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o AIM: exemplify use of metalanguages for describing
programming languages

e overview of notes:

— sec 3: background on logical frameworks
— sec 4: main ideas

— sec 5: refinement of main ideas
e abstract syntax, translations and LF (sec 3)
e computational types and monadic approach (sec 4.2)
e incremental approach (sec 4.3)
? recursive definitions: cpos and axiomatization in LF

? computational types revised (sec 5.5)



Programming languages and semantics
Rigorous approaches:
e operational: abstract machine
e denotational: math. model, Tarski’s semantics

e axiomatic/algebraic: inference rules (for equivalence)

Trade-offs
desiderata op. sem. | den. sem. | ax. sem.
simplicity
consistency

levels of abstraction

modifiability

validation tool

Good-fit criteria

e observations and computational adequacy
e soundness (completeness) of

— inference rules w.r.t. model

— model w.r.t. observational equivalence



Metalanguages and denotational semantics

e denotational semantics

nterp

PL C

in a category: Set, Cpo, functor category, topos,. . .

e semantics via translation

pr transl ML nterp c

in a typed metalanguage
Approach to den. sem. of PL: desiderata

e simplicity/can hide mathematical complexities
e scalability of approach to complex PL
e modularity/first work in isolation then combine

e reuse know-how accumulated in den. semantics



Semantic via translation: advantages

e reuse same M L for several PLs

PL
transl
. L e e
%sl

PL,
— translation simpler than direct interpretation!?
— transfer of properties/results from ML to PL:
reasoning principles, computational adequacy

e choice of M L to meet certain criteria;

— ML based on few orthogonal concepts

— M L equipped with a logic used as specification
language or for formalizing reasoning principles

— M L as internal language for a class of categories

e hiding semantic categories under M L

Cy
transl
pL v o
mnterp

Cn



Choice of M L: criteria

M L built on top of a fairly standard typed A-calculus,
more controversial issues:
e should M L be equipped with some logic (which)?

YES, to abstract reasoning principles from semantics!

e should ML be a PL (i.e. have op. sem.)?

NO, may need choice of op. semantics (CBV or
CBN?), restriction on types (no dependent types!),
non-standard equational axioms.

e what is gained by giving semantics to (complex) PL
via a M L, rather than directly?
nothing, if translation of PL into M L or semantics
of M L are as complex as direct semantics of PL.
— monadic approach for structuring translation
from PL to M L with auxiliary notation

trans transl
PL " ) TR v

— incremental definition of auxiliary notation

transl transl
PL—>ML(Y%,) —> ...

t [ t [
rans ML(%) ransl ..



LF Judgements
o' setl
o ' = A:Type; , family of sets (X;|i € I)
o ' M: A family of elements (x; € X;|i € I)
Pseudo-terms
A M € Exp::= x| Type; | x: A1 As | At A.M | My M,

Formation rules
emptyW
mﬁF;iEﬁﬁlngvw)

I+ ,
P T Typer Typers =
I'= A:Type; . |
type-C ['= A:Type; P=J
I+
' I'Fax: A
'+ Ay Type; I',z: A1 B As: Type;
['F (Ilx: Ay As): Type;
' A Type; I'x: A My Ay
I'E (Ax: Ay Ms): (Tlx: Ay Ay)
['E M:(Ilz: Ay A) ' M;: Ay
' MM;: Ay|x: = M)
' M: A '+ Ay Type;

A =, A
oy [ M: A, L= 2

=g, 1s Bn-conversion on pseudo-terms.

va

A=T(x)

app

6



Derived notions

e Y LF-signature: X

o [' -y J relativized judgement: X, '+ J
L(X)=set of derivable judgements I" Fy, J
o /Y — Y realization of ¥/ in X:
— (): ) — X realization
— (I,z:=M): (X, x: A) — ¥ realization iff
I3 — ¥ realization and Fy M: A[I] derivable
A[I] parallel substitution of I in A



Concrete syntax for PLy,,

types T €T::= bool | =1
identifiers x € Id::= an infinite set
expressions e € Exp::= x| L |

tt]| ff|if(eere) |
(Az:71.€2) | ap(e, e1)

