
� ���������
	���
��
�������
	�� ��������������������	��
 !
��
�"	#��� � �
�����

DISI, Univ. of Genova

via Dodecaneso 35

16146 Genova, Italy

moggi@disi.unige.it

• AIM: exemplify use of metalanguages for $�%'&)(�*,+.-�+�/"0
programming languages

• overview of notes:

1 sec 3: background on logical frameworks
1 sec 4: main ideas
1 sec 5: refinement of main ideas

• abstract syntax, translations and LF (sec 3)

• computational types and monadic approach (sec 4.2)

• incremental approach (sec 4.3)

? recursive definitions: cpos and axiomatization in LF

? computational types revised (sec 5.5)
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Rigorous approaches:

• operational: abstract machine

• denotational: math. model, Tarski’s semantics

• axiomatic/algebraic: inference rules (for equivalence)
: 35������;<�
=>�

desiderata op. sem. den. sem. ax. sem.

simplicity

consistency

levels of abstraction

modifiability

validation tool ? �@����;BA#�C�D3E���F��3E���
• observations and computational adequacy

• soundness (completeness) of

1 inference rules w.r.t. model
1 model w.r.t. observational equivalence
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• denotational semantics

PL
interp

>C

in a category: J ��� , K �L� , functor category, topos,. . .

• semantics via translation

PL
transl

>ML
interp

>C

in a
�FMH�N���

metalanguage
������35�����PO �Q� ���"	SRT�6�"7 RU��V

PL W �����6�����"36�"�I�
• simplicity/can hide mathematical complexities

• scalability of approach to complex PL

• modularity/first work in isolation then combine

• reuse know-how accumulated in den. semantics
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•
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same ML for several PLs

PL1

. . .

H
H

H
H

H
H

H
H

transl
j

ML
interp

>C

PLn
�

�
�

�
�

�
�

�

transl

*

1 translation simpler than direct interpretation!?
1 transfer of properties/results from ML to PL:

reasoning principles, computational adequacy

•
�POH�����D�

of ML to meet certain criteria:

1 ML based on
V^��_ �
3`�FOH�
����	����

concepts
1 ML equipped with a

���������
used as specification

language or for formalizing reasoning principles
1 ML as +a/
b^%,*F/�cEdGdecf/"0Eg�c[0"% for a class of categories

•
O#������	��

semantic categories under ML

C1

PL
transl

>ML
�

�
�

�
�

�
�

�

interp
*

. . .
H
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Hinterp j

Cn
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ML built on top of a fairly standard typed λ-calculus,

more controversial issues:

• should ML be equipped with some logic (which)?

YES, to abstract reasoning principles from semantics!

• should ML be a PL (i.e. have op. sem.)?

NO, may need choice of op. semantics (CBV or

CBN?), restriction on types (no dependent types!),

/�jf/�kl&IblcP/9$Dcf*<$ equational axioms.

• what is gained by giving semantics to (complex) PL

via a ML, rather than directly?

nothing, if translation of PL into ML or semantics

of ML are as complex as direct semantics of PL.

1 7 ��	H�������m�
����35�����PO
for structuring translation

from PL to ML with
��
�no�������
3[M 	��
����������	

PL
transl

>ML(Σ)
transl

>ML

1 ��	��D35�"7p�"	X�����
definition of auxiliary notation

PL
transl

>ML(Σn)
transl

> . . .

transl
>ML(Σ0)

transl
>ML
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• Γ ` , set I

• Γ ` A: Typei , family of sets 〈Xi|i ∈ I〉

• Γ ` M : A , family of elements 〈xi ∈ Xi|i ∈ I〉2u�6�"
�����;<�F�"367 �
A, M ∈ Exp: : = x | Typei | Πx: A1.A2 | λx: A.M | M1M2ro�
367 ��������	 36
������

empty
∅ `

ext
Γ ` A: Typei

Γ, x: A `
x 6∈ DV(Γ)

type-∈
Γ `

Γ ` Typei: Typei+1

i ≥ 0

type-⊂
Γ ` A: Typei

Γ ` A: Typej

i < j

var
Γ `

Γ ` x: A
A = Γ(x)

