v)x = u(0) v(0) + S u’(x) v'(x) dx. (3.16)
0
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Let x € [0, 1] be a fixed, arbitrary point; then, from the ele-
mentary relation

u(x) = u(0) + So u'(x’) dx’ (3.17)
it follows that
ulx) = (u, QJx (3.18)
where
Qx’) = 1 + min {x, x'}. (3.19)

Clearly Q, € X for any x, and therfore all the evaluation
functionals (i.e., the functionals which associate to a func-
tion v Its value in a given point) are continuous.

A Hilbert space of continuous functions having the pre-
vious property is called a reproducing kernel Hilbert space.
The reproducing kerne! Q(x, x’) is defined by

Qlx, x') = Qx") = Qe(x), (3.20)
and its name is due to the relation

(Qp Qulx = Qlx, x). (3.21
Assume now that a function u € X is specified at the points
X1, X3+, Xn(Xp €[0, 1)) and letgh 82" /8N be its values.
The interpolation problem (i.e., find u € X such that u(x,)
=g,forn =1, --,N)can be formulated, thanks to (3.18),

as the problem of determining u € X such that
w,Q.) =8, n=1--,N (3.22)

and therefore it takes the form (3.13), (3.14). If we recall that
the generalized solution is orthogonal to N(L) (Section Iil)
and that N(L) is the orthogonal complement of the subspace
spanned by the functions

Yn(x) = Qlx,, X) (3.23)

(L is defined as in (3.15)), we conclude that the generalized
solution must be a linear combination of the functions ¥,

N
Ut = % c,Qx X)- (3.24)

From (3.19) it follows that u *(x) is just the linear interpo-
lation of the data g,,.

Interpolation by means of splines of degree m = 2k — 1
(k = 1) can be obtained along similar lines by a suitable def-
inition of the reproducing kernel Hilbert space X [28]. Inter-
polation by means of natural splines of the same degree [29]
can be formulated as the problem of determining, in the
same space, a C-generalized solution that minimizes the [*
norm of the derivative of order k.

IV. WELL-CONDITIONED AND |tL-CONDITIONED PROBLEMS

As already remarked in previous sections, continuous
dependence of the solution on the data does not yet mean
that the solution is robust against noise. Generalized solu-
tions of inverse problems with discrete data can provide
striking evidence of this fact. Therefore, it is necessary to
investigate more carefully error propagation from the data
to the solution when solving problem (3.1).

We assume, as in Section IlI, that R(L) is closed, so that
the generalized inverse L* is continuous. We denote by Ag
avariation of the data g and by Au * the corresponding vari-
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ation on the generalized solution u *. Then the standard
analysis of error propagation proceeds as follows:

From (3.8), because of the linearity of L*, we get Au* =
L*Ag, which implies

lau*lx = IL*lliagly @

where || L* || denotes the norm of the continuous (bounded)
operator L*. Analogously, from (3.1), with u = u *, it follows
that

gy = IILh - o *llx. 4.2
Combining (4.1) and (4.2) we obtain the inequality
Aut A,
Tl < naneey IRt 4y

It is important to point out that this inequality is precise
in a certain sense. When L is an N X M matrix or L corre-
sponds to an inverse problem with discrete data, then
equality can hold. If L is an operator on infinite dimensional
spaces, then one can always prove that the left-hand side
(LHS) of (4.3) can be arbitrarily close to the right-hand side
(RHS).

The quantity

a= LIl =1 (4.4)

is called the condition number of the problem. When « is
not far from 1, the problem is said to be well-conditioned,
while when « is large the problem is said to be ill-condi-
tioned.

It is obvious that these definitions are not as precise as
that of well-posedness. However, what is importantin prac-
tice is the estimation of the condition number since it pro-
vides insight into the numerical stability of the problem. In
the case where L is an N X M matrix, || L] is the square root
of the maximum eigenvalue of the M x M positive semi-
definite and symmetric matrix L*L (notice that the positive
eigenvalues of this matrix coincide with the positive eigen-
values of the matrix LL*)and || L* | is the inverse of the square
root of the minimum positive eigenvalue of the same matrix,
i.e.,

o= fRom @5
)\min

Inverse problems with discrete data are always well-posed
in the sense that the generalized solution depends contin-
uously on the data. They can be, however, ill-conditioned
and also extremely ill-conditioned. When the discrete prob-
lemis adiscrete version of an ill-posed problem formulated
in infinite dimensional spaces, then the ill-conditioning of
the generalized solution depends on the number of data
points and, in general, it increases by increasing the num-

ber of data points.

V. REGULARIZATION METHODS

When the range of L, R(L), is not closed, then the inverse
L~ "orthe generalized inverse L* is not defined everywhere
on Y and it is not continuous. Therefore, both the require-
ments of existence and continuity do not hold true. This is
the most difficult case and appropriate techniques are
required. An example of operators in this class is provided
by compact operators (not of finite rank; see [26] for the
definition of a compact operator). It is easy to see that an
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ill-posed problem has a condition number « = . There-
fore, extremely ill-conditioned problems behave in practice
as ill-posed problems and have to be treated by the same
techniques.

A. Tikhonov Regularization

The most investigated approach to ill-posed problems is
the regularization method of Tikhonov [30]. The key idea is
to introduce a family of continuous “‘approximations” of
anoncontinuous operator. More precisely, aregularization
algorithm for the generalized solution of (3.1) is given in
terms of a one-parameter family of continuous operators
Ry, X > 0, from Y into X, such that for any given g e R(L)

limRg=1L"g. (5.1)
A—0

Therefore, when applied to noise-free data g, R, provides
an approximation of u * which becomes better and better
as A = 0. However, when R, is applied to noisy data g, =
g + n., where n_ represents experimental errors or noise,
we have

R\8 = R\g + Rung, (5.2

and the second term typically is divergent when A — 0. It
follows that a compromise between “‘approximation’ (the
first term) and “error propagation” (the second term) is
required. This is the problem of the “‘optimal choice” of the
regularization parameter \.

One of the most studied regularization techniques con-
sists of minimizing the functional

ltu — gy + A CullZ = minimum, (5.3)

where Cis a constraint operator, satisfying for instance the
conditions stated in Section I11. In the original paper of Tik-
honov, it is given by

Y
lculz = 2 {cwlurwpae 64

where the weights ¢,(x) are strictly positive functions and
u(x) indicates the rth-order derivative of u(x). If uy is the
solution of (5.3), and if we put

uy = R\g (5.5)
then
Ry = (L*L + A\C*C)7 'L, (5.6)

Notice that u, is unique when (3.11) have only the trivial
solution u = 0 and that when A — 0, g e R(L), R, g converges
to L g [21].

Three methods have been proposed for the choice of A
in (5.6) and in the case of noisy data g

i) Among all u such that ||Cull; < E find u that mini-
mizes || Lu — g |y [31]. Using the method of Lagrange
multipliers the solution of this problem can be
reduced to the solution of (5.3), with X arbitrary, and
to the search of the unique \ such that

| Cul; = E. (5.7)

ii) Among all u such that [|[Lu — g/lly < ¢, with given e,
find u that minimizes || Cull; [32], [33]. Again, the
solution of the problem is equivalent to finding the
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unique A such that
lLuy — gy = e (5.8)

This is also called Morozov’s discrepancy principle.

iii) Among all u such that [[Lu — glly = ¢, [ Cull; < E,
find a u of the type (5.5). This is equivalent [34], [35]
to taking

N = (/B (5.9

The first method consists of finding the function u that
satisfies the constraint | Cull, = F and best approximates
the data. The second method computes the function u that
is sufficiently close to the data (e depends on the estimate
of the errors) and is most “‘regular.” In the third method,
one looks for a compromise between the degree of regu-
larization and the closeness of the solution to the data.

B. Regularization and Filtering

The regularized solution (5.5), (5.6) takes a very simple
form in the case where L is a convolution operator

oo

(Lu)(x) = g_ Kix —y) f(y) dy (5.10)

(notice that the operator (3.2) is an operator in this class) and
the constraint operator C is the identity operator, C = /.
Then, in terms of Fourier transforms we obtain
+0o0 O 2 ~
h) = - S KO 80
271 J-= |KE)® + N K(E)
where K(¢) and g(¢) are the Fourier transform of the kernel
K(x) and of the data function g(x) respectively. it follows that
the regularized solution is essentially a “filtered” version
of the non-reguiarized (generalized) solution of (3.1), which
is given by

e dt (5.11)

1 +o g,\(g) v
== S et d, 5.12
u*(x) by L Ri&) e 3 (5.12)
This remark suggests that, in this case, one can define
regularization algorithms in terms of filter functions

B(N; &)
+o

Ux(X)=lS a0 ) 80
2r J-o

K
satisfying the conditions: a) 0 < ®(\; §) < 1; b) &(\; £) —
1forany £ when X = 0; ¢) ®(\; £)/R(£) is a bounded function
of £ forany A > 0.