CBYV operational semantics {|C ExpxVal
veVal::= x|tt| ff| (Av:1.e9)

val
v{ v
e | it el ff
. er v . ey | v
iof

if(e,er,e9) v if if(e,er,e9) v
e || (Ax:7i.e9)

er b v

eslr:=v| v

a
b ap(e,e1) | v

CBN as modification of CBV

veVal::= tt] ff| (A m.e)
e ) (\x:7y.69)
eslr:=e1] | v

ap(e,er) | v




Typing rules for PLy,,

D(x) = Id[r]

va

r
I'+ 2 Explr]

it

[' - tt: Exp|bool]
[' - e: Explbool]
['F ey, e9: Exp|T]

if

1 ['E ff: Explbool]

. 1
['Fif(e, e, es): Exp|T] ' L: Exp|7]

['F e Explmi=m)

[z Id|m] F eo: Exp|mo)] ['F ey Exp|r]

a

ap
' Az m.e0: Explmi=m) [ ap(e, e): Exp|m]

LF-signature Xy,

types T:Type

ident
expr

bool

bool: T

=TT — T

Id:T"— Type

Exp:T'— Type

var: 1IX: T 1d(X) — Fxp(X)

L TIX:T.Exp(X)

tt, f f: Exp(bool)

if 1IX:T.Exp(bool), Exp(X), Exp(X) — Exp(X)
ab: HXl,XQI T([d(Xl) — E.Cl?p(XQ)) — E.Cl?p(X1:>X2)
ap: 11X, Xo: T . Exp(X1=X5), Fxp(X1) — Erp(Xs)



LF-signature >,

unit  1: T'ype
*: 1

sum +: Type, Type — Type

inject in;: 11X, Xo: Type. X; — (X1 + X5)

case

case: 11X, Xo, X: Type.
(X1 — X),(Xo = X)—> (X1+Xy) = X

write (case M of x1.Mi|xy.Ms) for
case(Ty, 7o, T, (Axy: 71.M1), (Axo: T0.M>), M)

CBYV translation I: X, — X1

T = Type
bool*:= 1+1
:>*(X1,X2)Z = X| — (XQ + 1)
[d*(X):= X
Exp"(X):= X +1
var*(X,x):= iny(x)
tt*: = iny(ing(x))
fI7= tm(ina(x))
if* (X, ¢, c1,09):= case ¢ of
x. case x of ¢1|cy
ing ()
ab*(Xl, XQ, f) = an(f)
ap* (X1, Xo,c,¢1): = case c of
f. case c1 of x.f(x)|iny(*)
ina(*)

1%

ing(*)
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LF-signature >,

Yeq Props Prop:Type
proofs pr: Prop — Type

equal eq:I1X:Type. X, X — Prop

refl [IX: Typellr: X.x = x
subst I1X:Type, P: X — Prop,z,y: X.x =y, P(x) — P(y)

Yt 1-ext I1X:Type, F: X — Type, f,g: (llz: X. Fx).
(Mz: X.fr=9gx) > f=yg

Yy unit 1. T'ype
product x:Type, T'ype — Type
x: 1
pairing pair: 11X, Xo: Type. X1, Xo — X1%xXXo
project m;: [1X7, Xo: Type.(X1x X5) — X;
[lz: 1.0 = x
X1, Xo: Type, x1: X1, vo: Xom;i({x1, x2)) = x;
X1, Xo: Type, x: X1x Xo.(m(x), m3(x)) = x

Yo empty 0:Type
sum  +: Type, Type — Type
0: 11X Type.0 — X
inject in;: 11Xy, Xo: Type. X; — (X1 + Xo)
case  case: [1X, Xo, X:Type.
(Xl — X),(XQ — X) — (Xl —|—X2) — X
[1X: Type,x:0,y: X.0(X,z) =y
HXl, XQI Typ€, f12 (X1 — X), f22 (XQ — X), xI: Xz
case(fi, f2, ini(x)) = fi(x)
HXl,XQ,XZ Type, fI (X1><X2) — X.

case(f oiny, foing) = f
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The scalability problem

e when a PL is extended, its op./den. semantics may
need to be extensively redefined

e the problem remains when giving semantics via trans-
lation in a typed M L (as considered so far)

e [Mos90b] suggests the use of auxiliary notation
to make semantic definitions more reusable.

e [Mog91] identifies monads as a structuring device
for den. semantics (but not for op. semantics!).

