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HIGH-RESOLUTION IMAGE RECONSTRUCTION: THE CASE
OF THE LARGE BINOCULAR TELESCOPE (LBT)

M. Bertero, B. Anconelli, P. Boccacci, G. Desidera! and M. Carbillet, H.
Lanteri?

Abstract. In this paper we give a survey of the methods we have de-
veloped for multiple image deconvolution, with application to the re-
construction of the images of the Large Binocular Telescope (LBT). We
first describe the main features of LBT and of the Fizeau interferome-
ter, denoted LINC-NIRVANA, that will be one of the basic instruments
of the telescope. It will allow to reach the resolution of a 22.8m mirror
by combining different images taken with different orientations of the
baseline. Next we discuss the problem of multiple image deconvolution,
that is crucial for obtaining a unique high-resolution image from the
multiple images provided by LINC-NIRVANA. We present the state-of-
the art of the methods based on the Richardson-Lucy (RL) approach
and we discuss topics such as computational efficiency, correction of
boundary effects and super-resolution. Then, in the perspective of
going beyond RL, we extend to the problem of multiple image decon-
volution the split gradient method (SGM) that is a general approach
to the design of iterative methods for the constrained minimization of
regularized functionals. Finally we present an application of SGM to
the regularized reconstruction of objects with high-dynamic range. The
different methods are illustrated with examples taken from the many
numerical experiments we performed on this problem.

1 Introduction

Methods for image reconstruction are applied in very different domains, such as
Medical Imaging, Microscopy and Astronomy. They have been developed by as-
suming that the relationship between the input of the instrument (the object), and
the output (the image) is described by a linear operator. For an isoplanatic system

1 DISI - Universitd di Genova, Via Dodecaneso 35, I-16146 Genova, Italy

2 Laboratoire Universitaire d’Astrophysique de Nice, UMR 6525, Parc Valrose, 06108 Nice
Cedex 02, France

© EDP Sciences 2006
DOT: (will be inserted later)



2 Title : will be set by the publisher

this is given by the convolution product of the object times a space-invariant point
spread function (PSF). In the case of a ground-based telescope, the PSF takes into
account the effects of the optics, of the atmosphere and of the partial correction
provided by the adaptive optics (AO) system. Then the problem of recovering the
input from the knowledge of the output and the PSF is called image deconvolution.

In this paper we discuss the image reconstruction problem in the case of a
very innovative telescope, the so-called Large Binocular Telescope (LBT), under
construction on the top of Mount Graham (Arizona). In Section 2 we briefly
describe the telescope and the Fizeau interferometer, denoted LINC-NIRVANA,
that will be one of the basic instruments of LBT and will provide images with
unprecedented angular resolution. It will routinely require the use of image re-
construction methods for producing a unique high-resolution image from a set of
different interferometric images of a given scientific object.

In Section 3 we describe the modeling of LINC-NIRVANA images and we for-
mulate the image reconstruction problem as a multiple image deconvolution. In
Section 4 we extend to this problem the classical Richardson-Lucy method (RLM),
that was widely used in the restoration of HST images before the 1993 servicing
mission (White & Allen eds. 1990, Hanisch & White eds. 1993). Moreover we dis-
cuss topics such as the reduction of the number of iterations, the reduction of the
boundary effects (ripples) in the case of objects extending up to the boundary of
the field of view (FOV), and the improvement of the resolution of the telescope in
the case of compact unresolved stellar objects (super-resolution). We also describe
the use of iterative blind deconvolution (IBD). All these methods are derived from
a Mazimum Likelihood (ML) approach formulated in terms of the minimization of
a suitable divergence function.

Bayesian or regularization methods lead to the addition of regularization terms
to the divergence function and one has to face the problem of minimizing the new
functionals on the cone of the non-negative objects. The split gradient method
(SGM) proposed by Lanteri et al. (2001, 2002) is a general approach to the design
of iterative methods for the solution of these minimization problems. Therefore, in
Section 5, we apply SGM to the problem of multiple image deconvolution and we
show that it allows the extension of the acceleration methods described in Section
4. In particular, we apply SGM to the reconstruction of objects with high dynamic
range, by proposing a suitable regularization functional for this specific problem.
Conclusions and comments are given in Section 6.

We give credit to the “Large Binocular Telescope Observatory” for the photos
published in this paper.

2 The Large Binocular Telescope

The Large Binocular Telescope (LBT) is a project between American, Italian
and German astronomical institutions (see http://medusa.as.arizona.edu/lbto and
http://Ibtwww.arcetri.astro.it).

The goal of the LBT project is to construct a very innovative telescope consist-
ing of two mirrors on a common mount. The feasibility study for the project was
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Fig. 1. Images of LBT and of its enclosure. Upper panels : rear side view of the telescope
structure (left) and the LBT telescope erected in Milan in 2001 (right). Lower panels:
the enclosure seen from the VATT (Vatican Advanced Technology Telescope) (left) and
the LBT enclosure open in full observing configuration.

completed in early 1989. In 1992, the original partners (Arizona, Italy and Re-
search Corporation) decided to proceed to the construction phase even though the
funds available were sufficient only to complete a “reduced first light” telescope
with only one primary mirror in place. With the addition of LBTB and Ohio
State University to the consortium in 1997, the project began to construct the full
binocular telescope. The mechanical structure of the telescope was completed by
Ansaldo-Camozzi (Italy) in 2001 and shipped to Arizona in the summer of 2002.
The first primary mirror has been installed in March 2004 and finally “first light”
has been achieved on October 12, 2005. The second primary mirror has been alu-
minized on board in January 2006, so that LBT is now a true binocular telescope
with two coated primary mirrors.

LBT will consist of two 8.4m mirrors, with a distance between their centers of
14.4m. Therefore it will be equivalent in light-gathering power to a single 11.8m
mirror. In the upper panels of Fig. 1 we show a design view (left), made by
European Industrial Engineering (EIE), and the telescope erected in the factory
of Ansaldo-Camozzi in June 2001 (right). In the lower panels of the same figure we
show the telescope enclosure on the top of Mount Graham (Arizona) and a view



4 Title : will be set by the publisher

Fig. 2. LBT “First Light” image of NGC891 taken on 12 October 2005.

of the open enclosure with the first primary mirror. Figure 2 is the “first light”
image of the NGC891 galaxy, made through a blue filter with a state-of-the-art
camera known as the Large Binocular Camera (LBC). LBC is mounted high above
the primary mirror at the prime focus of the left primary mirror.

The telescope will be equipped with a very advanced AO system, including
adaptive secondary mirrors, pyramid wave-front sensors and multi-conjugate AO
techniques. Because of its binocular arrangement, it will also be equipped with
a Fizeau interferometer, developed by a consortium of German and Italian insti-
tutions (see http://mpia-hd.mpg.de/LINC), and denoted LINC-NIRVANA (Lbt
INterferometric Camera and Near-InfraRed/Visible Adaptive iNterferometer for
Astronomy). LINC-NIRVANA will combine the radiation from the two 8.4m pri-
mary mirrors, operating at wavelengths between 0.6 and 2.4 microns. The inter-
ferometric camera will be developed in two steps, the first (LINC) incorporating
a single, on-axis AO system. Next, multi-conjugate AO will provide diffraction-
limited performance over a wider FOV. After completion of the second phase, the
instrument will be known as NIRVANA.

The interferometric technique used in LINC-NIRVANA will provide direct
imaging with the resolution of a 22.8m telescope in the direction of the baseline
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and of a 8.4m telescope in the orthogonal direction. Since resolution is not uni-
form, several images of the same scientific object must be acquired with different
orientations of the baseline and they must be routinely processed (deconvolved)
to get a unique image with a uniform resolution of a 22.8m telescope. The camera
of LINC-NIRVANA will have a pixel size of 5.12mas with a FOV of 10”; therefore
LINC-NIRVANA images will be 2048 x 2048 arrays.