Such a procedure is often used in the problem of edge
detection (Section VII). The proof that (5.13) defines a regu-
larization algorithm, in the sense specified in Section V-A,
can be found, for instance, in [21].

et dt (5.13)

C. Smoothing and Interpolation

As already remarked, regularization algorithms can be
used for ill-conditioned problems. A well-known example
is the smoothing of a function whose values, specified on
a finite set of points, are affected by errors [36]. It is inter-
esting to compare smoothing and interpolation by means
of cubic splines using the framework outlined above. inter-
polation of a function u(x), x € [0, 1], is the problem of
searching for a function which takes the prescribed values

ux)=g, i=1+"-,n (5.14)
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and minimizes the seminorm [29]

1

plu) = So |u”()|* dx. (5.15)

Therefore, the interpolation problem is equivalent to the
computation of a generalized solution. On the other hand,
the smoothing problem is formulated again as the min-
imization of the seminorm (5.15) [36], but condition (5.14)
is replaced by

231 lulx) — gl < € (5.16)

(for simplicity, we have assumed that the errors on the data
have the same variance). Therefore, the smoothing prob-
lem corresponds to method ii) for the choice of the regu-
larization parameter.

D. Cross Validation and Generalized Cross Validation

We conclude this section with a short description of the
cross validation method [37]1-[39]. This is a method for the
choice of the regularization parameter and it has been
applied to smoothing problems and also to the solution of
Fredholm integral equations of the first kind in the frame-
work of the method of collocation (or moment-discreti-
zation). However, it applies to any linear inverse problem
with discrete data, as formulated in Section IlI.

The idea behind cross validation is to allow the data points
themselves to choose the value of the regularization param-
eter by requiring thata good value of the parameter should
predict missing data points. In this way, no a priori knowl-
edge about the solution and/or the noise is required.

Let(Lu); be defined as in (3.15) and let u i be the minimizer
of the functional

1 n
Al = - 2 jaw; - gl + Ml 617
ik

Then the cross validation function V,(N) is defined by
1 n
Vo(N) = = 20 |(Lul, — gil? 5.18
(N pr) [(Lul — 84l (5.18)

and the cross validation method consists in determining
the value of A, say A, which minimizes (5.18). The compu-
tation of the minimum is based on the relation

_1 o |(Lun — gl
VoN) = n 351 |1 — AN G.19)

where u, is the minimizer of the functional
1 . 2 2
Al =~ 21 [(Lu); — gil* + Mul, (5.20)
i= .

and A () is the kkth entry of the n X n matrix
AN = LLXLL* + AD7" (5.21)

where LL* is the Gram matrix of the functions ¢ (see (3.15)).

It has been shown [39] that, from the point of view of min-
imizing predictive mean-square error, the minimization of
Vo(N) must be replaced by the minimization of the gener-
alized cross-validation function defined by

1 /1
VN = (; Tr{l - A(>\)l> <; ll¢ - A()\))EHZ> (5.22)
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where |- || denotes the Euclidean norm and Tris the trace
operation. An important property of V()) is the invariance
with respect to permutations of the data.

VI. REGULARIZATION OF NONLINEAR PROBLEMS

The case of nonlinear ill-posed problems is quite difficult
and, for the moment, no general approach seems to exist.

If A is a nonlinear operator from a Hilbert space X into
a Hilbert space Y, we have the equation

g = Alu). 6.1

Obviously, a solution to this equation exists if and only if
g is in the range of the operator A.

A. Linearization

The simplest way of treating (6.1) is to try to linearize the
problem. This is the case of a differentiable operator [40].
The nonlinear operator A has a first derivative at the point
u, if there exists a linear operator L,: X = Y such that, for
anyu e X,

1
lim 1 [Alu, + tu) — Aluy)l = Lyu. 6.2)
t—0

The operator L, is called the first derivative of A at the point

u, and one usually writes

L, = Auy). 6.3)

An operator which is differentiable at the point u, is also
continuous at that point.

If an approximation u, of the solution of (6.1) is known
and if the operator A is differentiable at u,, then (6.1) can
be approximated by the linear equation

88, = L,du, (6.4)

where §g, = g — Alu,), du, = u — u,, and L, is the derivative
of Aatu,. Obviously, the procedure is consistent if the solu-
tion du,, of (6.4) is a ““small”’ correction to the approximate
solution u,,.

The procedure can be iterated. By means of the solution
du, of (6.4), one gets a new approximation, u, = u, + du,,
of the true solution u. Then one considers the linear equa-
tion &g, = L,6u,, where L, = A’(uy), 88, = 8 — Aluy), and éu,
= u — u;. By solving this equation one gets a new approx-
imation u, = u; + du; and so on. It is easily recognized, by
writing (6.1) in the form P(u) = 0 with P(u) = A(u) — g, that
this method is just an extension to functional equations of
a method which, in the case of real equations, is known as
Newton’s method or the method of tangents. Such an
extension is also known as the Newton-Kantorovich
method and it is one of the few practical methods for the
actual solution of a nonlinear functional equation.

The iterative algorithm can be put in the following form:

Unsr = Up + [A' U] — Alu,)), (6.5
and a simplified algorithm is given by
Ups1 = Up + [A' W] (g — Alu,)l. 6.6)

Sufficient conditions for the convergence of both iterative
algorithms have been given [40].

They include the continuity of the inverse of the deriv-
ative of the operator A. In several problems this condition
is not satisfied. It has been suggested [41] to use, at each
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step of the algorithm, a regularized approximation of the
inverse of the derivative of the operator A. Convergence
results for such a modified algorithm are not yet available.

B. Generalized and Regularized Solutions

Extensions of regularization theory to ill-posed nonlinear
problems have also been proposed: the case of nonlinear
integral equations has been investigated by Tikhonov and
an abstract approach is given by Morozov.

We assume that A: X — Yis a continuously differentiable
operator, i.e., that A has a derivative at each point u e X and
that this derivative is a linear continuous operator. How-
ever, even in the case of such a simplifying assumption, a
well-developed theory of generalized inverses does not
exist. One can introduce least-squares solutions of (6.1) by
solving the variational problem

lAwW) — glly = minimum (6.7)

analogous to the problem (3.4). When a solution of such a
problem exists for any g € Y, one says that (6.1) is strictly
normally solvable. A sufficient condition for strict normal
solvability is that the range of A is weakly closed in Y [43].
Notice that this condition may be stronger than the con-
dition of closure of range that applies to the case of linear
operators (Section Ill). Weakly closed sets are (strongly)
closed, but the converse is not always true.

If, for a given g, the set of least squares solutions is not
empty, one could try to select one of these solutions by
means of another variational principle as in Section 11I-A,
i.e., by minimizing a norm or seminorm such as (3.11). In
contrast to the case where the operator A is linear, the gen-
eralized or C-generalized solution defined in such a way
may not exist and, even if it does exist, is not necessarily
unique. Such a lack of uniqueness applies also to the case
of regularized solutions (in which case, however, existence
can easily be assured).

The basic point in the definition of regularized solutions
is again the minimization of a functional similar to (5.3); i.e.,

&u] = AW - gl§ + M Cul. 6.8)

The uniqueness of the minimum of &,[u] usually is not
proven (but see [42] for a special case where uniqueness
holds true). However, it is not difficult to prove the exis-
tence of at least one local minimum.

Assume that the operator A: X — Y is continuous every-
where and that the constraint operator C: X = Z is linear
and has a compact inverse C ~". (This condition is satisfied,
forinstance, by the differential operator (5.4).) Then, forany
A > 0, the functional (6.8) has at least one minimum point
uy. The proof of this result can easily be done just by adapt-
ing to the general case the proof given in [42] for the case
of nonlinear integral equations.

As stated above, in general nothing can be said about the
uniqueness of the minimum of the functional (6.8). How-
ever, if we assume that:

a) for a given g, (6.1) has a unique solution u in the
domain of C;

b) in a neighborhood of u, the operator A has every-
where continuous first and second derivatives;

c) the derivative of A at u, A’(u), is invertible;

then, by a rather easy generalization of the theorems con-
tained in [42], one can prove that if g, is a noisy data, with
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lg — glly = ¢, and if in the functional (6.8), with g replaced
by g., we choose the regularization parameter X in such a
way that A = ye?, where v is an arbitrary constant, then any
minimum point of such a functional converges to u when
e — 0; therefore, for sufficiently small values of ¢, there exists
only one minimum point.