Monadic approach: basic idea

e add to ML type constructor 7', elements of T'T
(computational type) as programs computing val-
ues n 7

e interpretation of 71" should fit computational fea-
tures of PL, but some operations (to specify order
of evaluation) common to all T

e use metalanguage M Lp(3) with computational types
and signature X of additional operations on T'

e monadic approach to den. semantics, given PL:

1. identify M L7(X), T and ¥ like interface of ADT
2. define translation of PL into M Lp(Y)
3. give model of M Lp(Y), via translation into M L.

with a good ¥, translation PL — M Lp(3) is simple,
and no need to redefine it when PL is extended.

12



Computational types
Yo T:Type — Type

vall: 11X : Type. X — TX
let!: TIX,, Xo: Type.( X, — TX,), TX, — TX,

X1, Xo: Type, z: X1, f: (X1 — TX5).
let(f,val(x)) = f(x)

[IX: Type,c:TX.
let(val,c) = ¢

X1, Xo, X5: Type, c: T Xy, f: (X1 — TXs),9: (Xo — TXj3).
let(g,let(f,c)) = let(let(g) o f,c)

derived notation
o [e]7 for vall (e)
o lety w<=e; iney for let! (A\z: 7.9, €1)

o I'f: Ty — Ty for Ae: T'my let z<=cin [f(x)],

where f:11 — 1
o 11: T*r — T'1 for \c: T?71.let x<=cinx
o let T<=eineforlet x1<=erin (... (let x,<e,ine). . )
o (T <¢g,e) for let T, x<e, ein (T, 1)]

o let (T)<=cine(xy,...,x,) forlet x<=cine(mi(z),...,m(T)).

13



Computational types: simple examples

o ['X = ‘TTh(X)]

T'h single sorted algebraic theory
Trn(X) free Th-algebra over X

—TX = X, terminating (functional) programs
—TX = X + {1}, programs which may diverge
—TX = Ptin(X), nondeterministic programs
—TX = (X + E), programs with exceptions
—TX = (uX".X + X'), parallel programs
e TX = (X x8)°, imperative programs
TX = X?°, state-reading programs

o I'X = R(RX>, programs with a continuation

o I'X = (X xN), programs with timers

14



Variations and Combinations

e variations for nondeterministic programs:
TX ="P(X), subsets of X
TX =P,(X), countable subsets of X

e combinations imperative programs + exceptions:
TX = (X + E)xS)°
TX = (XxS)+ E)®

e combination non-deterministic parallel programs:
TX =puX" Prin(X + X')

e variation parallel communicating programs:
TX = puX' Prin(X + (Ax X))
T0 =finite synchronization trees/strong bisimula-
tion

e combination parallel imperative programs:

TX = pX' Prin((X + X')xS)°

15



Translation PL — M Lp(X): general pattern
Yipp —> XN+ X+ 2
CBYV translation of X, in M Lp(X)
> divergence L:11X:Type. T(X)

° 1" = Type
bool*: = 1+ 1
:>*(X1,X2)I: X — T(Xg)
[d"(X):= X
Exp*(X).= T(X)
var*(X,z):= |z]
tt*: = [ing(*)]
FIt= fino(e)

if" (X, e, c1,00):= let x<=cin (case = of c1|cy)

ab’ (X1, X, f):= |f]
ap*(X17X27 C, Cl): let f7 T<=C¢, C1 n f(ZU)
1= 1

CBN translation as modification of CBV

:>*<X1,X2)I: T(Xl) — T(XQ)
Id*(X).= T(X)
var*(X,c):= ¢
ap*( Xy, Xo,c,c1): = let f<=cin f(cq)

16



Extensions to PLy,,

PL;,, mutable store (add types unit and nat)
locations [ € Loc::= a set
expressions e € Exp::=... |l |l.=e
PL,,. exception handling
exceptions n € FExn::= a set
expressions e € Exp::=... | rse(n) | hdl(n, ey, es)
P L, ; non-deterministic choice
expressions e € Fxp::= ... | or(ey,es)
PL,, parallelism

expressions e € Exp::= ... | por(ey,es) | pap(ey,es)
Corresponding LF-signature extensions