3 Image modeling

We use bold letters for denoting N x N arrays, corresponding to images detected
by the telescope. The pixels of these arrays are indexed by a multi-index n =
{n1,mn2}. Moreover, we assume to have p images acquired with LBT, corresponding
to p different orientations of the baseline and denoted by gi,82,...,8,. Then, if
g;i(n), (j = 1,..,p) is the value of the j-th image at pixel n, according to the model
proposed by Snyder et al. (1993) for images acquired with a CCD camera, we can
write

g;(n) = gobj,j(n) + Gback,j(n) +r;(n) , (3.1)

where: gopj,j(n) is the number of photoelectrons due to radiation from the object;
8back,;j (1) is the number of photoelectrons due to external and internal background,
dark current, etc.; r;(n) is the read-out noise (RON) due to the amplifier. The
first two terms are realizations of independent Poisson processes (photon noise),
so that their sum is also a Poisson process. Its expected value is given by

E{gobj,j(n) + 8hack,j(n)} = (K; * f)(n) + b;(n), (3.2)

where: K; is the point spread function (PSF), corresponding to the j-th orienta-
tion of the baseline; f is the object array; b; is the expected value of the (constant)
background. We assume, as usual, that the PSFs are normalized to unit volume

ZKj(n) =1; (3.3)

moreover, we will denote by A; the matrix associated to the PSF K

In Fig. 3 we give an example of three different interferometric PSFs, correspond-
ing to three different orientations of the baseline and the corresponding modulus
transfer functions (MTF), showing the coverage of the {u,v} plane provided by
the three observations.

In the problem of image reconstruction the data are the p detected images
and backgrounds, {g;,b;} (j = 1,..,p), as well as the p PSFs K;, (j = 1,..,p);
the goal is to provide an estimate of the unknown object f. ML approaches are
frequently used and, to this purpose, the statistical model of image formation must
be expressed in terms of the probability distribution of the detected images.
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Fig. 3. Examples of PSFs and MTFs. Upper panels: LBT interferometric PSFs at
relative parallactic angles of 0°, 60°, and 120°. Lower panels: the corresponding MTF's
showing the u, v coverage. All pictures are in log scale.

The pixel values g;(n) of the images are treated as realizations of random
variables (RV), denoted by 7;(n). Then we denote by 7 the set of the RVs n(n)
and by g the set of their realizations g;(n). Since the RVs 7;(n), corresponding
to different pixels, are statistically independent and each of them is the sum of a
Poisson RV, with the expected value given in Eq. (3.2), and of an independent
Gaussian process describing the RON, the joint probability density of the RVs 7,
for a given f, is given by

Py(glf) = (3.5)

+oo m
= ﬁ [T e nmenm [(AiD@ +b;n)]
m!

Pron(gj(m) —m)

where Pron(u) is the probability density of the RON. In the frequent case of white
Gaussian noise, with expected value r and standard deviation o, we have

1 _(u-n)?

Prion(u) = \/ﬁoe T2 (3.6)

A useful approximation, frequently used in Astronomy, is obtained by neglect-
ing the RON with respect to the photon noise. Since, in such an approximation,
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each detected value g;(n) is a whole number, we can write

b;(n )]gj(n)

P,(g|f) H [ e (s @b [(4,f)(n) +

& @) @7

j=1 n

In the following we assume that this approximation is sufficiently accurate to
describe the process of image formation.

4 The Richardson-Lucy approach

In the ML approach the reconstructed image is defined as the array maximizing
the likelihood function, which is obtained by inserting the set g of detected images
into the probability density P, (g|f); the result is just a function of f . If we assume
the approximation given in Eq. (3.7), then, as shown by Shepp & Vardi (1982), the
standard ezpectation mazimization (EM) method used in statistics for solving ML
problems provides an iterative method whose iterates converge, for any positive
initial guess, to a maximum point of the likelihood function. It turns out that this
method coincides with the previously proposed Richardson-Lucy method (RLM)
(Richardson 1972, Lucy 1974), that is frequently used in astronomy and was the
basic method for deconvolving the HST images before the 1993 servicing mission.

In view of a unified approach, which applies also to least-squares methods,
we use the equivalence between the maximization of the likelihood function and
the minimization of the Csiszar I-divergence (Csiszar 1991), which is obtained by
taking the logarithm of the function defined in Eq. (3.7), changing the sign and
modifying the terms independent of f in a suitable way. In the case of multiple
image deconvolution, the result is as follows (see, for instance, Anconelli et al.
2005a)

14

To(fle) = 30 S e min = B () (n) + bs(n) — @]} (41)

j=1 n

The multiple image RLM, as derived in Bertero & Boccacci (2000Db), is just the ap-
plication of EM to the multiple image problem and provides a sequence of iterates
converging, for any positive initial guess, to a minimum point of this functional.
Tt is closely related to the method proposed by Lucy & Hook (1992) for combining
images with possibly very different PSFs. The algorithm is as follows

e give f(©) > 0 (in general a constant array);

e given f(®) compute:

(k+1) — (k)
f f ZA]A”)H) . (4.2)



8 Title : will be set by the publisher

Fig. 4. Examples of reconstructions obtained with RLM; details are given in the text.
Upper panels: an example of diffuse object, the Cat’s Eye Nebula NGC6543 (left), the
corresponding image at 0° (middle) and the reconstructed image (right). Lower pan-
els: an example of binary star (left), the corresponding image at 0° (middle) and the
reconstructed image (right).

In this equation products and quotients of arrays must be intended pixel by pixel.
Moreover A] is the transposed of the matrix A;.

It is easy to show that, if all the backgrounds are zero (b; = 0), then the
iterates satisfy the following condition

3 £ (n) = %Zzgm) , (4.3)

j=1 n

i. e. the flux of each iterate coincides with the arithmetic mean of the fluxes of the
detected images. If the backgrounds are not zero, then the iterates do not satisfy
this condition but, in many circumstances, it is possible to verify numerically that
their flux is approximately given by the following quantity

c= %ZZ{gxn) —b;(m)} (4.4

j=1 n

Therefore, in order to guarantee flux conservation, it may be convenient to re-
normalize the iterates at each step in such a way that their flux is just c.

In Fig. 4 we show two examples of image reconstruction obtained by means
of the multiple image RLM. The first is an example of diffuse object, provided
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by the HST image of the Cat’s Eye Nebula NGC 6543; the second is a binary
star with an angular separation just at the diffraction limit of LINC-NIRVANA,
namely 20mas. In both cases images are 128 x 128, with a pixel size of 5.12mas.
Observation in K-band are assumed with an integrated magnitude of 16 in the first
case and a magnitude of 18 for both stars in the second case. Images have been
obtained by convolving the objects with ideal PSFs at relative parallactic angles
of 0°,60° and 120° (see Fig. 3), and assuming an integration time of 1200 sec, a
telescope surface of 104 m?, and an efficiency of 30%. Finally, sky background,
with m = 12.5 in K-band, was added and the results were perturbed with photon
noise and RON.

In the case of the diffuse object the accuracy of the reconstruction is estimated
by computing at each iteration the relative root-mean-square (RMS) error

ay _ |IE® £
[1£]]2

where f is the true object and ||.||2 denotes the usual Euclidean norm. On the
other hand, in the case of the binary, the accuracy is estimated by computing,
at each iteration, the magnitudes of the two stars. We recall that, in the case of
diffuse objects, RLM has a semi-convergent behaviour (see, for instance, Bertero
& Boccacci 1998): the reconstruction error, as given by Eq. (4.5), first decreases,
goes through a minimum and then increases, tending to some large value.

In the case of the numerical experiment described above, we find, for the nebula,
a minimum reconstruction error of about 15% after 1635 iterations, and, for the
magnitude of the binary, an error of about 1% after a few hundred iterations.