PART Two

In this part we will consider several problems in early
vision in the light of the mathematical results outlined in
Part One. We will discuss edge detection, computation of
optical flow, surface reconstruction, shape from shading,
and stereo matching. Lastly we will discuss learning. Sev-
eral of these problems have recently been solved using
smoothness constraints or variational techniques, without
an explicit reference to regularization theory. We will show
that many of these results and several new ones, in partic-
ular existence and uniqueness of solutions, are direct con-
sequences of the mathematical results of regularization
theory presented in Part One.

The different modules that are part of early vision may
reflect separate processing stages occurring in the brain,
where we simultaneously make use of different visual pro-
cedures: we can extract sharp changes in image brightness
(edge detection); we can understand the motion of objects
from the changing images (computation of optical flow); we
recover the 3-D structure of a scene from a pair of images
(structure from stereo); and we can construct a dense
description of 3-D surfaces from sparse features (visual sur-
face interpolation).

As we mentioned in the introduction, problems in early
vision are ill-posed because the available information is not
sufficient to obtain a good solution, i.e., one which is phys-
ically correct and robust against noise. In this context regu-
larization theory represents the correct tool for extracting
the available information. Caution, however, is necessary:
regularization theory can provide optimal techniques to
reduce the effects of noise but cannot produce new infor-
mation if it is not originally available. As we will see, edge
detection, or numerical differentiation, is an ill-posed prob-
lem and there is little doubt that regularization theory is
very useful in solving it. When we discuss the computation
of optical flow, we will show that recent results [44]-[46] can
also be seen as straightforward consequences of regular-
ization methods, butwe will also show that a better solution
to the optical flow problem can be obtained by a more
appropriate use of the available image data without relying
exclusively on regularization theory. On the other hand
even this solution needs to be regularized because the opti-
cal flow that it delivers is typically noisy and occasionally
sparse.

Part Two is divided into five sections, each dealing with
one module of early vision. In Section VII we present the
ill-posed nature of numerical differentiation and of edge
detection. In Section VIII we discuss the computation of
optical flow. In Section IX we discuss recent approaches to
surface interpolation, illustrating how variational princi-
ples can be viewed as regularized solutions to discrete ill-
posed problems. In Section X we review recent variational
approaches to shape from shading, in the framework of
regularization theory. In Section Xl we discuss stereoscopic
vision.
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VIl. EDGE DETECTION AND NUMERICAL DIFFERENTIATION

Edge detection [47]-[51] is a key first step in early vision.
This apparently simple problem of measuring sharp bright-
ness changes in the image has proved to be difficult. It is
now clear that edge detection should indicate not simply
finding “edges” in the image, an ill-defined concept in gen-
eral, but also measuring appropriate derivatives of the
brightness data. This involves the task dependent use of
different two-dimensional derivatives. In many cases, it is
appropriate to mark locations corresponding to some crit-
ical points of the specific derivative such as its maxima or
zeros. In some cases, later algorithms based on these binary
features—presence or absence of edges—may be equiva-
lent or very similar to algorithms that directly use the con-
tinuous value of the derivatives. From this point of view the
low level problem commonly called edge detection con-
sists of a) choosing a differential operator appropriate for
the later tasks (say stereo), and b) computing correct and
stable numerical derivatives of the image data.

Regularization theory is capable of indicating optimal
ways for obtaining good numerical derivatives but cannot
suggest the best differential operator. The choice of the dif-
ferential operator depends on geometrical and topological
properties of detected edges. In Part One we have already
seen why numerical differentiation is ill-posed.

A. Regularization of Differentiation

Possibly the most natural use of regularization for the
case of numerical differentiation is to interpolate or approx-
imate the data with an analytic function and subsequently
to compute the analytical derivative of the interpolating or
approximating function [52].

Consider a one-dimensional “image” y; = f(x;) + ¢,
where y; is the data and ¢; represent errors in the mea-
surement. We want to estimate f so we choose a Tikhonov
stabilizing functional | Cf || = { (f”(x))? dx, where f” is the
second derivative of f. Physically, this choice corresponds
to a constraint of smoothness on the intensity profile. Its
physical justification is that the (noiseless) image is smooth
because of the imaging process: the image is a bandlimited
function and, therefore, has bounded derivatives. We look
for an approximating function f minimizing

2y, = FOGN? + N S (£ (x)? dx. 7.1)

When the data are given on a regular grid and satisfy
appropriate boundary conditions the solutions can be
obtained by convolution with an appropriate filter R [52].
Differentiation can then be accomplished by convolutions
of the data with the appropriate derivative of the filter. The
resulting filters, which are spline filters for discrete dataand
Butterworth-like filters for continuous data (the two become
indistinguishable in practice) are very similar to the deriv-
atives-of-a-gaussian extensively used in recent years [52].

In the 2-D case, if the regularizing functional || Cf || is

S S (V2 grad f)* dx dy 7.2)
where V2 indicates the Laplacian and grad f(x, y) the gra-

dientof f(x, y), then it has been shown [52] that the solution
f(x, y) can be obtained by convolving the data g(x, y) with
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the filter

1 S“ Jolw?z)

2 et 10 73

Ryx, y) =

where J, is the zero order Bessel function and z =
KT+

Differentiation can also be regularized using the filtering
techniques described in Section V-B. Then, in the case of
the inversion of the operator (3.2), condition c) of Section
V-B is equivalent to requiring that the filter function
®(\; £) is such that i£ &(\; £) is a bounded function of £ for
any A > 0. Therefore, these regularizing filters are essen-
tially low pass filters. Three main types of filtering have been
used in computer vision to perform edge detection. We list
their main properties below.

B. Band-Limited, Support-Limited, and Minimal
Uncertainty Filters

Band-limited filters are an obvious choice for regulariz-
ing differentiation, since the simplest way to avoid harmful
noise is to filter out high frequencies that are amplified by
differentiation. Linear and circular prolate functions con-
stitute an interesting class of band-limited filters [53], [54]
and have already been used in edge detection [50]. These
filters satisfy all conditions of Tikhonov needed to regu-
larize differentiation if we take the inverse of the bandwidth
as the regularization parameter.

All real filters have a finite extent and are support-limited.
A class of support-limited filters that has been used in edge
detection [47] is the so-called difference of boxes (DOB).
These filters are Haar functions [55] that form a basis for
square integrable functions on a bounded interval. How-
ever, these filters do not satisfy condition ¢) of Section
V-B and therefore cannot be used to regularize differen-
tiation. This conclusion derives from the fact that the Haar
functions are discontinuous. As a consequence, the limit
of their Fourier transform as ¢ goes to infinity tends to zero
as £ 7. It is possible, however, to introduce smooth sup-
port-limited filters whose Fourier transform tends to 0 as
desired as £ — oo. If the inverse Fourier transform of the
filter ¢(\; x) has, for instance, continuous derivatives up to
order p and the (p + Nth derivative is integrable, then
®(\, £) tends to zero as |£| P * 7. Furthermore, if ¢()\; x) is
C=,then &(X\; £) tends to zero more rapidly than any inverse
power of £. An example is provided by the function

1
Cxexp m, |X|<)\
o, [x] > A

(N x) =

where C, is a constant such that ®(\; 0) = 1. Therefore, the
best support-limited filter for edge detection and numerical
differentiation is not the DOB but the filter (7.4), which is
often used in digital signal processing when aliasing needs
to be reduced.

The Gaussian function minimizes the product of spread
in the space and the frequency domains [56] and can be
viewed as a filter with minimal uncertainty. Filtering with
a Gaussian function regularizes differentiation, because the
Gaussian function ¢(X\; x) = exp (—x%2)\) satisfies all con-
ditions of Section V-B. Moreover, filtering with a Gaussian
transforms a continuous and bounded function into an
entire function.
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Therefore numerical differentiation can be regularized
inanumber of ways that are all consequences of the results
presented in Part One. There are two main possibilities: fil-
tering the data with appropriate derivatives of Tikhonov fil-
ters; or interpolating (or approximating) the discrete data
with splines and then performing an analytical derivation.
These two regularizing procedures are equivalent.

C. The Differential Operator in Edge Detection

Edges[51]inreal images can be detected either as maxima
of a first-order derivative or as zeros of a second-order
derivative. In a two-dimensional image edges detected as
maxima or as zeros have different geometrical properties.
Fig. 1 shows an image from which the edges shown in Fig.
2 were extracted.

Fig. 1. An image of an interior in the Department of Phys-
ics.