Yimp locations Loc: T'ype
get: Loc — Exp(nat)
set: Loc, Exp(nat) — Exp(unit)

Yiere €Xceptions Eaxn:Type
rse: 11X:T.Fxn — Exp(X)
hdl:TIX:T.Exn, Exp(X), Exp(X) — Exp(X)

Yipa or:NIX:T.Exp(X), Exp(X) — Exp(X)

Ypar  por:1IX:T.Exp(X), Exp(X) — Exp(X)
pap: 11Xy, Xo: T . Exp(X1=Xs), Fxp(X1) — Erp(Xs)

17



Extensions of CBV translation of >,

locations L:T'ype

lookup
update

Loc™:

lkp: L — T'N
upd: L,N — T'1

= L

get*(1):

exceptions FE:Type

= lkp(l)
set*(l,c):= let x<=cinupd(l, )

test e B, E —1+1
raise rse: 11X Type B — T X
handle hdl:TIX: Type.(E — TX), TX - TX
Exzn* = FE
rse’:= rse

hdl*(X,n, ¢, co):

hdl( X, (Ax: E.case eq(x,n) of ci|rse(x)), co)

choice or:11X:Type T'X,TX — TX

or .

*

or

18



Modifications to CBV translation of X,

Y3 one-step O:IIX:TypeTX — TX
or-par  por:I1.X: Type T X, TX — TX
and-par pand: 11Xy, Xo: Type. T X1, TXy — T(X1xX5)
better signature (see 5.6), when fix is available,

or or: 11X Type TX, TX — TX
one-step 0:11X:Type TX — TX
case-step C':11.X7, Xo: Type.
(X1 = TX5),(TX, —TX,), TX, — TX,

° var*(X,z):= |z]
tt*: = [iny(*)]
fI7=lina(+)]

):= let z<=cind(case = of ¢1|cs)
)o=|f]
ap* (X1, Xo,c,c1): = let f,x<=c,c1ind(fx)
)= let (f, z)<=pand(c,c1)ind(fx)
por*:= por
— erase 0 to recover translation of PL,,

— variations: place ¢ differently

19



Monadic approach: caveat

When PL is complex, translation M Lp(3) — ML
gets complicated.

Incremental approach: basic idea

e adapt techniques and facilities used in ADT
MLy () — ML as implementation of an ADT

o M Lp(X) — ML via sequence of steps
MLT(Zi—i—l) — MLT(ZZ) with XJ; < Ei+1

Need parameterized polymorphic translations
I e U MLp(X,0 4+ X4 Xnew) = MLp(Xp0 + )
e [/ polymorphic in signature X

e [ may have parameter of fixed signature X,

Is: implementation of ¥ (and parameter) —
reimplementation of > and extension to X,,eq

* reimplementation of X needed, because T changes!
Decomposition of [

® Inew: MLT(Zpar + Znew) — MLT(ZpaT)

definition of new symbols and redefinition of T

[ ) IOpZ MLT(ZOP) — MLT<Z]96LT + Z010)

redefinition of old symbol op in isolation
(consistently with redefinition of T')

20



Reformulation of / in LF

o LI'-signature extensions X, and X,y

1.e. XMLy Dpar, 2T 2new — Signature

e LF-signature realization
I: ZML+ZpaT+ZT+20p+Zn6w — Z]\4L"|_Zpa7’"|'ZT"|'20p

where Xy, 27, 2 [ signature

Yarr 4 Ypar (and types A, B in ¥,,) unchanged by
1

for simplicity

e consider only the X,
A, B: Type
old op:1IX:Type A, (B —TX)—TX

e ignore axiom part of signatures.
Examples of translation

e /.. for adding side-effects

e /.. for adding exceptions

e /., for adding complexity

e /., for adding continuations

21



Translation I, for adding side-effects

® Y, parameter symbols

states S: T'ype

® ), NEW symbols
lookup lkp: TS
update upd: S — T'1

e realization
T*X:= S — T(XxS)
val (X, x):= As:S.[(x, s)]
let"(X,Y, f,c):= As: Slet (x,sy<=c(s)in f(x,s)