Π
Γ ` A1: Typei Γ, x: A1 ` A2: Typei

Γ ` (Πx: A1.A2): Typei

λ
Γ ` A1: Typei Γ, x: A1 ` M2: A2

Γ ` (λx: A1.M2): (Πx: A1.A2)

app
Γ ` M : (Πx: A1.A2) Γ ` M1: A1

Γ ` MM1: A2[x: = M1]

conv
Γ ` M : A1 Γ ` A2: Typei

Γ ` M : A2

A1 =βη A2

=βη is βη-conversion on pseudo-terms.
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• Σ LF-signature: Σ `

• Γ `Σ J relativized judgement: Σ, Γ ` J

L(Σ)=set of derivable judgements Γ `Σ J

• I : Σ′ → Σ realization of Σ′ in Σ:

1 ∅: ∅ → Σ realization
1 (I, x: = M): (Σ′, x: A) → Σ realization iff

I : Σ′ → Σ realization and `Σ M : A[I ] derivable

A[I ] parallel substitution of I in A

7
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PLfun

types τ ∈ T : : = bool | τ1⇒τ2

identifiers x ∈ Id: : = an infinite set

expressions e ∈ Exp: : = x | ⊥ |
tt | ff | if(e, e1, e2) |
(λx: τ1.e2) | ap(e, e1)

K{z{| �\�N�"36�"�I����	��
�s�6�"7 ��	9�I�����
⇓⊂ Exp×V al

v ∈ V al: : = x | tt | ff | (λx: τ1.e2)

val
v ⇓ v

if

e ⇓ tt

e1 ⇓ v

if(e, e1, e2) ⇓ v
if

e ⇓ ff

e2 ⇓ v

if(e, e1, e2) ⇓ v

ap

e ⇓ (λx: τ1.e2)

e1 ⇓ v1

e2[x: = v1] ⇓ v

ap(e, e1) ⇓ v

K{z8} �
�~7 ������A�����������	 �
V K{z{|
v ∈ V al: : = tt | ff | (λx: τ1.e2)

ap

e ⇓ (λx: τ1.e2)

e2[x: = e1] ⇓ v

ap(e, e1) ⇓ v
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PLfun

var
Γ ` x: Exp[τ ]

Γ(x) = Id[τ ]

tt
Γ ` tt: Exp[bool]

ff
Γ ` ff : Exp[bool]

if

Γ ` e: Exp[bool]

Γ ` e1, e2: Exp[τ ]

Γ ` if(e, e1, e2): Exp[τ ]
⊥

Γ ` ⊥: Exp[τ ]

ab
Γ; x: Id[τ1] ` e2: Exp[τ2]

Γ ` λx: τ1.e2: Exp[τ1⇒τ2]
ap

Γ ` e: Exp[τ1⇒τ2]

Γ ` e1: Exp[τ1]

Γ ` ap(e, e1): Exp[τ2]qSr�;��6����	�����
�3`�
Σfun

types T : Type

bool: T

⇒: T, T → T

ident Id: T → Type

expr Exp: T → Type

var: ΠX : T.Id(X) → Exp(X)

⊥: ΠX : T.Exp(X)

bool tt, ff : Exp(bool)

if : ΠX : T.Exp(bool), Exp(X), Exp(X) → Exp(X)

⇒ ab: ΠX1, X2: T.(Id(X1) → Exp(X2)) → Exp(X1⇒X2)

ap: ΠX1, X2: T.Exp(X1⇒X2), Exp(X1) → Exp(X2)
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ΣML

Σ× unit 1: Type

∗: 1

Σ+ sum +: Type, Type → Type

inject ini: ΠX1, X2: Type.Xi → (X1 + X2)

case case: ΠX1, X2, X : Type.