The original image was first smoothed by the convolution
with a2-D symmetrical Gaussian function with a small value
of A (Fig. 2(a) and (b)) and a larger value of \ (Fig. 2(c) and

(d)). Edgesin (b) and (d) were extracted as zeros of the Lapla-
cian and in (a) and (c) as maxima of the first-order derivative
in the direction of the gradient image brightness.

In order to have a fair comparison between different
schemes, edges were thresholded so as to have the same
number of edges in all panels of Fig. 2. Two main obser-
vations argue in favor of a gradient scheme [49]:

i) A gradient scheme is generally more robust against
noise because it uses only first-order derivatives and
not second-order derivatives as a zero-crossing
scheme. Since a zero of a second-order derivative
does not necessarily coincide with an extremum of
the first-order derivative, the null space of second-
order derivatives is larger than the space of extrema
of first-order derivatives, and therefore we expect a
lower proportion of false edges in agradient scheme.
For these two reasons, edges detected as extrema of
a first-order derivative are more reliable.

ii) A zero-crossing scheme, as shown in Fig. 2, cannot
detect properly a trihedral vertex or a T-junction,
because it introduces a spurious edge line. This
behavior is a consequence of topological properties
of zero-crossing contours that are intersections of
structurally stable intersections of smooth surfaces
[51], [57], [58]. Therefore we expect a better local-
ization with a gradient scheme, which minimally dis-
torts vertexes and junctions.

VIl ComputaTion of OpTicAL FLow

The recovery of the motion of visible surfaces is a major
task of both biological and artificial vision systems. The
recovery of motion can be used to obtain a variety of addi-
tional information about the viewed scene, for example,
depth, by using parallax effects, and the segmentation of
the surrounding world into regions corresponding to dis-
tinct rigid objects.

R

WA RS
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(d)

Fig. 2. Edges extracted either as zero-crossings of the original image of Fig. 1 convolved
with the Laplacian of a Gaussian filter (b) and (d), or as maxima of the directional derivative
in the gradient direction (a) and (c). in (a) and (b) a gaussian function with A = 1was used
and in (c) and (d) with A = 3. The threshold on edges was set so to have the same number

of edges in each panel.
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The motion of visible surfaces originates a 3-D velocity
field which is projected by the imaging device into a 2-D
velocity field. In order to recover information about the
3-Dvelocity field from the changing images, several authors
[441-[46] have introduced the notion of optical flow, defined
as the distribution of apparent velocities of movement of
brightness patterns in an image. There is no a priori reason
to guarantee that the optical flow, as defined by these
authors, and the 2-D velocity field are similar and even in
some way related. it has been shown recently [59] that the
various definitions of the optical flow and the “true’” 2-D
velocity field coincide only under very special conditions.

The recovery of the optical flow is usually regarded as
plagued by the aperture problem [60]: when a straight mov-
ing edge is observed through a narrow aperture only the
component of motion perpendicular to the edge can be
measured. This view has been formalized in an extreme
form by the elegant approaches of Horn and Schunck, and
Hildreth.

Horn and Schunck [46] derived equations relating the
change in image brightness E(x, y, t) at a point {x, y} and
time t to the motion of brightness pattern. Their key def-
inition is that the brightness of a particular pointin the mov-
ing pattern is constant, so that the total derivative of E(x, y,
t) is zero:

dE
E x,y, 0 =0. 8.1)

Then, from local measurements of the partial derivatives of
E(x, y, t) with respect to space coordinates and time, it is
possible to estimate the component of the velocity field par-
allel to the gradient of E(x, y, t). In this definition, the normal
component is never determined, even in the case of edges
that are not straight, and it must be recovered (see [59] for
an analysis of the validity of the underlying assumptions).

Hildreth [44], [45] suggested computing the optical flow
not over the entire image but only along 1-D contours. In
real images, these 1-D contours are edges corresponding
to sharp changes in image brightness (see Section VII). Hil-
dreth [44], [45] observed that it was possible to obtain the
normal vectors along the contour by a simple inspection
of the extracted edges: if E(x, y, ) is again the image bright-
ness, then the normal component v* of the local velocity
vector V at the points of the contour T is given by

vt = iVZE

8.2
at 8.2)

r

where V2is the Laplacian. A better estimate of v*, however,
is

2

Y
m

|

8.3)

2l
=
~

n"ir
where 3%dn? is the second derivative along the direction
of the gradient [51].

In Sections VIII-A-D we discuss these two approaches in
the framework of regularization theory. In Section VIII-E we
show how a different approach better exploiting the avail-
able information can circumvent this extreme form of the
aperture problem and is able to provide a 2-D vector field
very close to the true 2-D velocity field.
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A. Optical Flow Along a Contour

We first consider the problem of determining the two-
dimensional optical flow along a contour T in the image
assuming that local motion measurements along the con-
tour provide only the component of the velocity in the
direction perpendicular to the contour. We assume that the
component of velocity tangential to the contour is invisible
to local detectors that examine a restricted region of the
contour. The local velocity vector V(s) is decomposed into
a perpendicular and a tangential component to the curve

Vis) = v7(s) T + vi(s)A. 8.4

Here sis the arclength and 7, /i are unit vectors respectively
tangent and normal to the contour T’

. cos ¢ —sin ¢
() () e

sin @ cos b,
where 6 is the angle between T and the unit vector of the
x axis. They depend also on s, but we omit this dependence

for simplicity of notation.

The component v*(s) and the vectors t, /i are given by
direct measurements and, therefore, are the data of the

problem. We will denote by g(s) the measured values of v* (s)
and by Z(s) the corresponding velocity field

B(s) = gls) . (8.6)

Then the problem can be formulated as the inversion of a
projection operator in the space X =Y = LAT) @ LAT)(LAT)
denotes the space of square integrable functions defined
over ). The norm of a velocity field V € X is defined by

IVIZ = SF V(s) - V(s) ds
= S v &)* ds + Sr |v(s)|? ds. 8.7)
r

The projection operator is
LV(s) = v*(s)A, 8.8)
and the set of the solutions of the equation
V=g 8.9)

with g defined by (8.6), is the set of the velocity fields Vgiven
by

Vis) = ¥(s) T + glo)Ai (8.10)

where g(s) is the given data function and y(s) is an arbitrary
function in LXT). The generalized solution, or solution of
minimal norm, exists for any data function g(s), but it is triv-
ial since it is given by

A 8.11)

In other words, the generalized solution restores well-
posedness, but it gives a solution that does not have any
physical relevance. Therefore, one has to look for suitable
C-generalized solutions corresponding to physically
acceptable velocity fields.
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B. A C-Generalized Solution for the Optical Flow Along a
Contour

A seminorm introduced by Hildreth gives a very useful
constraint for the recovery of the optical flow. PutZ = X =
LXT) @ LXI) and introduce the operator

V=V (8.12)

where the dot means derivation with respect to s. Then the
C-generalized solution is the velocity field of the form (8.10)
that minimizes the functional

vz = jp V- Vds. ®8.13)

It is easy to show that existence and uniqueness of the
C-generalized solution can be derived from the general
result given in Section IlI-C.

First, consider the question of uniqueness. We know that
the C-generalized solutions is unique if and only if the inter-
section of N(C) and N(L) is the nuil element (condition i) of
Section 111-C). Now N(C) is the set of the constant velocity
fields (or translations), say V=3 Furthermore, N(L) is the
set of the velocity fields orthogonal everywhere to 7, i.e.,
V - ii = 0. This condition can be satisfied by @ # 0 only if
fi is constant; that is, only if T is a straight line. Therefore
if T is not a straight line, the intersection of N(C) and N(L)
is always the null element, and uniqueness is restored by
the use of the C-generalized solution (8.13).

The existence of the solution follows from the fact that
the operator (8.12) satisfies conditions ii) and iii) of Section
H1-C. Conditionii) is arather general property of differential
operators, and condition iii) is also verified because N(C)
is a two-dimensional subspace of X = L*T") ® [XI"). There-
fore, we can conclude that the C-generalized solution exists
whenever g € LD(C).

In order to see more precisely the meaning of the last
condition, assume that the contour T consists of a finite
number of regular arcs, so that the tangent is continuous
on I with the exception of a finite number of points, sy, s,

', Sn, where the tangent has both right and left limits.
Then a solution V(s) of the form (8.10) is in the domain of
the constraint operator C if ¥(s)f and g(s)7i are differen-
tiable on each regular arc and furthermore they satisfy suit-
able conditions at the discontinuity points s; in order to
ensure the continuity of V(s). We can derive these condi-
tions from the equations

Vis)=V_(s), i=1"---,n (8.14)

where + and — denote respectively right and left limit. It
follows that

Y.ls) = (sin )7 [g.(s) cos ¢; — g_(s))]

Y_(s) = (sin ¢)7"[g.(s) — g_(s) cos 9]  (8.15)
wheresing = t_ - A, =-T, - A_,cos¢=H,  i_=
T, - T_(f,istherightlimitofthe tangent, etc.). Therefore,
if g(s) admits a right and left limit at the points s;, it is pos-
sible to derive from (8.15) the right and left limit of y. All
these conditions characterize the subset D(C) which con-
tains the unique solution that minimizes the seminorm
(8.13). Of course, if g is not differentiable on the regular arcs
or does not have left and right limits at the discontinuity

points, the C-generalized solution does not exist. It follows
that the problem is ill-posed.