lkp™: = As:S.[(s,s)]
upd”(s):= As': S.[(x, s)]

op*(X,a, f):= As: S.op(X XS, a, \b: B.f(b, s))
Remark: must replace an operation op”: A — T'B
with

op(X,a, f) = let b<=op'(a) in f(b)
op: 11X Type. A, (B — TX) — TX fits into X,

22



Translation /., for adding exceptions

® Y, for parameter symbols

exceptions FE:Type

® Y0 for new symbols

raise  rse:11.X:Type. B — TX
handle hdl:TIX:Type.(F — TX), TX — TX

e realization
T*X:= T(X + E)
val* (X, x): = [iny(z)]
let"(X,Y, f,c):= let u<cin (case u of x.f(x)|n.rse*(Y,n))

rse*(X,n):= [ing(n)]
hdl*(X, f,c): = let u<cin (case u of x.wal™(X, z)|n.f(n))

op*(X):= op(X + E)
redefinition of op applies to
t: Type — Type
old op: I1X: Type.t(TX)

Remark: improper (but safe) use of new symbol on

rhs.

23



Translation /., for adding complexity

® Y, for parameter symbols

monoid M: T'ype

LM

x: M, M — M
we write m x n for x(m,n)

® Yo for new symbols
cost &: M —T1

e realization

T*X:= T(XxM)
val (X, x): = [(x,1)]
let"(X,Y, f,c):= let (x,m), (y,n)<c, f(z)in[{y, m x n)]
0" (m): = [{x,m)]
op*(X):= op(XxM)

Remark: add to X, axioms for monoid, otherwise
cannot reprove the axioms in Yp.
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Translation /., for adding continuations

® Y, for parameter symbols

results R:T'ype

® Y0 for new symbols

abort abort: 11.X:Type.R — T'X
call-cc call... 11X, Y:Type. (X = TY) - TX) —->TX

e realization
T"X.:= (X -TR) - TR
val (X, x): = Ak.k(x)
let(X,Y, f,c):= Mk.cOx: X. f(z)k)
abort™(X,r).:= Ak.[r]
call..*(X,Y, f):= k. f(Ax: XAk .abort™ (X, kx))k
op*(X,a, f):= Ak.op(R,a,\b: B.f(b)k)

Remark: call.. does not fit in X,

25



I..: validation of equations in X7

o let(X,Y, fval(X,z)) = f(x)
let u<=[ini(z)]in (case u of z.f(x)|n.rse*(Y,n))
case iny(x) of z.f(z)|n.rse*(Y,n) > f(x)

o let(X, X, val(X),c) =c
let u<=cin (case u of x.[iny(x)]|n.|[inz(n)])

let u<=cin|u] > ¢

o let(Y,Z,g,let( XY, f,c)) =let(X, Z,let(Y,Z, g) o f,c)
let v<=(let u<=cin (case u of x.f(x)|n.[ins(n)]))in
case v of y.g(y)|n.[ing(n)]
let u<=cin
let v<=(case u of x.f(x)|n.[ins(n)])in
case v of y.g(y)|n.[ing(n)]
let u<cin case u of
x.let v<=f(x)in (case v of y.g(y)|n.[inz(n)])|
n.let v<=[ing(n)] in (case v of y.g(y)|n.[ins(n)])
let u<cin case u of
x.let v<=f(x)in (case v of y.g(y)|n.[inz(n)])|
n.(case ing(n) of y.g(y)|n.[ing(n)])
let u<=cin case u of

x.let v<=f(x)in (case v of y.g(y)|n.[inz(n)])|

26



I..: properties of rse and hdl

o let(X,Y, f,rse(X,n)) =rse(Y,n)
let u<=[ins(n)] in (case u of x. f(x)|n.rse*(Y,n))
case ing(n) of . f(x)|n.rse*(Y,n) > [ing(n)]

o hdl(X, f,val( X, x)) = val(X, )
let u<=[ini(x)]in (case u of z.val™(X, z)n.f(n))
case ini(x) of z.wal*(X, x)|n.f(n) > [ini(x)]

o hdl(X, f,rse(X,n)) = f(n)
let u<=[iny(n)] in (case u of x.val* (X, x)|n.f(n))
case ino(n) of x.val* (X, x)|n.f(n) > f(n)