(4.5)

4.1 Acceleration methods

The result of the previous numerical experiment confirms a known property of
RLM: in general, a large number of iterations is required before reaching a sensible
solution. Therefore RLM is not an efficient method, and, in the multiple image
case, the situation is even worse because the computational burden of one iteration
depends on the number of images. By inspection of Eq. (4.2) it is easy to see that
each iteration requires the computation of 3p+ 1 FFTs, so that the computational
cost increases linearly with the number of detected images.

Acceleration of RLM was attempted by means of relaxation methods (Lucy
1994). However, in the LBT case, a different approach can be provided by the
analogy between the LBT imaging problem and tomography. Indeed, in tomog-
raphy, one projection provides information on the Fourier transform of the object
in a given direction; similarly, in the LBT case, as shown by Fig. 3, one image
provides information on the Fourier transform of the object mainly in the direc-
tion of the baseline. Moreover, also in tomography, the computational cost of one
iteration of the EM method increases linearly with the number of projections.

A very efficient implementation of EM for emission tomography was proposed
by Hudson & Larkin (1994). The basic idea of the algorithm, denoted ordered
subset expectation mazimization (OSEM) consists in grouping the projections into
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q subsets (each one providing, as far as possible, different information on the
object), and in replacing one EM iteration with a cycle over these subsets. Each
step of the cycle is the application of one EM iteration to one of the subsets, the
output of one step being the input of the next one. Therefore, the computational
cost of one OSEM iteration coincides with the computational cost of one EM
iteration, but the number of iterations is reduced by a factor ¢, so that the efficiency
is considerably increased.

As shown in Bertero & Boccacci (2000a), the OSEM method can be easily
extended to multiple image RLM. However, since in the case of LBT the number
p of images (which play the role of the projections in tomography) is small, it is
not necessary to group these images into subsets, and one OSEM iteration is just
a cycle over the detected images, each step of the cycle being a single image RLM
iteration. Hence, the expected reduction in the number of iterations is by a factor
p, a result that has been verified in all our numerical experiments.

The algorithm, including also the flux normalization discussed above, is as
follows

e compute the constant ¢, as defined in Eq. (4.4);
e choose an initial £(® > 0 such that its total flux coincides with ¢;
e given (%) set h(®) = £f(¥) and, for j=1,...,p, compute

1 G T g;

&0 — Z hY (n);

c

@ — ¢ {0,
b= b

o set f(k+1) = K(p),

About the computational cost of the algorithm, it is easy to see that one OSEM
iteration requires the computation of 4p FFTs, against the 3p+1 FFTs of one
RLM iteration. However, since OSEM provides the same result as RLM with a
reduction in the number of iterations by a factor p, the global computational cost
is reduced by a factor 4/(3p+1). In the case of 3 images, for instance, the cost of
OSEM is 40 % of the cost of RLM and becomes about 20 % in the case of 6 images.
It is easy to understand that the cost of OSEM is approximately independent of
the number of images.

A further acceleration can be obtained by applying to the multiple image prob-
lem a method proposed by Tanaka (1987) in the case of tomography and by Llacer
& Nuiiez (1990) in the case of single image deconvolution. The method can be jus-
tified in the framework of the general approach proposed by Lanteri et al. (2001,
2002). If w > 1 is a given constant, then the method consists in replacing Eq.
(4.6) with the following one

B —pG-D (478 4.
7 Aj307D + by (47
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Fig. 5. Plot of the reconstruction error, defined in Eq. (4.5), as a function of the number
of iterations in the case of the diffuse object of Fig. 4: standard RLM (full line), OSEM
(dashed line) and accelerated version of OSEM (dotted line).

As discussed by Lanteri et al. (2001) in the case of single image deconvolution, the
exponent w can reduce the number of iterations by a factor w, without a significant
increase of the computational cost per iteration. However the convergence of the
method is not assured for large values of w. We have verified by means of numerical
experiments (Anconelli et al. 2005a), using different objects and different values
of the SNR, that convergence is assured in the case w = 2 and that the number of
iterations is just reduced by a factor of 2. We have also found that it is possible
to increase the value of w when the SNR decreases. For instance, in the case of
the diffuse object of Fig. 4, with magnitude 16, it is possible to use w = 8.

In Fig. 5 we show a comparison of the efficiency of the three methods: mul-
tiple image RLM, OSEM and accelerated OSEM, with w = 8. The example is
the reconstruction of the diffuse object of Fig. 4. In the figure we plot the re-
construction error, defined in Eq. (4.5), as a function of the number of iterations.
In all cases the minimum restoration error is about 15%, and it is reached after
1635 iterations in the case of RLM, 551 in the case of OSEM and 68 in the case
of accelerated OSEM. These numbers are in agreement with the estimates of the
acceleration factors given in this section. The semiconvergence of the methods is
evident especially in the case of OSEM and of its accelerated version.

4.2  Correction for boundary effects

Boundary effects appear if the astronomical object is not completely contained in
the FOV so that it is not surrounded by free sky. Indeed, if FFT-based deconvo-
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lution algorithms are used, then FFT implicitly assumes a periodic continuation
of the image. Since this periodic continuation is discontinuous at the boundary of
the original domain, in the deconvolved image the discontinuities generate Gibbs
oscillations (sometimes called ripples), which propagate inside the image domain
and degrade completely the quality of the reconstruction.

Starting from the observation that, due to the extent of the PSF, the detected
image receives contributions from a domain which is a bit broader than the FOV
of the camera, the basic idea of a method proposed in Bertero & Boccacci (2005),
in the case of single image deconvolution, consists in attempting a reconstruction
of the object also outside the image domain. In this approach the number of
unknowns (the pixel values of the object) is greater than the number of data (the
pixel values of the image), so that it seems impossible to use FFT based methods:
the problem becomes rapidly intractable from the numerical point of view when
the size of the image increases. However, an efficient implementation of this idea
is proposed in the above mentioned paper. If the image is N x N, then the
approach leads essentially to a FFT-based RLM applied to 2N x 2N arrays, with
an increase of the computational cost, with respect to standard RLM, by a factor
of about 16. Indeed, the increase of the FFT computational cost is about 4 and
each RLM iteration requires the computation of 4 FFTs. We also remark that a
very similar approach was proposed years ago and implemented in the lucy task
of STSDAS (White 1993, Stobie et al. 1994), even if a complete description of the
implementation details was not provided in the refereed literature. The approach,
derived from ideas developed by Politte and Snyder (1991) in the case of medical
imaging, was based on the use of a weight array compensating for flat field and
masking bad pixels as well as the pixels of outer parts of the image.

An alternative is provided by the methods based on the use of boundary con-
ditions (BC), that consist in extending the object outside the FOV in a somewhat
artificial way. Even if an efficient implementation of these methods was originally
proposed only in the case of symmetric PSFs (Chan et al. 1999, Serra Capizzano
2003), it has been recently remarked (Donatelli & Serra Capizzano 2005) that this
requirement is not strictly necessary. Therefore, since our method does not re-
quire a symmetric PSF, a comparison between our and the BC-based methods is
possible, in principle, for any kind of PSF and the choice between one or the other
method is not determined by computational efficiency but, rather, by accuracy in
the reconstruction of the object.

In Anconelli et al. (2006a), the method proposed in Bertero & Boccacci (2005)
is extended to the case of multiple image deconvolution. Therefore, in this section,
we summarize the main results of this paper.