Before discussing this point, we want to point out that
if the data g are not affected by noise, the C-generalized
solution coincides with the true solution in two important
cases [44], [45]: the firstis translation of an arbitrary contour
and the second is arbitrary motion of a rigid polygon. These
results can be derived from the Euler equation for the C-
generalized solution.

Assume that the regular arcs have a differentiable cur-
vature. From the following relations, which are true on each
regular arc

=08, §A=-0f 8.16)
where 8 is just the curvature, one can derive from (8.10)

V(s) = [(s) — O(s) gNT + [8(5) + B(s) YA (8.17)

and therefore, when ¢ satisfies the conditions (8.15)

ICVI3 = Sr {lg6)? + |b(s) g()|*} ds

+ SF {HOI* + 106) ¥(s)|? + 20(s) gls) ¥(s)

— 26(s) g(s) ¥(s)} ds. (8.18)

Thisisafunctional of ¢, which is an arbitrary function except
for being differentiable and satisfying conditions (8.15).
Then, by annihilating the first variation of this functional,
it follows that, on each regular arc, the function ¥ which
minimizes the functional is a solution of the differential
equation

—§(s) + |0(s)| () + 20(s) g(s) + f(s) g(s) = 0. (8.19)

In the case of a closed contour, the C-generalized solu-
tion is given by the unique solution of (8.19) satisfying the
conditions (8.15). If the contour is regular everywhere, then
one has to add boundary conditions such as

YO =¥, O =Y. (8.20)
When the contour is open, one needs boundary conditions
at the end points of the contour. These can be obtained

directly, through a partial integration, from the annihilation
of the first variation of (8.18)

Y(0) = 6(0) g(0), ¥ = () g 8.21)

However, these conditions are correct only in the case of
pure translation. In the general case it is necessary to mea-
sure the tangential velocity of the endpoints and take

YO =v (0, Yh=vD 8.22)

where v (0) and v (/) are the measured values.
If the motion of the contour is pure translation and

d = {a ay} 8.23

is the constant velocity field, the noise-free data are given
b
Y g(s) = —a,sin 8 + a, cos 6. 8.24)
Then, if we put
Y(s) = a; cos 0 + a; sin 0, 8.25)

taking into account that § = g and g = —8y, it is easy to
verify that y satisfies (8.19). In the case of an open contour,
also the boundary conditions (8.21) are satisfied (the bound-
ary conditions (8.15) are obvious since the velocity field is
continuous).
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In the case of a rigid polygon [61], since arbitrary rigid
motion consists of translation plus rotation, on each seg-
ment of the polygon both the normal and tangent velocity
are linear functions of the arclength s. But, on a segment
of a straight line, (8.19) becomes {/(s) = 0 and therefore y(s)
isalinear function of s. The boundary conditions (8.20) (plus
the boundary condition (8.22) in the case of an open
polygon) give the correct values of the constants provided
that also in this case the measured values are noise-free.

As we already remarked, the difficulty of this approach
is that the problem of determining such a C-generalized
solution is ill-posed. For this reason, in the case of noisy
data, one has to look for a regularized approximation of the
C-generalized solution, which can be obtained by mini-
mizing the functional [44], [45]

&,[V1 = LV - &I} + MCVIiz. 8.26)

If we denote by \7% the minimum of the functional (8.26)
and if we put

Vi = T + ¢ (8.27)

then it is easy to show that, on each regular arc, ¢, and ¢,
must be solutions of the system of differential equations

—¥n(S) + 20(5) a(s) + 18(s)|* Ya(s) + B(s) pp(s) = 0 (8.28a)
—Néw(s) + 20(5) ¥i(s) + [B(9)]* dn(s) + B(s) Y]
+ @(s) = g(s) (8.28b)

plus boundary conditions similar to those discussed in the
previous case (continuity of V, at the discontinuity points,
etc). The determination of the parameter A can be per-
formed using one of the methods discussed in Section V.

In practice, the most economical method for the com-
putation of V, is perhaps the conjugate gradient method.
Regularizing properties of this method [62], [63] can also be
used in order to avoid the minimization of (8.26).

In the previous treatment we have neglected the errors
in the determination of the contour which imply an approx-
imate knowledge of the operator L (8.8). However, if the
equation LV = g + 68, where 6§ is the error on the data,
is replaced.by the equation (L + 81)V = § + 6, where 8L
is the error on the operator, it appears that the two equa-
tions are equivalent in the sense that only the error on g
is different in the two cases (in one case it is 8g and in the
other case itis g — (8L) \7). This point of view assumes that
the errors in the determination of the contour have been
included in the errors on the data.

C. Two-Dimensional Optical Flow

As we already recalled at the beginning of this section,
Horn and Schunck[46] attempted to recover the optical flow
in the entire image and not just on a one-dimensional con-
tour. Their basic equation is (8.1), which, written explicitly,
provides the relationship

VE- V= —3F (8.29)

where VE = {0.E, 9,E} is the gradient of the brightness dis-
tribution in the image, V is the velocity field (optical flow),
and o,E is the partial time derivative of the brightness.
Therefore, a measurement of VE and 8,F gives the com-
ponent of V parallel to VE,

We assume that the brightness distribution E(x, y, t) is
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defined in abounded region Q whose boundary dQ is a con-
tour with an everywhere continuous tangent. Furthermore,
we will also assume, for simplicity, that VE is never zero in
@ and that the level lines of E(x, y, t) have everywhere dif-
ferentiable tangents and normals. We denate by T and 7
the tangent and normal to the level line at the point {x, y}

L aE . o,F
t= |VE|’1< ) A= IVEI"'(
—3,F a,E

4

>. (8.30)

Then the velocity field V(x, y) can be everywhere repre-
sented as follows

Vi, y) = v x, pt + vi, pi. 8.31)

The problem can again be formulated as the inversion of
a projection operator: taking X = Y = 13(Q) @ LXQ) and

ALV, y) = vix, y)A, (8.32)
the data will be given by
Elx, y) = glx, p)ii (8.33)

where g(x, y) is the measured value of —9,E/|VE). Then the
set of solutions of the equation LV = g is the set of velocity
fields

Vix, y) = y(x, Wt + glx, )i 8.34)

where y is an arbitrary function in LXQ). The generalized

solution V* is trivial also in this case, since V* = g.

D. A C-Generalized Solution for the Two-Dimensional
Optical Flow

As in the case of the optical flow along a contour, it is
necessary to look for C-generalized solutions. The method
suggested in [46] can be formulated in this framework.

Introduce the constraint space Z = X @ X and define an
operator C: X - Z as

L /e
Ccv = ( ﬂ> (8.35)
3,V

with the associated seminorm
Icviz = Sﬂ V-9 V+a,V-9V} 836

Written in terms of the cartesian components of V this
is just the integral of the quantity called the measure of the
departure from smoothness in the velocity flow [46].

First consider the question of uniqueness. The null space
N(C) is the set of the constant velocity fields, say V = &,
whilethe null space N(L)isthe set of the velocity fieldswhich
are orthogonal everywhere to 7, i.e., V - i = 0. The inter-
section is the set of constant velocity fields such that
4 - i = 0 and this condition cannot be satisfied by @ # 0
if the level lines are not parallel straight lines everywhere.

1t is easy to verify that conditions i)-iii) of Section 111-B are
satisfied and the existence of the solution is guaranteed. It
may be interesting however to write the Euler equation for
the C-generalized solution. After some lengthy but ele-
mentary computations, using the orthogonality relations
pedA=n-3A=07-3T=T7-0T=037A" 3f=
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0 we obtain
lcviz = SQ {IV8 2 + (8,73 + |3,/ [%|g[?} dx dy

+ [, e+ o e
+ 207 - 3,D)a.g + (7 - 3,1)3,81¥

+ 28l - 3, D)0 + (T - 3, ¥1} dx dy.
(8.37)

In order to find the Euler equation of the functional (8.37)
one hasto consideravariation of y, y —» ¢ + hand putequal
to zero the term of first order in h. Then, using the diver-
gence theorem in order to eliminate the partial derivatives
of h, transforming the fourth term in (8.37) by means of the
identities t - 9,4 = —i - 3,¥, ¥ - 8, = —# - 9,¢, and
using the fact that h is arbitrary, one finds that the unique
function y that minimizes the functional (8.37) is the unique
solution of the boundary value problem:

VY + (18, T + |8, T + 2 - 3,0)d,8

+ (- 9,0)d,8 + (7 -AT)g =0 8.38)

- <ﬁ : ﬁ)
an o )8
where v is the normal to dQ. Notice that this boundary value
problem is just the extension in the 2-D case of the problem
(8.19) with the boundary conditions (8.21). The boundary
condition (8.39) can be replaced by the value of y if the tan-
gent velocity can be measured on 99.