(X1 → X), (X2 → X) → (X1 + X2) → X

write (case M of x1.M1|x2.M2) for

case(τ1, τ2, τ, (λx1: τ1.M1), (λx2: τ2.M2), M)

K{z{| �[36�
	#�[����������	
I : Σfun → ΣML

T ∗: = Type

bool∗: = 1 + 1

⇒∗(X1, X2): = X1 → (X2 + 1)

Id∗(X): = X

Exp∗(X): = X + 1

var∗(X, x): = in1(x)

tt∗: = in1(in1(∗))
ff ∗: = in1(in2(∗))

if ∗(X, c, c1, c2): = case c of

x. case x of c1|c2

in2(∗)
ab∗(X1, X2, f): = in1(f)

ap∗(X1, X2, c, c1): = case c of

f. case c1 of x.f(x)|in2(∗)
in2(∗)

⊥∗: = in2(∗)
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ΣML

Σeq props Prop: Type

proofs pr: Prop → Type

equal eq: ΠX : Type.X, X → Prop

refl ΠX : Type.Πx: X.x = x

subst ΠX : Type, P : X → Prop, x, y: X.x = y, P (x) → P (y)

Σext Π-ext ΠX : Type, F : X → Type, f, g: (Πx: X.Fx).

(Πx: X.fx = gx) → f = g

Σ× unit 1: Type

product ×: Type, Type → Type

∗: 1
pairing pair: ΠX1, X2: Type.X1, X2 → X1×X2

project πi: ΠX1, X2: Type.(X1×X2) → Xi

Πx: 1.x = ∗
ΠX1, X2: Type, x1: X1, x2: X2.πi(〈x1, x2〉) = xi

ΠX1, X2: Type, x: X1×X2.〈π1(x), π2(x)〉 = x

Σ+ empty 0: Type

sum +: Type, Type → Type

0: ΠX : Type.0 → X

inject ini: ΠX1, X2: Type.Xi → (X1 + X2)

case case: ΠX1, X2, X : Type.

(X1 → X), (X2 → X) → (X1 + X2) → X

ΠX : Type, x: 0, y: X.0(X, x) = y

ΠX1, X2: Type, f1: (X1 → X), f2: (X2 → X), x: Xi.

case(f1, f2, ini(x)) = fi(x)

ΠX1, X2, X : Type, f : (X1×X2) → X.

case(f ◦ in1, f ◦ in2) = f

11
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• when a PL is extended, its op./den. semantics may

need to be extensively redefined

• the problem remains when giving semantics via trans-

lation in a typed ML (as considered so far)

• [Mos90b] suggests the use of
��
�no�������
3[M 	��]�I�"�I����	

to make semantic definitions more reusable.

• [Mog91] identifies �~jf/�c�$5& as a structuring device

for den. semantics (but not for op. semantics!).
� ��	H���������]����35���
�PO W �#���6�����������

• add to ML type constructor T , elements of Tτ

(computational type) as programs computing val-

ues in τ

• interpretation of T should fit ('jf����g\blcib�+�jP/9cfdN�`%<cfk
b�g�*'%'& of PL, but some operations (to specify order

of evaluation) common to all T

• use metalanguage MLT (Σ) with computational types

and signature Σ of additional operations on T

•
7 ��	��
�#���~�
�H�#3`���
�PO

to den. semantics, given PL:

1. identify MLT (Σ), T and Σ like interface of ADT

2. define translation of PL into MLT (Σ)

3. give model of MLT (Σ), via translation into ML.

with a good Σ, translation PL → MLT (Σ) is simple,

and /�j need to redefine it when PL is extended.

12



K ��7 ��
�����������	H�����,MH�N���
ΣT T : Type → Type

valT : ΠX : Type.X → TX

letT : ΠX1, X2: Type.(X1 → TX2), TX1 → TX2

ΠX1, X2: Type, x: X1, f : (X1 → TX2).

let(f, val(x)) = f(x)

ΠX : Type, c: TX.

let(val, c) = c

ΠX1, X2, X3: Type, c: TX1, f : (X1 → TX2), g: (X2 → TX3).

let(g, let(f, c)) = let(let(g) ◦ f, c)�H��3E��Y���� 	��
����������	
• [e]T for valT (e)

• letT x⇐e1 in e2 for letT (λx: τ1.e2, e1)

• Tf : Tτ1 → Tτ2 for λc: Tτ1.let x⇐c in [f(x)],

where f : τ1 → τ2

• µ: T 2τ → Tτ for λc: T 2τ.let x⇐c in x

• let x⇐e in e for let x1⇐e1 in (. . . (let xn⇐en in e) . . .)