o hdl(X, g, hdl(X, f,¢)) = hdl(X, hdl(X, g) o f,¢)

let v<=(let u<=cin (case u of x.[iny(x)]|n.f(n)))in
case v of z.[iny(x)]|n.g(n)

let u<=cin
let v<=(case u of x.[iny(z)]|n.f(n))in
case v of z.[ini(x)]|n.g(n)

let u<=cin case u of
x.let v<=[iny(x)] in (case v of z.[ini(x)]|n.g(n))|
n.let v<=f(n)in (case v of x.[iny(x)]|n.g(n))
let u<=cin case u of
x.(case iny(x) of z.[ini(z)]|n.g(n))|
n.let v<=f(n)in (case v of x.[iny(x)]|n.g(n))
let u<cin case u of
n.let v<=f(n)in (case v of z.[iny(x)]|n.g(n))

27



I.,: redefining and reproving

e old operation op and old proof ax

p: 11X Type.t(X) — Prop . am VX: Type.p(TX)(op X)

t: Type — Type op: 11X : Type.t(T X)
XML 2

parameters ¢ and p independent from >
e redefinition of op

op*(X)=op(X + E):t(T( X+ F)) =t(T*X)
e revalidation of property

ar*(X):=ax(X + E):p(T*X)(op*X)
Remark: easy extension to many op and ax.

An example

o t(X)=X,X — X, therefore
op: IIX.TX,TX —TX
o p1<X7 f) — \V/flf'Xf(l',ZU) =z
ax1X proves that op X is idempotent
o po(X, f) = Vo, 2 X. f(21, 29) = f(22, 71)

axsX proves that op X is commutative

® p3<X7 f) - \V/.flfl,ﬂfg,afgi X'f(f(xhan)? 32‘3) — f(xh f(ZUQ,ZUg))
ax3X proves that op X is associative

28



I,.: properties of upd and [kp

upd: 11X : Type.S, TX — TX
lkp: TIX: Type.(S - TX) - TX

o upd(s, lkp(f)) = upd(s, fs)
o upd(sy, upd(ss, c)) = upd(ss, )
o [kp(As.upd(s, fs)) = lkp(f)
o [kp(As.c) =c
I;.: redefining and reproving

op: 11X Type t(T X) where tX = (A, (B — X) —» X)
e redefinition of op

op* (X, a, f) = As.op(X xS, a, \b. fbs): t(T*X)
o VX .p(TX)(op X) where

p: 11X Type.t(X) — Prop s.t.

VX, S: TypeNop:t(X).
p(X)(op) D p(S — X)(Aa, f.As.op(a, Ab. fbs))

e op distributes over let, i.e.
let(f,op(a,h)) = op(a, \b.let(f, hb))
I,.: interaction between old and new ops
op distributes over upd and lkd
e upd(s,op(a, h)) = op(a, \b.upd(s, hb))
o [kp(As.op(a, Ab.hbs)) = op(a, \b.lkp(As.hbs))

29



I,.: preservation of alg. equations
property VX.p(T'X)(op X) of op:IX.t(TX) pre-
served
e provided t(X) = (X" — X) and
o p(X)(f) = VZ.eq(er, )

where e € Exp::= z | f(e)

prove VX, S:TypeNop:t(X).
p(X)(op) D p(S — X)(AT.As.op(7;5))

Hint

prove (by induction on e) that

(e[z, f:=T, \T.As.0p(T75)])s = ez, f: = 775, op]
where op:t(X), s:S and z;: S — X

® case e 1S Z;

lhs = ;8 = rhs

e case e is f(e€)

lhs =

(AT As.op(T7s)(elz, fr=...])s =
op(ei[z, fr=...]s) = by IH
op(e[z, f:=..]) =

30



Incremental approach at work

Basic translations
o [ TX =5 — T(XxS) adding side-effects
o [.,TX =T(X + F) adding exceptions
o [,,TX =T(XxM) adding complexity
o [.,,TX = (X — TR) — TR adding continuations
LesTX = pX' T(X 4+ X') adding resumptions
Composite translations
o I, (I,T)X =S — T((X + E)xS)
imperative language with exceptions, e.g. SML
o [..([.,T)X =S5 —>T(XxS)+F)
imperative languages with recovery blocks: errors
handled by executing alternative code from a check-
point
o [, (I..,; " X=(X—S—TR)—S—TR
imperative languages with goto
Loon(IsT) X, as above but R replaced by Rx.S

o I, (I, T)X = uX'.S — T((X + X")xS)

parallel imperative languages

o I (L, )X =5 — uX'T((XxS)+ X')

transaction based languages, state changes happen
only after interaction completed successfully.
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Incremental approach at work
an example