If the detected images g; are N x N arrays corresponding to the FOV of the
detector, hence to a given angular region of the sky, then they receive contributions
from a broader region, so that we must take a broader array for describing the
astronomical object that contributes to the images. The size of this array depends
on the size of the PSFs and therefore it depends on the particular telescope we
are considering. For this reason and also for using dimensions which are a power
of 2, we describe the object as a 2N x 2N array and we look for methods leaving
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the choice of the reconstruction domain to the particular PSFs we are using. The
2N x 2N arrays will be denoted by a bar. Moreover, we will denote by S the full
domain of the values of the multi-index n, and by S C S the subset of the values
corresponding to the detected images, hence to the pixels of the FOV.

The ingredients of the method are the following.

e g, (j=1,..,p) are 2N x 2N arrays, obtained by zero padding from the
original images g;. Since the use of the FFT implies a periodic continuation
of these arrays, the location of gj within the corresponding g; is not impor-
tant; for instance, S can be located in the central region or in the lower-left
quadrant of S, but the same choice must be done for all the p images.

eb;, (j=1,..p) are 2N x 2N uniform arrays, formed with the constant
values of the backgrounds.

e f is the 2N x 2N array of the unknown values of the astronomical target.
We denote by f the restriction of f to S, namely to the FOV of the detected
images.

e K; are 2N x 2N PSFs, obtained by zero padding and shifting from the
original PSFs (extracted, for instance, from the images of a star in the FOV).

In terms of these quantities the modified multiple image RLM and OSEM can
be obtained by looking at the minimization of the following Csiszar I-divergence
(Anconelli et al. 2006a)

o) = Y D (gmm Sy (48)

where, as usual, we take z In x = 0 if x = 0 and the array Mg(n) is the mask
of the set S (i.e. the array which is 1 on S and 0 outside); this mask is not
indicated in the denominator of the argument of the logarithm because the quotient
is automatically zero outside S thanks to the numerator. We point out that:

e the functional depends on 2N x 2N unknowns;

e only the detected images and the restrictions to S of the computed images
A;f and of the backgrounds b; contribute to the functional.

It is obvious that the functional can be written without introducing the zero values
of g; and the mask of the domain S; but, if we write the functional in the form of
Eq. (4.8), then all quantities containing the imaging matrices A; can be computed
by means of the FFT.

A standard approach for deriving EM or RLM is to write the Kuhn-Tucker
conditions (KTC) for the minimization of the functional on the closed cone of
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non-negative arrays. If we do that for the functional of Eq. (4.8), we find that the
first KTC implies (Anconelli et al. 2006a)

af = AT & 4.9
“ z_: I A,f+b; | (4.9)
Jj=1
the weighting function @ being given by
p —
a(n')=> a;@n'),n' €5, (4.10)
j=1
a;(n') =Y Msm)K;(n—n') = (AT Mg)(n') . (4.11)
neS

If the PSFs satisfy the normalization condition of Eq. (3.3), then all the weight
functions &;(n') are approximately 1 in the central region of .S, so that the weight
function @&(n') is approximately p in the same domain. We point out that the
arrays a; can be computed by means of FFT. However, since the PSFs K; have
been obtained by zero padding from the original PSFs (whose extent can be smaller
than S), the weighting function @ can be zero in several pixels and, in the same
pixels, also the sum at the r.h.s. of Eq. (4.9) is zero. It follows that, in these pixels,
the values of the object are not determined by this equation. We can decide to
set these values to zero. More generally we can decide to set to zero the values of
the object in the pixels where the weighting function & is too small. Therefore we
can search for solutions satisfying this constraint.

In Bertero & Boccacci (2005) and Anconelli et al. (2006a), a reconstruction
domain R is defined by the following condition

R={neS|an) >op}, (4.12)

where 0 < 1 is a given thresholding parameter. If we take into account the
multiplicative structure of RLM, the zeroing of f outside R can be obtained by
introducing the following weighted window function

L2 if 2@ 5 5
W =q am)” P ’ 4.13
Wr(n) { 0 , otherwise, ( )

that is approximately 1 in the central part of S; then, the multiple image RLM,
with compensation of the boundary effects, is as follows

_ 1 _ L g
FlE+D) — g L) AT =1 _ | | 4.14
7j=1
All the iterates are automatically zero outside R.

Before introducing the OSEM algorithm for a faster implementation of this
method, we discuss the normalization of the iterates. From Eq. (4.14) it is easy
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to show, by means of standard arguments, that, if b; = 0 for any j, then all the
iterates satisfy the condition

o> amim) =2 Y S g - (415)

neR j=1nes

The interpretation of this relation is as follows: &(n)/p gives the fraction of photons
emitted at pixel n, that contributes to the average flux of the detected images.

When the backgrounds are not zero, the iterates do not satisfy this condition
but they satisfy approximately a similar one, that is obtained by replacing the Lh.s.
of Eq. (4.15) with the constant ¢ of Eq. (4.4); then, as in the case of standard
OSEM, it is convenient to re-normalize the iterates in such a way to satisfy this
flux condition. In conclusion, the version of OSEM correcting for the boundary
effects is as follows.

Preprocessing step
e Compute the flux constant ¢ defined in Eq. (4.4).

e For j =1,...p compute the windows functions wWg ; defined by

_ _L__ ifn€R,
Wg,j(n) = { 6"(“)

4.1
, otherwise. (4.16)

Reconstruction step

e Initialize the algorithm with f(©) = const., such that its total flux coincides
with the constant ¢ of Eq. (4.4).

o Given f*) set h(® = f(*) and, for j = 1, ..., p, compute

PO — @ ROV (AT &
hY = wg jh (AJ ARGD +Bj) , (4.17)
s -1 S amh () ;
anR
R = S {6
&)

e Set f(*=1) = h(P),

For illustrating the method, we use the 256 x 256 HST image of the nebula
NGC7027, that is shown in the upper left panel of Fig. 6. Its integrated magnitude
in K-band is fixed to 15. A set of simulated LINC-NIRVANA images is generated
by convolving this object with ideal PSFs at 0°,60° and 120° relative parallactic
angles, and using the values of the observational parameters indicated in Sect. 4.

Our numerical experiment consists of two parts:
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Fig. 6. Example of application of the method for the reduction of the boundary effects.
Upper panels: the object (left) and its image, corresponding to 0° relative parallactic
angle. Lower panels: the reconstruction of the full object (left) and the reconstruction
of the object obtained as a mosaic of the reconstructions of the four quadrants (left).

o first we reconstruct the complete 256 x 256 object using the standard OSEM
of Section 4.1; the result is a reconstructed image that can be used as a
reference for estimating the reduction of the boundary effects obtained by
the method described in this section when it is used for reconstructing only
a piece of this image;

e next we split the image into four non-overlapping quadrants 128 x 128, we
reconstruct each of them by means of the modified OSEM, described in this
section, and finally we generate a mosaic of the four partial reconstructions
to provide a reconstruction of the complete object; in this way it is possible
to visualize the relevance of the boundary effects.

In the upper panels of Fig. 6 we show the object (left) and its image corre-
sponding to a relative parallactic angle of 0° (right). The reconstruction of the
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complete 256 x 256 object, obtained by deconvolving the full images is given in the
lower left panel; the minimum reconstruction error of about 0.5% is reached after
116 iterations. Finally, the lower right panel is the mosaic of the four reconstruc-
tions obtained with the method of this section, applied to the four quadrants of the
detected images. For each quadrant we used 116 iterations and the reconstruction
error, computed on the full 256 x 256 image, is about 0.6%. This numerical result
agrees with the fact that no visible difference exists between the images displayed
in the left and right panel.

4.3 Super-resolution

In Astronomy and Microscopy, super-resolution is a term which, in general, is used
to indicate any method able to improve resolution beyond the diffraction limit. In
the case of a telescope with a single mirror of diameter D, perfect optics and no
atmosphere, this limit is approximately given by A/D, where A is the wavelength
of the observed radiation; in the case of interferometers such as LBT, it is given
by A/B, where B is the maximum baseline. The idea of overcoming such a limit
with a suitable processing of the detected images is an old one and dates back
to papers by Toraldo di Francia (1955), Wolter (1961), Harris (1964), McCutchen
(1967), Rushforth & Harris (1968) and others.