• 〈x ⇐ e, e〉 for let x, x⇐e, e in [〈x, x〉]

• let 〈x〉⇐c in e(x1, . . . , xn) for let x⇐c in e(π1(x), . . . , πn(x)).

13
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• TX = |TTh(X)|

Th single sorted algebraic theory

TTh(X) free Th-algebra over X

1 TX = X , terminating (functional) programs
1 TX = X + {⊥}, programs which may diverge
1 TX = Pfin(X), nondeterministic programs
1 TX = (X + E), programs with exceptions
1 TX = (µX ′.X + X ′), parallel programs

• TX = (X×S)S, imperative programs

TX = XS, state-reading programs

• TX = R(RX), programs with a continuation

• TX = (X×N), programs with timers

14
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• variations for nondeterministic programs:

TX = P(X), subsets of X

TX = Pω(X), countable subsets of X

• combinations imperative programs + exceptions:

TX = ((X + E)×S)S

TX = ((X×S) + E)S

• combination non-deterministic parallel programs:

TX = µX ′.Pfin(X + X ′)

• variation parallel communicating programs:

TX = µX ′.Pfin(X + (A×X ′))

T 0 =finite synchronization trees/strong bisimula-

tion

• combination parallel imperative programs:

TX = µX ′.Pfin((X + X ′)×S)S

15
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PL → MLT (Σ) W ���"	H�"36�
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ΣPL >ΣML + ΣT + Σ

K{z{| �[36�
	#�[����������	 ��V
Σfun

��	
MLT (Σ)

Σ divergence ⊥: ΠX : Type.T (X)

• T ∗: = Type

bool∗: = 1 + 1

⇒∗(X1, X2): = X1 → T (X2)

Id∗(X): = X

Exp∗(X): = T (X)

var∗(X, x): = [x]

tt∗: = [in1(∗)]
ff ∗: = [in2(∗)]

if ∗(X, c, c1, c2): = let x⇐c in (case x of c1|c2)

ab∗(X1, X2, f): = [f ]

ap∗(X1, X2, c, c1): = let f, x⇐c, c1 in f(x)

⊥∗: = ⊥

K{z8} �[35��	��`���"�I����	 ����7 ������A�����������	 ��V K�z{|
•

⇒∗(X1, X2): = T (X1) → T (X2)

Id∗(X): = T (X)

var∗(X, c): = c

ap∗(X1, X2, c, c1): = let f⇐c in f(c1)

16
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PLfun

PLimp mutable store (add types unit and nat)

locations l ∈ Loc: : = a set

expressions e ∈ Exp: : = . . . | l | l: = e

PLexc exception handling

exceptions n ∈ Exn: : = a set

expressions e ∈ Exp: : = . . . | rse(n) | hdl(n, e1, e2)

PLnd non-deterministic choice

expressions e ∈ Exp: : = . . . | or(e1, e2)

PLpar parallelism

expressions e ∈ Exp: : = . . . | por(e1, e2) | pap(e1, e2)

K ��353`���[����	�����	�� qsr�;��6����	H����
�3`�w��n��F�"	#�5����	��
Σimp locations Loc: Type

get: Loc → Exp(nat)

set: Loc, Exp(nat) → Exp(unit)

Σexc exceptions Exn: Type

rse: ΠX : T.Exn → Exp(X)

hdl: ΠX : T.Exn, Exp(X), Exp(X) → Exp(X)

Σnd or: ΠX : T.Exp(X), Exp(X) → Exp(X)

Σpar por: ΠX : T.Exp(X), Exp(X) → Exp(X)

pap: ΠX1, X2: T.Exp(X1⇒X2), Exp(X1) → Exp(X2)

17
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Σfun

Σ locations L: Type

lookup lkp: L → TN

update upd: L, N → T 1

• Loc∗: = L

get∗(l): = lkp(l)

set∗(l, c): = let x⇐c in upd(l, x)