Itis also easy in the present case to verify that if the motion
is pure translation (i.e., a constant velocity field), and if the
data function is noise-free, then the C-generalized solution
coincides with the exact velocity field.

Itis also obvious that in this case the C-generalized solu-
tion is ill-posed and one must introduce regularized
approximations. These can be obtained by minimizing the
analog of the functional (8.26), and this is precisely the
method used in [46].

oy

M’ (8.39)

Ll

E. A Solution to the Aperture Problem

In Section VIII-B we have seen that in the case of a rigid
polygon [61] the C-generalized solution (8.13) gives the cor-
rect solution, possibly suggesting that the minimization of
this functional captures some basic properties of rigid
motion. Unfortunately this result has not been extended to
the two-dimensional optical flow, and the use of C-gen-
eralized solution minimizing the functional (8.36) does not
have obvious physical plausibility.

Familiarity with regularization theory may suggest to
reconsider whether the original problem is really ill-posed.
The available information is the time varying image bright-
ness E(x, y, t) from which we want to obtain a time-varying
2-D vector field as close as possible to the 2-D velocity field.
The key point argued in [59] is that the definition of an opti-
cal flow is rather arbitrary and one cannot obtain the “true”
velocity field but only an approximation to it, with the same
qualitative properties.
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When the problem is stated in this way, the aperture
problem disappears because there are many 2-D vector
fields which can be defined in terms of E(x, y, ) without
using C-generalized solutions. In particular, it has been
recently shown that the 2-D vector field obtained by solv-

Ing:
dt Y )

provides an excellent approximation to the 2-D velocity field
[64]. Equation (8.40) can be rewritten as

&’F E O’F
A Ly 8.41a
T oyt et @412
O E 3’ O°F

oyt =0 8.41b
aay ™ a7t ayar (6.41b)

where v, and v, are the two components of the optical flow.
When |det Hess E(x, y, t)| is different from zero, then it is
possible to obtain from (8.41a) and (8.41b) the two com-
ponents of the optical flow.

Equation (8.40) is a vector equation, nota scalar equation
as (8.1), and does not have the aperture problem in the same
extreme way as (8.1).

The use of the vector equation (8.40) can be justified in
a number of ways:

i) Equation (8.40) gives the exact vector field of a rigid
black 2-D pattern moving on the image plane.

ii) Equation (8.40) provides a vector field which is not
usually equal to the true 2-D velocity field but is sim-
ilar in the majority of cases.

Fig. 3 shows a sequence of four frames of a printed board
translating towards the camera. Fig. 4 reproduces the 2-D

Fig. 3. A sequence of four images of a printed board trans-
lating towards the camera.

vector field obtained from the sequence shown in Fig. 3 by
using (8.40) and a further smoothing of the optical flow. It
is evident that the obtained optical flow is very close to the
true 2-D motion field. The exact definition of closeness is
the one used in structural stability and it refers to topo-
logical properties of solutions [58].

The use of (8.40) to compute the optical flow suggests that
this problem is not ill-posed but may be ill-conditioned
when |det Hess E(x, y, 8 is very small.
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(a) (b)

Fig. 4. Theoptical flow was obtained by first smoothing the
images in Fig. 3 with a 2-D symmetrical gaussian function (A
= 1) and using (8.40) to obtain the two components of the
optical flow (a). In (b) the optical flow shown in (a) was
smoothed by the convolution with a 2-D symmetrical gauss-
ian function (A = 5). Derivatives were computed by using
a Taylor series expansion [51].

IX. SURFACE RECONSTRUCTION

Most algorithms able to recover depth from pairs of ste-
reo images [65]-[67] provide depth values only for special
points in the viewed scene. This sparse 3-D map can be suf-
ficient for many goals in robotics, such as navigation or rec-
ognition, where the redundant information does not
require a very dense 3-D map. In many other cases such as
in aerial photogrammetry or in terrain reconstruction a
dense map is required. Therefore it is useful to consider the
problem of recovering a visual surface f(x, y) from 3-D sparse
data.

A. Surface Interpolation

The original data are a finite set of depth values z; =
f(x;, y), i =1, -, n(which are assumed to be exact; that
is, noise-free) and the problem is the recovery of a smooth
function f(x, y) interpolating z; at (x;, y) = t; contained in
Q. Grimson [66], [67] proposed to find f such that it mini-
mizes the seminorm

lcfli? = S [(3—;)2 + 2(;‘%)2 + <§—;£ﬂ dxdy. 9.1

Uniqueness of solution is guaranteed by the existence of
at least four noncoplanar points z; = f(x;, y;) [66], [67].

This procedure can be seen as an application of gener-
alized inverses in the case of discrete data (see Section
111-D): in this case, uniqueness of the solution is guaranteed
when the intersection of the null space of C, (N(C)) and the
null space of L(N(L)) is empty, where L is the operator defined
in Section IlI-D.

The null space N(C) is composed of the set of functions
f(x, y) = ax + by + c with a, b, and ¢ constants. These func-
tions consist of all planar surfaces defined in ©2. The null
space N(L) has been defined in Section [11-D and consists
of the set of functions such that f(x;, y) = 0 for i = 1,
-+, n.Therefore, it is easy to see that when i = 4 and the
points t; = (x;, y,) are distinct, the intersection of N(C) and
N{L) is empty. In other words, uniqueness is guaranteed if
there are at least four noncoplanar points, as required in
[66], [67].

B. Surface Approximation with Noisy Data

Itis also useful to consider the case in which the data are
noisy, that is, when the original dataare g; = f(t) + ¢, i =
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1, - - ,Nandgis additive noise. In this case, itis reasonable
to look for a solution close to the original data g;, but
smooth. This approach can be seen as an application of
regularization theory. In Part One we showed that inter-
polation is an ill-posed problem which can be solved by the
use of a generalized inverse. We will now present an
approach to interpolation directly originating from regu-
larization theory [71], [72], which clarifies the relationship
between splines, regularization theory, and gives a differ-
ent framework to the results on visual interpolation [67]-
[70].

We can consider the case in which we want to estimate
a smooth function f(t), te @ C R?, given a finite number of
observations of linear functionals of f. In the case of spatial
interpolation, our functionals are

g =Ff) +¢=1t) +¢, i=1---,n 92

where ¢; is additive noise. A regularized estimate f,, is
obtained by solving the minimization problem

21 (f(t) — 8 + Nulh) 9.3)

inwhich J.,(+) is a seminorm in H,, (H,, is a reproducing ker-
nel Hilbert space of functions defined in ) defined by

1178 (M (2 o

(here m indexes the highest square integrable derivative)
and \ controls the tradeoff between the degree of approx-
imation of the solution to the data and the smoothness of
solution. The value of \ can be computed by the method
of generalized cross-validation {37]-[39]. If m = 2 we have
the functional (9.1). The solution of this minimization prob-
lem is one of the “'thin plate splines,” so called because J,(f)
is the bending energy of a thin plate.

In {71] it was shown that a unique solution exists for any
A > 0 provided:

H m>1;

) n=M=("}";

3) the “design” t;, -+ , t, is unisolvent, that is if
{6,}7-1 is a basis for the M dimensional space of
polynomials of total degree m — 1 or less, then
i ad(t) =0 =1, -+, n) implies that the
a, = 0.

If m = 2, then we need at least three points which do not
lie on the same straight line (to satisfy the requirement of
a unisolvent design), which is the same requirement as
found in [66] and [67]. Moreover, the solution has an explicit
representation [71] as:

frmall) = 21 GELt, t) + 21 d,e,(0 9.5)
j= v=

where

En(s, ) = 8,|s — t|*log |s — ¢| (9.6)
with
s = (xq, ¥ t = (xy y2)
Is —t] = Vix; — x* + (yq — v’
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and
0, = 12°"Tnl(m — N2 9.7)

The coefficientsc = (¢;, - -+, ¢cyand d = (d;, - - -, d,) are
determined by the solution of the aigebraic linear system:

K+o)C+Td=g

77C=0 (9.8)
where K is the n X n matrix with Ky = E.(t;, t,), p = n\, T
isthe n X m matrix with 7, = ¢,(t)and g = (g4, - - * , 8n).