Resolution beyond the diffraction limit requires the extrapolation of the Fourier
transform of the object outside the band of the optical instrument and, as remarked
in the papers by Wolter and Harris, this is possible if the object has a finite ex-
tent. Since the extrapolation problem is ill-posed (in practice, very sensitive to
noise propagation from the data to the solution), unlimited super-resolution is im-
possible in the presence of noise. A first attempt at estimating how much super-
resolution can be achieved in practice was developed in Bertero & Pike (1982),
where it is shown that the amount of super-resolution is basically controlled by
two parameters: the space-bandwidth product (SBP) and the signal-to-noise ratio
(SNR). In the case of a telescope the SBP is approximately given by the ratio be-
tween the angular diameter of the object and the diffraction limit; then the results
derived in this paper imply that super-resolution is feasible when this parameter is
not much greater than one, namely in the case of compact and unresolved objects.
On the other hand the amount of super-resolution increases with increasing SNR.
An estimate in terms of the photon flux is given by Lucy (1992a,1992b). A survey
of the mathematical foundations of super-resolution is given in Bertero & De Mol
(1996) (see also Bertero & Boccacci 1998).

According to the previous remarks, the development of a super-resolving method
requires an estimate of the domain D of the object, to be used as a constraint in
the reconstruction algorithm so that the total flux of the reconstructed object is
concentrated within D. In addition, it has been claimed by other authors that
other constraints may provide super-resolution. One is non-negativity, which is
implemented, for instance, in the maximum entropy method. However, it has
been proved that maximum entropy provides super-resolution in the case of the
so-called nearly black objects, i.e. objects that are zero in the vast majority of the
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pixels (Donoho et al. 1992). In general, non-negativity works well when combined
with the sparsity of the object, as shown by Donoho (1992). It is also known that
the restoration of a sparse object is stable with respect to noise if the restoration
algorithm implements a constraint on the total flux of the object.

RLM implements in a quite natural way both the constraint of non-negativity
and that on the total flux of the image (at least in the case of zero background).
Moreover it implements also the constraint on the domain of the object if a suitable
initialization of the iterations is used, as we discuss in a moment, and the same
remarks apply also to OSEM. Therefore these methods provide algorithms imple-
menting all the relevant constraints and they appear quite suitable for attempting
the achievement of some amount of super-resolution in the reconstruction of LBT
LINC-NIRVANA images.

The basic property of RLM and OSEM, which allows their use as super-
resolving algorithms, derives from the fact that the result of one iteration contains
as a factor the result of the previous one; therefore, if the initial guess is zero at a
given pixel, then the results of all the iterations will be zero at that pixel. We call
such a property the localization property of these methods, in the sense that we can
constrain the object to be localized in a given domain D by a suitable initialization
of the iterations, namely a function which is constant over D and zero elsewhere.
We recall that the standard initialization of these methods requires a positive (for
instance constant) array, because, in such a case, convergence to a minimum of
the Csiszar I-divergence of EQ. (4.1) has been proved - see, for instance, Lange
& Carson (1984). Therefore, to initialize RLM with the mask of a domain in the
sky is equivalent to minimize this functional on the subset of the objects which
are zero outside this domain and one can concludes that the iterates converge to
a constrained minimum of the functional.

Our approach to super-resolution applies to the case where the astronomical
target consists of unresolved objects (angular size of the order of the diffraction
limit) separated by an angle considerably greater than the diffraction limit (spar-
sity condition), so that there is no overlapping of their images. For simplicity we
assume that there is only one of these unresolved objects, surrounded by empty
sky. Since the domain D of the object is not known, one must attempt an esti-
mate of D by means of a preliminary deconvolution of the images. Therefore our
approach consists of the following steps.

Step 1 - Apply the RL or OSEM method to the detected images, using a constant
array as initial guess and a number of iterations such that the reconstructed object
is sufficiently well localized. If the angular separation is not much smaller than
the diffraction limit and the magnitude difference is small, it may happen, in the
case of a binary, that the two stars are already resolved in this first step. In such
a case one can estimate their positions by computing the centroids and go directly
to step 3 for a more accurate estimate of their magnitudes.

If the two stars are not resolved, then go to step 2.

Step 2 - Define the domain D of the object by identifying the pixels where the flux
of the result of step 1 is greater than a selected threshold (for instance some percent
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Fig. 7. Example of application of the super-resolving method. Upper panels: the origi-
nal object consisting of two binary stars (left) and the result provided by OSEM (right).
Lower panels: the mask derived from the result of the first step (left) and the recon-
structed object provided by OSEM initialized with the previous mask (right).

of its maximum value); alternatively one can take a disc with a diameter equal to
the diffraction limit and containing most of the flux of the reconstructed object.
Then, apply again the RL or OSEM method to the detected images, but now
initialized with the mask of the domain, namely a function which is constant over
the domain and zero elsewhere. Each iterate is localized in the selected domain;
if, after a number of iterations, the two stars are separated, their positions are
obtained by computing their centroids.

However, in our numerical simulations on binary systems we have verified that,
if the difference of magnitude between the two stars is significant, then their mag-
nitudes may not be correctly estimated at the end of the second step, while their
angular positions are, in general, correctly estimated. In order to overcome this
difficulty the following third step can be used.

Step 3 - Let us assume, in general, that the restored object, provided by step 1 or
step 2, consists of ¢ stars localized at the pixels P, P, ..., P;. We denote by Kg-’)
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(j = 1,...,p) the PSFs centered at P; and given by
KW = K; + §(P), j=1,2..p, (4.18)

where 6(P;) is the characteristic function of the pixel, i. e. it is one at pixel P;
and zero elsewhere. Then we introduce the images

q
g = Y K (4.19)
i=1

depending on the unknown parameters ¢ = {c1,¢2,...,¢4}. These are determined
by means of a least-squares method, namely by minimizing the function

V4
Ale) = D llgse — &l (4.20)
i=1

where ||.||2 denotes the usual Euclidean norm.

In Fig. 7 we show an example of reconstruction obtained by the two-steps
approach. The object consists of two binaries; within each binary the angular
separation is 1/3 of the diffraction limit A\/B while the separation between the
centers of the two binaries is 2/3. Moreover, within each binary the difference of
magnitude is 0 while the difference of magnitude between the two binaries is 0.5.
Finally the magnitude of the main star has been set to 10. Again images have
been convolved with ideal PSFs, using the same observational parameters of the
previous simulations. As shown in Fig. 7, after the first step the two binaries
are resolved (an effect of the moderate super-resolution provided by OSEM) but
the stars within the two binaries are not resolved. This result is provided by the
second step, as shown in the lower-right panel. The mask used in this step and
displayed in the lower-left panel, has been obtained from the result of the first one
by means of a threshold of about 50% of the maximum value

Detailed results achievable by this methods in the case of binary stars are
discussed in Anconelli et al. 2005b, where simulations are performed using AO-
corrected PSFs. The amount of super-resolution depends on the magnitude of the
stars. For instance, assuming that the difference of magnitude is zero, we obtain
an improvement in resolution by a factor 6 for magnitudes between 10 and 13, and
by a factor 4 for magnitudes between 14 and 17. These results are certainly too
optimistic but they demonstrate that an improvement, let us say by a factor 2 or
3, should be feasible in practice.