Σ exceptions E: Type

test eq: E, E → 1 + 1

raise rse: ΠX : Type.E → TX

handle hdl: ΠX : Type.(E → TX), TX → TX

• Exn∗: = E

rse∗: = rse

hdl∗(X, n, c1, c2): = hdl(X, (λx: E.case eq(x, n) of c1|rse(x)), c2)

Σ choice or: ΠX : Type.TX, TX → TX

• or∗: = or

18
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Σfun

Σ one-step δ: ΠX : Type.TX → TX

or-par por: ΠX : Type.TX, TX → TX

and-par pand: ΠX1, X2: Type.TX1, TX2 → T (X1×X2)

better signature (see 5.6), when fix is available,

or or: ΠX : Type.TX, TX → TX

one-step δ: ΠX : Type.TX → TX

case-step C: ΠX1, X2: Type.

(X1 → TX2), (TX1 → TX2), TX1 → TX2

• var∗(X, x): = [x]

tt∗: = [in1(∗)]
ff ∗: = [in2(∗)]

if ∗(X, c, c1, c2): = let x⇐c in δ(case x of c1|c2)

ab∗(X1, X2, f): = [f ]

ap∗(X1, X2, c, c1): = let f, x⇐c, c1 in δ(fx)

pap∗(X1, X2, c, c1): = let 〈f, x〉⇐pand(c, c1) in δ(fx)

por∗: = por

1 erase δ to recover translation of PLfun1 variations: place δ differently

19
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When PL is complex, translation MLT (Σ) → ML

gets complicated.
�,	��D35�"7p�"	X�����>�
����35�����PO W ���
�6�������H�\�

• adapt techniques and facilities used in ADT

MLT (Σ) → ML as implementation of an ADT

• MLT (Σ) → ML via sequence of steps

MLT (Σi+1) → MLT (Σi) with Σi < Σi+1

} �G��� �#�
35��7p���,�"3E������� �yjEd��f��jP*��
��+�( �[36�
	#�[����������	#�
I ∈ ΠΣ.MLT (Σpar + Σ + Σnew) → MLT (Σpar + Σ)

• I polymorphic in signature Σ

• I may have parameter of fixed signature Σpar

IΣ: implementation of Σ (and parameter) 7→
reimplementation of Σ and extension to Σnew

* reimplementation of Σ needed, because T changes!
vw�"�D��7 ���X�6��������	 ��V

I

• Inew: MLT (Σpar + Σnew) → MLT (Σpar)

definition of new symbols and redefinition of T

• Iop: MLT (Σop) → MLT (Σpar + Σop)

redefinition of old symbol op in +�&)jfdecib�+�jP/
(consistently with redefinition of T )

20
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• LF-signature extensions Σpar and Σnew

i.e. ΣML, Σpar, ΣT , Σnew ` signature

• LF-signature realization

I : ΣML+Σpar+ΣT+Σop+Σnew → ΣML+Σpar+ΣT+Σop

where ΣML, ΣT , Σop ` signature

ΣML + Σpar (and types A, B in Σop) unchanged by

I

V^�
3��6��7 �����������FM
• consider only the Σop

A, B: Type

old op: ΠX : Type.A, (B → TX) → TX

• ignore axiom part of signatures.
 �n���7 ����������V��[35��	��`���"�I����	

• Ise for adding side-effects

• Iex for adding exceptions

• Ico for adding complexity

• Icon for adding continuations

21
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• Σpar parameter symbols

states S: Type

• Σnew new symbols

lookup lkp: TS

update upd: S → T 1

• realization
T ∗X : = S → T (X×S)

val∗(X, x): = λs: S.[〈x, s〉]
let∗(X, Y, f, c): = λs: S.let 〈x, s′〉⇐c(s) in f(x, s′)

lkp∗: = λs: S.[〈s, s〉]
upd∗(s): = λs′: S.[〈∗, s〉]

op∗(X, a, f): = λs: S.op(X×S, a, λb: B.f(b, s))

Remark: must replace an operation op′: A → TB

with

op(X, a, f) = let b⇐op′(a) in f(b)

op: ΠX : Type.A, (B → TX) → TX fits into Σop.