C. Surface Interpolation on a Regular Grid

While surface interpolation from sparse data requires an
arbitrary grid of knots, other problems of machine vision
require the approximation of a 3-D surface through points
given on a rectangular grid. For example, when a smooth
function finterpolating intensity values on the regular grid
of a CCD camera is regularized, it is possible to use doubly
cubic splines or a tensor product of splines, giving an inter-
polating function that minimizes

S S (3*flox*ay*)? dx dy. 9.9)

In this case different kinds of doubly cubic splines can be
used, according to the available data [73]. The algorithms
are then convolution algorithms (see Section VII-D).

X. SHAPE FROM SHADING

Itis acommon experience to notice our ability to recover
the shape of an object from its shading. Convexity or con-
cavity of viewed objects are easily understood by looking
at the profile of radiating light. Here we have another clas-
sical problem of early vision, “shape from shading,” which
has stimulated elegant mathematical approaches. The
problem of shape from shading was initially formulated in
[74),[75], and [78] as the solution of five ordinary differential
equations called the characteristic strip equations. Of con-
siderable use in this problem has been the reflectance map
R(p, q) [76], [77] which specifies the radiance of a surface
patch as afunction of its orientation, determined by the pair

(p, @). If z(x, y) is the surface of the object, p and g are defined
as

dz 9z
r and qg= a_y' (10.1)

and the unit normal i to the surface is

—

)
= == {—-p, —q, 1}. 10.2
N T AN

The reflectance map can be computed from the bidirec-
tional reflectance-distribution function and the light source
arrangement [77].

Formally, given an image E(x, y) and a reflectance map
R(p, q), the shape from shading problem may be regarded
as the recovery of a smooth surface z(x, y) satisfying the
image irradiance equation

0z 9z

—) = R(p, q) (10.3)

E(X/ )’) = R<&/ ay

over some domain @ of the image. Since there are two
unknown functions (p and g) and only one equation the
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solution is not unique and the problem is undercon-
strained (and ill-posed). Uniqueness of the solution can be
recovered by the use of photometric stereo, which takes
multiple images of the same scene from the same position
with different illumination [78]. In this approach, several
equations of the type of (10.3) are available, with different
reflectance maps since the illumination source is different.
Three different light sources can be used to obtain a unique
solution.

Ifonly one source of illumination is available, uniqueness
can be restored by variational techniques similar to those
previously seen. Assuming that the object has a Lambertian
surface and is illuminated by a planar wave of light (and the
unit vector § = (s4, s,, S3) points to the light source), then
the Lambertian reflectance map becomes

R(p, q) = 7 - 5. (10.4)

If, instead of using the pair {p, g}, the new variables {f, g}
are introduced

= 20 - 29 (105
1+Vi+pr+ ¢ g 1+ V1 +p+ g% '
the reflectance map becomes
_4-(F+8)
RGO = @+ &)

. (~ 4f _ 4g 1) -
4-(+g) 4A-(F+g) '
(10.6)
The problem of shape from shading can be formulated
either using the unknown 7 or the pair {p, q} or {f, g}.
A. The Variational Approach to Shape from Shading

When the unknown 7 is used, the variational approach
is to find fi(x, y) such that it minimizes

SQ(E(X, y)— i - 5 dxdy + \ Sﬂ <6x> + <ay> dx dy,
(10.7)

with the constraint |7l = 1. in this case, the variational
problem is quadratic in the unknown /i, but the constraint
1Al = 1 is unusual.

When the pair {f, g} is used, we seek functions fand g
minimizing:

[ e - r g avay + [ (2)
n|( x, y) , 8% dx dy ol 3

af\? g\’ 6g>2:|
— ] + (= =] | dx dy, 10.8
* <ay> <ax> * <ay xdy. (08
with R(f, g) given by (10.6). The variational problem is not
quadraticintheunknown {f, g} and the results of nonlinear
inverse problems must be used.
B. Regularization of Shape from Shading

We give an application of the result stated in Section VI
by formulating the problem in terms of the pair {p, g}. We
define the space X as the direct sum LXQ) @ [XQ), i.e., uis
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a pair {p, q} of square integrable functions:
lulk = L p*(x, y) dx dy + Sn gix, y) dx dy.  (10.9)

Let the space Y be also a space of square integrable func-
tions (we now call g(x, y) the image E(x, y)), and from (10.2)
and (10.4) we define a nonlinear operator A: X - Y as fol-
lows:

S3 = PS1 — G5

Vi+pi+ @

Because 77 and § are unit vectors, it is obvious that |(Au)
x, Y| = 1forany {x, y} € Q. It follows that the domain of
Ais X and that the range of A is contained in the set of g(x,
y) such that |g(x, y)| < 1in Q. Furthermore, it is not difficult
to prove that the operator A is continuous everywhere, i.e.,
if uis any elementof Xand if {u,,} is a sequence convergent
to u, then Au, converges to Au. Indeed, using the in-
equalities

(Au)x, y) = (10.10)

Iss = psi = gsol < VT +p7+ @ VT +pi+ =1,

(10.11)
it follows that

[Au = Auy| = [sillp = pal + I5:llg = gal
+ V1T +p*+q -1+ pi+ g
(10.12)

Then, using the inequality (g, + - -+ + g,)* < n(g} + + -+
+ g3 (with n = 2, 3), we get

[Au = Aul* = (Ip — pal” + |g = qu[».  (10.13)

By integrating over Q we get the continuity of the operator

Finally, we consider the constraint operator C defined by

Lo (2 (2)
ICullz gn[co(p +q)+<6x + 3y
g\’ a_qz}
+<3x> +<6y> dx dy

where ¢, could take the value ¢, = 0 and give the stabilizer
used by lkeuchi and Horn. We can seek a solution to the
problem of shape from shading by minimizing the func-
tional

(10.14)

Sn l(Au)x, y) — glx, Y)|* dx dy + N|Cull?  (10.15)

where the first term in (10.15) is (10.10) and the constraint
operator C is defined in (10.14). Because the operator A is
continuous and the constraint operator has a compact
inverse, the results presented in Section VI indicate the
existence of at least a local minimum of the functional
(10.15). Furthermore, if g e R{A), the uy, converges toarmexact
solution when X ~ 0. Note that the problem of uniqueness
of the regularized solution remains open.

XI. STEREO MATCHING

Not all inverse problems of early vision can be solved
using the regularizing techniques introduced in Part One.
For example, stereopsis [65]-[67], which is the process that
computes depth from two images of the same scene
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obtained by two eyes or cameras, appears as an inverse
problem that may be approached with standard regular-
ization techniques. It turns out that this is, however, quite
difficult. The critical problem in stereopsis is the corre-
spondence problem, that is, the matching of correspond-
ing features in the two images. Let us consider the 1-D
matching problem, by considering the intensity profile—or
some corresponding feature map—on conjugated epipolar
lines [67]. In this case, the obvious way to match the right
image R(x) with the left one L(x) is to find the disparity d(x)
such that the two intensity profiles L(x) and R(x + d(x)) are
as close as possible. We can formalize this in the following
way: let us.define an operator P that depends on the image
as

Ppf(x) = R(x + f(x)). a1

The disparity function that we want could be seen as the
solution to the inverse problem:

Lix) = Ppd(x). (11.2)

The operator in (11.2) which has to be inverted depends on
the data and is not known a priori. This class of problems
is not covered by the available mathematical results. We
could still try to determine d(x) by minimizing

L) = Rix + dell. (11.3)

A sufficient condition for the solution of (11.3) to be unique
is that L(x) and R(x) are strictly monotonic functions of x.
This is clearly a very restrictive condition, almost never sat-
isfied by real images. In general, the problem admits many
solutions unless constraints are imposed on d(x). If we use
constraints of the Tikhonov type, we can look for a solution
d(x) that minimizes

L6 = Rex + dOl + Ml (11.4)

The second term in (11.4) is the disparity gradient, which
is thus introduced as a direct consequence of regulariza-
tion methods.

One important property of the disparity is that d(x) can
be discontinuous. Furthermore, there are often occlusions,
that is regions in one image that do not correspond to any
part in the other image. In this case, d(x) is not defined.

Because of the presence of occlusions and discontinu-
ities in the disparity, (11.4) does not provide a physically
plausible solution. Equation (11.4) requires d(x) to be con-
tinuous and differentiable. Equation (11.4) is, however, valid
if the disparity gradient is strictly less than 2 (Julesz’ defi-
nition): in this case there are no occlusions and (11.4) pro-
vides a physically plausible solution.