Basic translations

o [ TX =S5 — T(XxS) adding side-effects
o [, TX =T(X + F) adding exceptions
Composite translations

o ,(I.T)X = S — T((X + E)xS)

imperative languages with exceptions like ML

— properties of rse and hdl
— properties of [kp and upd (preserved)
— distributivity of rse w.r.t. let

— distributivity of lkp and upd w.r.t. let (pre-
served )

— distributivity of lkp and upd w.r.t. hdl
o [, ([, T)X =5 —>T(XxS)+F)

imperative languages with recovery blocks: errors
handled by executing alternative code from a check-
point

— properties of rse and hdl (preserved)

— properties of [kp and upd

— distributivity of rse w.r.t. let (preserved)

— distributivity of lkp and upd w.r.t. let

— distributivity of rse and hdl w.r.t. lkp and upd
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Properties

e properties of [kp and upd
upd(s, lkp(f)) = upd(s, fs)
upd(s1, upd(sy, ¢)) = upd(ssa, ¢)
lkp(As.upd(s, fs)) = lkp(f)
lkp(As.c) = ¢

e properties of rse and hdl
hdl(f,val(z)) = val(x)
hdl(f,rse(n)) = f(n)
hdl(rse,c) = c
hdl(g, hdl(f,c)) = hdl(hdl(g) o f,¢)

~ —

Distributivity

e op distributes over let N
let(f,op(a,h)) = op(a, \b.let(f, hb))

e distributivity of rse w.r.t. let
let(f,rse(n)) = rse(n)

e distributivity of (kp and upd w.r.t. let
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Properties of I,

e op distributes w.r.t. upd and lkd
upd(s, op(a, h)) = op(a, Ab.upd(s, hb))
lkp(As.op(a, Ab.hbs)) = op(a, A\b.lkp(As.hbs))

e preserves algebraic properties

e preserves distributivity w.r.t. let
Properties of I,

e maps op distributing w.r.t. let
to op distributing w.r.t. hdl
hdl(f,op(a,h)) = op(a, \b.hdl(f, hb))
e preserves logical properties

e preserves distributivity w.r.t. let
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Operations for [.,(I,.T)

T*X:= S — T((X + E)xS)
lkp*(f):= As:S.fss
upd(s,c):= As':S.cs

):
rse*(n):= As.[(ing(n), s)]
hdl*(f,c):= As.let (u, s')<csin
case u of x.[(iny(x), s")||n.f(n)s’
o hdl(f,upd(s,c)) =upd(s,hdl(f,c))
o hdl(f,lkp(As.hs)) = lkp(As.hdl(f, hs))
Operations for [, (I.,T)

T*X:= S — T((XxS)+ E)

lkp* (f) = As:S.fss
upd(s,c):= As':S.cs

rse*(n):= As.[ing(n)]
hdl*(f,c):= As.let u<=csin

case u of (x,s).[in1({x,s))]|n.f(n)s

o upd(s,rse(n)) = rse(n)

o [kp(As.rse(n)) = rse(n)

o upd(s, hdl(f,c)) = hdl(An.upd(s, fn),upd(s,c))

o lkp(As.hdl(An.fsn,cs)) = hdl(An.lkp(As.fsn), lkp(As.cs))
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Some Remarks

e monadic approach of limited use, when
computation takes place only at ground types

e.g. in PCF-like languages (Algol)
e satisfactory treatment of PL,, requires

— fix-point operator
— inductive types

— translation for adding resumptions
e encoding in LF depends on what one wants to do:

— substitution

— induction of syntax
e axiomatization of types for M L:

— categorical properties of universal constructions

— intro-elim rules for inductive types in T'T
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