As a final remark, we point out that super-resolution requires an over-sampling
of the detected images, that, in general, is out of reach. However, the detector
of LINC-NIRVANA provides a moderate over-sampling in K-band (we recall that
the pixel size is about 5.12mas with a diffraction limit of about 20mas). This over-
sampling is not sufficient for the expected super-resolution, but we have verified by
a numerical simulation, that the required over-sampling can be achieved by means
of a rebinning of the detected data (Anconelli et al. 2005b), without a significant
loss of accuracy.
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4.4 Blind deconvolution

In the case of single-image deconvolution, the so-called methods of blind deconvo-
lution (BD) have been developed for extracting both the object and the PSF from
the recorded image. These methods can also be used when a poor knowledge of
the PSF is available. In such a case the term myopic deconvolution is sometimes
used.

BD methods can be divided into two classes. In the first class BD is attempted
by minimizing an error function designed to optimize both the reconstructed object
and the PSF, with the addition of suitable constraints (non-negativity, bounded
domain in the angular or u,v variables, etc.). The underlying object and the PSF
are obtained simultaneously. An example of these methods is that proposed by
Jefferies & Christou (1993). The second class consists of methods that restore
the object and the PSF separately in an iterative form: within each iteration,
which we will call a cycle, either the object or the PSF is kept fixed while the
other is updated, using one of the usual deconvolution techniques (remember that
the convolution product is symmetric with respect to the exchange of object and
PSF). Therefore the output of each cycle updates both the object and the PSF,
as provided by the previous one. These methods are referred to as iterative blind
deconvolution (IBD).

IBD was first proposed with the Wiener filter as deconvolution method (Ayers
& Dainty 1988). However most of the IBD methods are based on RLM (Holmes
1992, Tsumuraya et al. 1994, Lanteri et al. 1994, Fish et al. 1995, Biggs & An-
drews 1998). It is obvious that one can also use different deconvolution methods
for the object and the PSF. For instance, an IBD approach based on the pro-
jected Landweber method, with different constraints for the object and the PSF,
is proposed in Bertero et al. 1998.

We have implemented IBD in the case of multiple image deconvolution (Desidera
et al. 2006). In such a case one IBD cycle consists of one object boz, followed by
p PSF bozxes, one for each PSF. If we introduce an index k characterizing the IBD
cycles, and if {Kg-k_l),j =1,.,p;f*} is the output of the cycle k — 1 (or the
initial estimates, in the case k = 1), then the functions of the boxes in the cycle k
are the following.

- Object boz: this box performs a multiple-image deconvolution. The input consists
of {g;,b;}, (j = 1,..,p) and of the outputs of the previous cycle, {K§k_1),j =
1,.,p ; f*=1D} The algorithm implemented in this box is the standard OSEM of
Sect. 4.1. Tt is initialized with f(*=1} while the output is an update f(¥) of the
object.

- PSF box: each of the p boxes performs a single-image deconvolution for estimating
one of the PSFs. For a given j, the input of the j-th PSF box consists again of
{g;,b;} and, in addition, of the estimate of the j-th PSF, K;kil), provided by
the previous cycle, as well as of the estimate of the object, f*), provided by the
previous object box. The output will be an update of the j-th PSF, K;k). The
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algorithm implemented in each PSF box is the standard RLM for single image
deconvolution with the addition of constraints that are discussed in the following.

About the initialization of IBD, a possible choice of f(© is provided by the
standard initialization of the RLM algorithm, namely a constant array. For the
PSF's the following choices can be considered.

A) If the object consists mainly of stars, then, as suggested by Biggs & Andrews
(1998), the initial PSFs can be obtained from the autocorrelations of the observed
images and are defined as follows

Rj=g;0g =g *& (4.21)
H; = R; — min{R;} + e(maz{R;} — min{R,}) ,

K" =1,/ H;@n) ,

where ® denotes the autocorrelation and ng(n) = g;(—n). The effect of the
background is limited by subtracting the minimum value of the autocorrelation;
then a small amount e (for instance of the order of 10~2) of the dynamic range
of the autocorrelation is re-added, to prevent pixels with zero values (we recall
that zero values can not be changed by multiplicative algorithms such as RLM or
OSEM).

B) In the case of diffuse objects, the initial PSFs can be obtained from the au-
tocorrelations of the ideal PSFs. Also in this case the autocorrelations are used,
instead of the ideal PSF's, to prevent pixels with zero values.

C) The initial PSFs can be obtained from measured PSFs, extracted from the
images of one or more detected stars; in such a case the method can be called
myopic deconvolution.

Our numerical simulations have confirmed that, in the case of pointwise objects,
the best results are provided by the first choice, while, in the case of diffuse objects,
they are provided by the second one.

About the constraints introduced in the PSF boxes, we first observe that, since
RLM can perform an out-of-band extrapolation (an effect already discussed in Sect.
4.3), it is necessary to reduce this effect. Therefore we combine each RLM iteration
with a suitable low-pass filter, denoted by F; and related to the band of the j-th
image. Indeed, for any given telescope, the band B of the instrument, namely the
domain of the {u,v}-plane where the MTF of the telescope is different from zero,
is known. In the particular case of LINC-NIRVANA B consists of the union of
three discs, which are replicas of the band of a 8.4m mirror (see Fig. 3). More
precisely, we have different bands B; corresponding to the different orientations of
the baseline. Then, given B;, the most simple choice of the low-pass filter consists
in taking F; as the inverse Fourier transform of the mask of B;, namely the array
M; which is one over B; and zero outside

A

F;=M,;. (4.22)
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Fig. 8. Upper panels: the AO-corrected PSF with SR=26% and 0° (left) and the corre-
sponding image of the binary with angular separation of 195mas (right). Lower panels:

autocorrelation of the previous image (left) and reconstruction of the PSF provided by
IBD (right).

However, as a consequence of the discontinuity at the boundary of the band, this
filter array contains strong side lobes around the central peak, producing strong
artifacts.

This difficulty can be removed in the following way. First, define an effective
band Beg,; as the domain in the {u,v}-plane where the MTF is greater than some
thresholding value o (i. e. |K;(n)| > o0); next, convolve the mask of this do-
main with some suitable smoothing function such as a Gaussian or a Butterworth
function.

Finally, we must take into account that the filter can induce negative values
in the filtered PSFs and these value must be removed. A simple clipping is not
recommended, because zero values are preserved by the multiplicative structure
of the algorithm. We introduce an operation, denoted by POS, which consists in
replacing the negative value in one pixel by the smallest positive value in a suitable
neighborhood of that pixel. Finally, the normalization of the PSF to unit volume
is performed at each iteration.
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The algorithm has been tested on several numerical examples, with results
depending on the SNR and on the amount of AO correction. Results are reported
in Desidera et al. (2006). In Fig. 8 we give only one example of reconstruction of
the PSF's, obtained in the case where the object is a binary with angular separation
of 195mas. The primary has a magnitude of 10 in K-band and the difference of
magnitude between the two stars is 1. The images have been generated using
AO corrected PSFs, described in Anconelli et al. (2005a), with SR=26% and the
values of the observational parameters indicated for the other simulations. The
relative r.m.s. error in the reconstruction of the PSF is of the order of 15% and,
as demonstrated by the figure, important details of the PSFs can be recovered.

5 A general approach

The methods described in Sect. 4.1 can be used for a quick look (QL) of the
scientific object. In some cases this QL reconstruction can be sufficient for a
quantitative analysis of the object but, in others, it may be necessary to perform
a subsequent analysis, based on a different reconstruction approach. In other
words we think that in several cases a two-steps procedure may be required. An
example is already provided by the super-resolution method described in Sect.
4.3: the first step is a standard OSEM reconstruction, that is used for estimating
the domain containing the scientific object; this information is used in the second
step that consists of OSEM initialized with the mask of the domain. In this
section we describe an approach that can be used in this framework of two-step
reconstructions.