22
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V^�
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• Σpar for parameter symbols

exceptions E: Type

• Σnew for new symbols

raise rse: ΠX : Type.E → TX

handle hdl: ΠX : Type.(E → TX), TX → TX

• realization
T ∗X : = T (X + E)

val∗(X, x): = [in1(x)]

let∗(X, Y, f, c): = let u⇐c in (case u of x.f(x)|n.rse∗(Y, n))

rse∗(X, n): = [in2(n)]

hdl∗(X, f, c): = let u⇐c in (case u of x.val∗(X, x)|n.f(n))

op∗(X): = op(X + E)

redefinition of op applies to

t: Type → Type

old op: ΠX : Type.t(TX)

Remark: improper (but safe) use of new symbol on

rhs.

23
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• Σpar for parameter symbols

monoid M : Type

1: M

∗: M, M → M

we write m ∗ n for ∗(m, n)

• Σnew for new symbols

cost δ: M → T 1

• realization
T ∗X : = T (X×M)

val∗(X, x): = [〈x, 1〉]
let∗(X, Y, f, c): = let 〈x, m〉, 〈y, n〉⇐c, f(x) in [〈y, m ∗ n〉]

δ∗(m): = [〈∗, m〉]

op∗(X): = op(X×M)

Remark: add to Σpar axioms for monoid, otherwise
cannot reprove the axioms in ΣT .
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• Σpar for parameter symbols

results R: Type

• Σnew for new symbols

abort abort: ΠX : Type.R → TX

call-cc callcc: ΠX, Y : Type.((X → TY ) → TX) → TX

• realization
T ∗X : = (X → TR) → TR

val∗(X, x): = λk.k(x)

let∗(X, Y, f, c): = λk.c(λx: X.f(x)k)

abort∗(X, r): = λk.[r]

callcc
∗(X, Y, f): = λk.f(λx: X.λk′.abort∗(X, kx))k

op∗(X, a, f): = λk.op(R, a, λb: B.f(b)k)

Remark: callcc does not fit in Σop!
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• let(X, Y, f, val(X, x)) = f(x)

let u⇐[in1(x)] in (case u of x.f(x)|n.rse∗(Y, n))

case in1(x) of x.f(x)|n.rse∗(Y, n) > f(x)

• let(X, X, val(X), c) = c

let u⇐c in (case u of x.[in1(x)]|n.[in2(n)])

let u⇐c in [u] > c

• let(Y, Z, g, let(X, Y, f, c)) = let(X, Z, let(Y, Z, g) ◦ f, c)

let v⇐(let u⇐c in (case u of x.f(x)|n.[in2(n)])) in

case v of y.g(y)|n.[in2(n)]

let u⇐c in

let v⇐(case u of x.f(x)|n.[in2(n)]) in

case v of y.g(y)|n.[in2(n)]

let u⇐c in case u of

x.let v⇐f(x) in (case v of y.g(y)|n.[in2(n)])|
n.let v⇐[in2(n)] in (case v of y.g(y)|n.[in2(n)])

let u⇐c in case u of

x.let v⇐f(x) in (case v of y.g(y)|n.[in2(n)])|
n.(case in2(n) of y.g(y)|n.[in2(n)])

let u⇐c in case u of

x.let v⇐f(x) in (case v of y.g(y)|n.[in2(n)])|
n.[in2(n)]
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hdl

• let(X, Y, f, rse(X, n)) = rse(Y, n)

let u⇐[in2(n)] in (case u of x.f(x)|n.rse∗(Y, n))

case in2(n) of x.f(x)|n.rse∗(Y, n) > [in2(n)]

• hdl(X, f, val(X, x)) = val(X, x)

let u⇐[in1(x)] in (case u of x.val∗(X, x)|n.f(n))

case in1(x) of x.val∗(X, x)|n.f(n) > [in1(x)]

• hdl(X, f, rse(X, n)) = f(n)

let u⇐[in2(n)] in (case u of x.val∗(X, x)|n.f(n))

case in2(n) of x.val∗(X, x)|n.f(n) > f(n)