Another problem with (11.4) is that in many instances
matching is not performed between the intensity profiles
in the two images, but between features maps. In this case,
L(x) and R(x) are not continuous functions of x.

XH. DiscussioN

We believe that algorithms in early vision can be
described as solutions to problems of inverse optics. These
inverse problems are usually ill-posed or ill-conditioned,
but their ““degree of ill-posedness” is different in each dif-
ferent instance. Classical problems in inverse optics, such
as super-resolution, bandwidth extrapolation, and limited
angle tomography can be seriously ill-posed. In many
instances ill-posed problems in early vision can become
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mildly ill-posed if appropriate devices and techniques are
used. This is the case of edge detection. Since in the case
of a mildly ill-posed problem, it is important to reduce the
amount of noise present in the imaging process, if a low
noise camera is chosen, possibly with a cooled sensor, and
if a high quality A/D system is used, one may obtain fairly
good solutions to the problem of edge detection.

When many views of the same scene are available the
problem of shape from shading becomes a well-posed
problem and possibly even over-determined. Similarly the
best way to solve ill-posed problems in early vision is to
obtain additional information or data, or to acton the exper-
imental set-up (active vision) and reduce the instrumental
noise. The techniques described in this paper are purely
mathematical techniques, which have to be used after a
careful evaluation of the physical nature of the problem.

A. Physical Plausibility of the Solution

When the origin of ill-conditioning is the lack of contin-
uous dependence of the solution on the data, regulariza-
tion techniques, such as those used for edge detection or
surface reconstruction, are likely to guarantee an optimal
use of available data. On the contrary when a C-generalized
solution is used because the solution is not unique or
because some relevant information seems missing, the
physical plausibility of the solution must be proved.

For instance let us consider the computation of the opti-
cal flow, where a C-generalized solution minimizing (8.13)
givesthe correctsolution in the case of arigid polygon: there
is no reason why a similar solution gives a correct or approx-
imately correct solution in a more general case. We have
seen that a more appropriate analysis of the computation
of the optical flow, using (8.40), reveals that the problem is
ill-conditioned only when |det Hess E(x, y, t)| is very small.

Physical plausibility of the solution is the most important
criterion to select a good solution. The decision regarding
the choice of the appropriate stabilizing functional cannot
be made judiciously from purely mathematical consider-
ations. A physical analysis of the problem and of its generic
constraints play the main role. Standard regularization the-
ory provides aframework within which one has to seek con-
straints that are rooted in the physics of the visual world,
butoffers arestricted universe of possible constraints since
only certain a priori assumptions can be translated into the
language of Tikhonov stabilizers.

B. Well-Posedness and Structural Stability

Robustness against noise implied by well-posedness (or,
more precisely, by well-conditioning) means continuity of
the solution on the input data. This notion or definition of
robustness against noise is not necessarily the only one or
even the mostuseful in early vision. It may be useful to com-
pute qualitative features of images or of processed images
and to ask which of these features are unaltered when the
original image is slightly perturbed or degraded. If we con-
sider the optical flow or the 2-D motion field, it is of some
relevance to look for features of this vector field that are
invariant under small perturbations [79]. This problem leads
naturally to the analysis of structural stable properties of
the vector field, that is qualitative or topological features
that are robust against noise [57], {58]. The difference
between well-posedness and structural stability is that the
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former notion is essentially metric (the definition uses
norms) while the latter is qualitative (the definition uses
topological techniques). A description of the optical flow
in terms of foci, spirals, nodes and limit cycles can be used
to understand the qualitative features of the motion as limbs
and cusps can be used to understand the shape of objects.
In essence we may see as acomplementary module of early
vision the qualitative analysis of images and the theory of
structural stability as the right framework for this analysis.

C. Regularization and Learning

The problem of learning amapping between aninputand
an output space is essentially equivalent to the problem of
synthesizing an associative memory that retrieves the
appropriate output when presented with the inputand gen-
eralizes when presented with new inputs. It is also equiv-
alent to the problem of estimating the system that trans-
forms inputs into outputs given a set of examples of input-
output pairs. A classical framework for this problem is
approximation theory.

Approximation theory deals with the problem of approx-
imating or interpolating a continuous function f(X) by an
approximating function F(W, X) having a fixed number of
parameters W (X and W are real vectors X = xq, X3, * * * , X
and W = wy, wy, * * , w,,). For a choice of a certain F, the
problem is then to find the set of parameters W that pro-
vides the best possible approximation of f. This is the learn-
ing step. Needless to say, it is very important to choose an
approximating function F that is as compatible as possible
with f. There would be little point in trying to learn an
approximation if the chosen approximation function F(W,
X) could only give a very poor representation of f(X), even
with optimal parameter values.

Of course any reconstruction (or approximation) prob-
lem of this type is ill-posed in the sense that the information
in the datais not sufficientto uniquely reconstruct the map-
ping in regions where data are not available. In addition,
the data are usually noisy. A priori assumptions are needed
about the mapping. Generalization is not possible if the
mapping is completely random or local. For instance, know-
ing examples of the mapping represented by a telephone
directory (people’s names into telephone numbers) does
not help estimating the telephone number corresponding
to a new name. Generalization is based on the fact that the
world in which we live is usually—at the appropriate level
of description—redundant. In particular, it may be smooth:
small changes in some input parameters determine a cor-
respondingly small change in the output (it may be nec-
essary in some cases to accept piecewise smoothness). This
is the most general constraint that makes approximation
possible, and thus this very simple form of generalization.
It establishes an interesting connection between learning
on one hand and regularization, splines and Bayesian
approaches on the other hand [86].

D. Stochastic Route to Regularization

When a priori knowledge of statistical properties of the
signal and of the noise is available, a probabilistic version
of regularization methodsis possible [22], [23], [81], [83]. Sev-
eral authors have stressed the stochastic interpretation of
spline approximation in which the smoothness properties
of splines correspond to suitable prior probabilities.

PROCEEDINGS OF THE LEEE, VOL. 76, NO. 8, AUGUST 1988



Bertero, Poggio and Torre [84] have discussed a Bayesian
approach which has the advantage of showing the con-
nection between Markov Random Field models and stan-
dard regularization as developed in this paper. In partic-
ular, they show how standard regularization can be
regarded as a special case of MRF models and is itself equiv-
alent to Wiener filtering.

These techniques, though computationally expensive,
represent a powerful extension of the methods described
in this paper [87], [88]. Furthermore, approximate efficient
algorithms may be devised for each specific problem [83],

[87].

E. Future

This paper has attempted to review the recent devel-
opment of a regularization framework for computational
vision. The review is not exhaustive, and we only men-
tioned in a cursory way several important papers that are
related to regularization. Since the image understanding
field is undergoing rapid development, we expect that many
more useful connections between vision problems and
regularization methods will soon be discovered and
exploited in algorithms. A natural area for future work is to
apply formal regularization techniques to other problems
of early vision such as the computation of surface color,
shape-from-texture and spatio-temporal approximation [1].
A more fundamental problem that arises in almost every
vision problem is the problem of scale, that is, the reso-
lution at which to operate. Methods that have been pro-
posed to deal with the problem include scale-space tech-
niques that consider the behavior of the result across a
continuum of scales. From the point of view of regulation
theory, the concept of scale is related quite directly to the
parameter \ [89]. It is tempting to conjecture that methods
used to obtain the optimal value of A may provide, either
directly or after suitable modification, the optimal scale
associated with the specific instance of certain problems.

An outstanding problem at present in the area of early
vision is the detection and localization of discontinuities.
Because of the equivalence between regularization and
generalized splines, it is impossible to deal directly with
discontinuities in the framework of the classical theory. Dif-
ferent methods, such as Markov Random Fields, seem capa-
ble of performing approximation and reconstruction while
preserving and detecting discontinuities [80]-{83], [85].
There are promising approaches to the problem of inte-
grating different visual modules such as stereo, motion,
color, and texture that rely on coupled Markov Random
Field models and their capability to detect and represent
discontinuities. Though they use Monte Carlo methods,
they indicate that deterministic algorithms (in some cases,
of the relaxation type) may provide very good approxi-
mative solutions. A significant challenge for regularization
theory in computational vision is thus to extend the clas-
sical formalism to deal with discontinuities. Lee and Pav-
lidis” work [11], [16] is an example of this for the 1-D case.
The two-dimensional case is significantly more difficult. The
approaches of {7]-[10], [85] to surface reconstruction and to
edge detection respectively, though not explicitly framed
in the context of classical regularization, represent some
promising initial steps in the direction of extending the
2-D theory.
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