As it is well known, the problem of image deconvolution is ill-posed (see, for
instance, Bertero & Boccacci (1998) for an introduction). As a consequence, the
minimum points of the Csiszdr I-divergence of Eq. (4.1) may not provide reliable
estimates of the astronomical target since they are strongly corrupted by noise
propagation from the data to the solution. As we already discussed in Sect. 4,
reliable approximations can be obtained by early stopping of the iterations of
RLM or OSEM: especially in the case of smooth objects (nebulae, distant galaxies,
etc.), the reconstruction error first decreases, goes through a minimum and then
increases, taking again large values. Such a property is called semiconvergence
(Natterer 2001) and implies that RLM and OSEM are iterative methods with
regularizing properties.

However, in particular cases, these iterative methods do not provide satisfac-
tory reconstructions; an example is provided by a situation where both stars and
nebulae are present in the same FOV. In these cases it may be useful to regular-
ize the problem by adding some suitable functional to the Csiszar I-divergence of
Eq. (4.1). In a Bayesian approach to regularization (Kaipio & Somersalo 2004),
if we assume a Poisson likelihood and a Gibbs prior, then it is easy to see that
regularized solutions can be obtained by minimizing functionals with the following
structure

Ju(f;8) = Jo(f;8) + pJr(f) , (5.1)
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where Jo(f;g) is the functional defined in Eq. (4.1), Jg(f) is the regularizing
functional, coming from the logarithm of the Gibbs prior, and p is a regularization
parameter, controlling the relative weight of the likelihood and of the prior. For
instance, if one assumes a prior corresponding to a white Gaussian noise process,
one gets

Jr() = Ifll3 (5.2)

which is the standard Tikhonov regularizing functional.

In such an approach, the first step is to choose a regularizing functional which
is suitable for the particular class of objects one is considering; then one has to find
a suitable method for computing the minima of the regularized functional of Eq.
(5.1). About this second step, we consider the extension to the multiple image
case of a general method proposed by Lanteri and coworkers (2001, 2002) and
denoted as split gradient method (SGM). Such a method allows to design iterative
algorithms for the minimization of a wide class of convex (and also non-convex)
functionals.

5.1 Extension of SGM to multiple image deconvolution

The SGM method, proposed by Lanteri et al. (2001, 2002), has been extended to
the problem of multiple image reconstruction by Anconelli et al. (2004).

The basic idea of SGM relies on the following decomposition of the gradient of
the functional J,(f; g)

-VJu(f;8) = Uu(f;g) — Vu(fig) (5.3)

where U, (f; g) and V,(f; g) are positive arrays depending on f. Obviously such a
decomposition always exists but is not unique since one can add the same positive
array to U and V without modifying the value of the gradient. This degree of
freedom can be used for an appropriate choice of the two arrays. Moreover, the
applicability of the method requires explicit expressions for the dependence of
these arrays on f.

Then the general structure of the iterative algorithm, as described in Lanteri
et al. (2001), is as follows:

e choose an initial f(®) > 0 (in general, a uniform image), such that its total
flux coincides with the constant ¢ of Eq. (4.4);

e given (%) compute

k1) — p)) 4 o () p(k) U, (f®0;g) -V, (f®);g)

5.4
V. g 0 OV
N-1
alk+1) — Z fEHD (mon)
m,n=0
plk+1) _ ¢ Fk+1)

o(k+1)
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In Eq. (5.4) the quantity a(®) is the step in the descent direction. It can be
chosen to assure both the non-negativity of each iterate and the convergence of
the iterations. Approximate evaluation of a(*), as that given by Armijo rule,
usually provides excellent results. However the algorithm takes a very simple form
if we use a unit step (i. e. al®) = 1), since, in such a case, Eq. (5.4) is replaced by

; U.(";g)
(k+1) _ gty Un(F58)
B =t O (5.5)

The convergence of this algorithm is not guaranteed in general, even if it can be
proved in some particular cases; nevertheless it has been verified experimentally
in all the applications we have considered. The most interesting feature of the
algorithm is that non-negativity of the iterates is automatically satisfied, as one
can easily verify.

In the case of the algorithm of Eq. (5.5) the dependence on the regularization
parameter can be made explicit by introducing decompositions of the gradients of
the functionals Jo(f; g) and Jg(f) similar to that of Eq. (5.3)

—VlJc(f;g) = Uc(f;8) — Ve(fig) (5.6)
~VJr(f) = Ug(f) = Vr(f) ; (5.7)
then it turns out that the algorithm has the following structure

FlR+1) — (k) UC(f(k)Q g+ NUR(f(k))

f .
Vo ®; g) + pVa(f) (5:8)

which shows the very simple dependence on the regularization parameter u.

In a similar way it is easy to find the dependence of the algorithm on the
different images. Indeed, as shown by Eq. (4.1), the functional Jo(f; g) is the sum
of the functionals corresponding to the different images

Jo(f;g) = Z Jo,;(£:85) (5.9)

so that the corresponding decompositions of the functions U¢(f; g) and Vo (f; g)
are the following

P P
—Vic(fig) = Y Ucg,;(f;g))— > Ve,fg)) - (5.10)
j:l j:l

If we insert these expression in Eq. (5.8) and if we remark that the gradient of the
regularization term does not depend on j, so that it can be written as the sum of
p identical contributions, we find the following expression of the iterative scheme

50 {Uc,(E®;g)) + LUR(E®) ]
P { Vo (E®;g5) + EVR(E®) }

fD = k) (5.11)
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This equation shows the dependence of the algorithm on both the regularization
parameter and the detected images. The complete algorithm is obtained by re-
placing Eq. (5.4) with Eq. (5.11).

The interesting feature of this algorithm is that the numerator and the denom-
inator in Eq. (5.11) are given by a sum of terms which are just those appearing in
the corresponding algorithm for single-image deconvolution. This structure sug-
gests a cyclic algorithm which is analogous to the OSEM algorithm discussed in
Section 4.1. Since this algorithm is that used in our numerical simulations, we
write it in the complete form:

e choose an initial f® > 0, such that its total flux coincides with the constant
c of Eq. (4.4);

e given f(k), set h(® = (k) and, for j=1,...,p, compute:
Uc,; (W95 g)) + LUR(MY™Y)

RO = pG-1 : _ ; 5.12
Ve,;(h07Y;g;) + EVR(hG1) (5.12)
&9 = Z b (m,n) ;
m,n=0

h = € {0
&)

e set f(k+1) = h(p)

It is obvious that the computational cost of one iteration is just that of one iteration
of the same algorithm in the case of a single image. Therefore, if the ratio between
the number of iterations of the algorithm of Eq. (5.11) and that of the algorithm of
Eq. (5.12) is approximately p (a property which has been verified experimentally in
several cases), it follows that the algorithm of Eq. (5.12) provides a computational
gain by a factor which is approximately p.
We conclude this Section by giving the explicit expression of the arrays Uc,;(f; g;)

and V¢ ;(f; g;), which easily follows from the computation of the gradient of the
functional of Eq. (4.1)

g
Ug,j(f;g) = AT —22— | Vc,(fig)=1 . 1
C:J( 7gJ) J Ajf+bj ) C,J( 7gJ) (5 3)
By inserting these equations in Eq. (5.12) with g = 0, we re-obtain the standard
OSEM algorithm of Section 4.1.

5.2 Objects with high-dynamic range

RLM or OSEM may not work well in the case of images with high dynamic range,
namely images where objects with very different brightness are present in the same
field. An example is shown in Fig. 1 (left panel). It is a model of young binary
star consisting of a core binary surrounded by a dusty circumbinary ring (Carbillet
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Fig. 9. Example of object with high dynamic range. Gray level representation of a model
of young binary star (left); cut of the same object along the direction of the binary system
(right). The image is normalized in such a way that its maximum value is one.

et al. 2002), directly inspired by the T-Tauri binary star of the quadruple system
GG Tou. In the same figure (right panel) we give the cut of the object along the
direction of the binary star: the ratio between the brightness of the stars and the
brightness of the ring is of the order of 10°.

In the case of a scene containing both diffuse and pointwise objects, with
different SNR, RLM or OSEM has different rates of convergence in different regions
of the FOV. In principle one can try to overcome these difficulties by means of
some kind of regularization, but, of course, one needs an adaptive regularization,
namely a regularization acting in a different way on diffuse and pointwise objects.

It is obvious that it is not easy to design such a method. The task may be
simplified if the objects to be imaged satisfy the following conditions, which are
just satisfied by the object of Fig. 9:

e there is a gap between the brightness of the point objects and that of the
diffuse ones (for instance, the point objects are much brighter than the oth-
ers);

e there is an angular separation between the two kinds of objects, i. e. they
do not overlap.

In such a case one can look for a regularization functional containing a thresh-
olding parameter, with the property that a different kind of regularization is pro-
vided in domains where the intensity of the object is below or above the threshold
value. A class of functionals satisfying these conditions has been recently proposed
(Anconelli et al. 2006b), with the property that the regularization of the faint ob-
jects is provided by the standard Tikhonov regularization functional given in Eq.
(5.2). Therefore the approach, which has been tested in the case of single image
deconvolution and ideal PSF (Airy disc), contains also a Tikhonov regularization
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parameter, which must be optimized. Promising results have been obtained in the
reconstruction of the object of Fig. 9.

Work is in progress for extending the method to multiple image deconvolution
and we give here the basic equations together with some preliminary numerical
results.

For the sake of simplicity, among the functionals discussed in Anconelli et al.
(2006b), we select the following one, that has a very simple structure

Tr(€) =1 If(l:)(I%nQ : (5.14)

We recall that this functional was first proposed for edge-preserving regularization
(hence with the components of the object replaced by the components of the
gradient) by Geman & Mc Clure (1987).

This functional contains a parameter 1 which behaves as a thresholding param-
eter. Indeed, for f(n) small with respect to 7, the corresponding term of the sum
is quadratic and therefore provides a Tikhonov regularization; on the other hand,
for f(n) large with respect to 7, the corresponding term of the sum is independent
of f and therefore it does not provide regularization.

In order to apply the version of SGM discussed in the previous section, we
must find the decomposition of the gradient of this functional. If we recall that
we are considering its restriction to the cone of the non-negative arrays, we find
that we can choose the following pair of U,V functions

2% f
Ur(f) =0 , Vg(f) = MW : (5.15)
Therefore, if we take into account the expressions given in Eq. (5.13), we find that
the iteration of Eq. (5.12) has the following very simple form

hG-1 g
A T T 1
1+ EVR(hG=D) "7 4mG-1 + b, (5.16)

h® =
It is easy to verify that, if the value of hU—1) is large with respect to 1, then we have
the standard OSEM algorithm; on the other hand, if the value of h(/=1) is small
with respect to 7, then we have the version of OSEM for Tikhonov regularization,
as derived in Anconelli et al. (2004).

This algorithm has been tested by generating synthetic images of the object
of Fig. 9 in the usual way, namely by convolving the object with ideal PSFs and
corrupting the results with photon and read-out noise. Moreover it is assumed
that the object is observed in K-band with a total magnitude of about 15.25: the
ring has an integrated magnitude of 15 while the magnitudes of the two stars are
respectively 10 and 11.

As already discussed at the beginning of this Section, our regularization func-
tional contains a thresholding parameter which, however, can not be directly es-
timated from the detected images. Therefore our approach requires two steps:
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Fig. 10. Example of reconstruction of the model of young binary of Fig. 9. Upper
panels: representation of the ring by means of level curves (corresponding to the values
2460, 4320, 7020, and 9720; the maximum value of the ring is 14500, while the maxi-
mum value of the binary is 1.97x10°) (left) and the image of the object corresponding
to 0° orientation of the baseline (right). Lower panels: level curves of the best recon-
struction obtained with OSEM (left) and of the best reconstruction obtained with the
regularization method (right).

the first is a reconstruction based on standard OSEM and the result is used for
estimating the thresholding parameter; the second is the reconstruction based on
the regularized algorithm, including an optimization of the value of Tikhonov reg-
ularization parameter.

It is interesting to remark that OSEM already provides important information
on the ring even if the reconstruction is affected by several artifacts, especially
when the iterations are pushed up. Moreover the OSEM reconstruction obtained
after a few hundred of iterations can be used for initializing the regularized algo-
rithm since this image is smoother than the first reconstructions provided by the
regularized algorithm when initialized with a constant array.

In the example we are considering, the OSEM reconstruction, obtained for
instance with 400 iterations, even if not accurate, allows the estimation of the
range of the possible values for the thresholding parameter 7. Since the maximum
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value over the ring is 14500 we expect that the value of 7 is greater than this value;
in particular we have found that this is just the condition for the choice of this
parameter and that the results provided by the regularization functional do not
strongly depend on the value of this parameter. Therefore we selected n = 45000
and, for this value of  we have found a minimum of the reconstruction error of
the ring for p = 1077,

The accuracy of the reconstruction has been checked by computing, at each
iteration, the r.m.s. error in the reconstruction of the ring (i.e., the reconstruction
error defined in Eq. 4.5, but computed by masking the binary both in the object
and in the result of the iteration) as well as the flux of the binary. For both
parameters convergence is reached, but convergence is fast for the binary (about
50 iterations for reaching a 1% error on the magnitudes) and slow for the ring
(about 1000 iterations for reaching an error of 6.5%).

The best visualization of the accuracy in the reconstruction of the ring is ob-
tained not by plotting a few level curves representing its structure. This is done in
Fig. 10, where we give the level curves in the case of the original object (upper-left
panel), in the case of OSEM reconstruction (lower-left panel) and in the case of the
regularized reconstruction (lower-right panel). In the same figure we also give one
of the three simulated LBT images. The improvement provided by the regularized
method is evident. Simulations based on the use of AO-corrected PSFs are in
progress, considering also the case where different PSFs are used for convolution
and deconvolution. Due to the extreme accuracy that is required for such a spe-
cific object, it is expected that, when the PSFs are not exactly known, accurate
reconstruction is possible only for a smaller difference of magnitude between the
ring and the central binary.

6 Concluding remarks

The results described in this paper represents the state-of-the art of our activity
about the development of methods for the reconstruction of LBT LINC-NIRVANA
images. All the methods have been implemented in the software package AIRY
(Astronomical Image Reconstruction in interferometry).

ATRY is modular and designed to simulate optical and near-infrared interfer-
ometric observations and/or to perform subsequent image reconstruction, using
the model of image formation and the methods of image deconvolution described
above.

ATRY can be applied to a wide range of imaging problems, including the post-
processing of real data. It is written in IDL, and consists of a set of specific
modules, each representing a particular task. It is conceived to be used together
with the CAOS Application Builder, from version 2.0 onward (current version is
3.0). CAOS has been designed to provide a graphical programming environment
where elementary building blocks can be assembled together to create complex
simulation applications in a straightforward manner, so that the user can concen-
trate on the scientific aspects of her/his problem, while mundane coding problems
are managed by some automatic tool. It basically allows a user to build a sim-
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ulation program (a project) by putting together the needed elementary building
blocks (the modules) and specifying the data flow between each block. When the
project has been defined to the user’s satisfaction, the IDL code which implements
the program is automatically generated. See Fini et al. (2001) for a more detailed
description of the CAOS Application Builder. A description of the modules of
AIRY is given in Correia et a. (2002).

Future activity will focus both on the development of more efficient acceleration
methods, as those proposed by Biggs & Andrews (1997, 1998), and on the design
of new regularization algorithms. Another important issue will be the extension
to multiple image deconvolution of a method recently proposed for treating the
case where both Poisson and Gaussian noise are relevant (Lanteri & Theys 2005).
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