• hdl(X, g, hdl(X, f, c)) = hdl(X, hdl(X, g) ◦ f, c)

let v⇐(let u⇐c in (case u of x.[in1(x)]|n.f(n))) in

case v of x.[in1(x)]|n.g(n)

let u⇐c in

let v⇐(case u of x.[in1(x)]|n.f(n)) in

case v of x.[in1(x)]|n.g(n)

let u⇐c in case u of

x.let v⇐[in1(x)] in (case v of x.[in1(x)]|n.g(n))|
n.let v⇐f(n) in (case v of x.[in1(x)]|n.g(n))

let u⇐c in case u of

x.(case in1(x) of x.[in1(x)]|n.g(n))|
n.let v⇐f(n) in (case v of x.[in1(x)]|n.g(n))

let u⇐c in case u of

x.[in1(x)]|
n.let v⇐f(n) in (case v of x.[in1(x)]|n.g(n))
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• old operation op and old proof ax

p: ΠX : Type.t(X) → Prop

t: Type → Type
>

ax: ∀X : Type.p(TX)(op X)

op: ΠX : Type.t(TX)

ΣML

∧

>ΣT

∧

parameters t and p independent from ΣT

• redefinition of op

op∗(X): = op(X + E): t(T (X + E)) = t(T ∗X)

• revalidation of property

ax∗(X): = ax(X + E): p(T ∗X)(op∗X)

Remark: easy extension to many op and ax.
�Z	 ��n���7 �����

• t(X) = X, X → X , therefore

op: ΠX.TX, TX → TX

• p1(X, f) = ∀x: X.f(x, x) = x

ax1X proves that op X is idempotent

• p2(X, f) = ∀x1, x2: X.f(x1, x2) = f(x2, x1)

ax2X proves that op X is commutative

• p3(X, f) = ∀x1, x2, x3: X.f(f(x1, x2), x3) = f(x1, f(x2, x3))

ax3X proves that op X is associative
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lkp

upd: ΠX : Type.S, TX → TX

lkp: ΠX : Type.(S → TX) → TX

• upd(s, lkp(f)) = upd(s, fs)

• upd(s1, upd(s2, c)) = upd(s2, c)

• lkp(λs.upd(s, fs)) = lkp(f)

• lkp(λs.c) = c

Ise W 35������A�	#��	�� ��	H� 3`�"��35��Y���	��
op: ΠX : Type.t(TX) where tX = (A, (B → X) → X)

• redefinition of op

op∗(X, a, f) = λs.op(X×S, a, λb.fbs): t(T ∗X)

• ∀X.p(TX)(op X) where

p: ΠX : Type.t(X) → Prop s.t.

∀X, S: Type.∀op: t(X).

p(X)(op) ⊃ p(S → X)(λa, f.λs.op(a, λb.fbs))

• op
�#���Q�`3E���#
��F���

over let, i.e.

let(f, op(a, h)) = op(a, λb.let(f, hb))

Ise W ��	X�F�"36�
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op
�

op distributes over upd and lkd

• upd(s, op(a, h)) = op(a, λb.upd(s, hb))

• lkp(λs.op(a, λb.hbs)) = op(a, λb.lkp(λs.hbs))
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property ∀X.p(TX)(op X) of op: ΠX.t(TX) pre-

served

• provided t(X) = (Xn → X) and

• p(X)(f) = ∀z.eq(e1, e2)

where e ∈ Exp: : = z | f(e)

prove ∀X, S: Type.∀op: t(X).

p(X)(op) ⊃ p(S → X)(λx.λs.op(xis))�x��	X�
prove (by induction on e) that

(e[z, f : = x, λx.λs.op(xis)])s = e[z, f : = xis, op]

where op: t(X), s: S and xi: S → X

• case e is zi

lhs = xis = rhs

• case e is f(e)

lhs =

(λx.λs.op(xis)(e[z, f : = . . .])s =

op(ei[z, f : = . . .]s) = by IH

op(e[z, f : = . . .]) =

rhs
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Basic translations

• IseTX = S → T (X×S) adding side-effects

• IexTX = T (X + E) adding exceptions

• IcoTX = T (X×M) adding complexity

• IconTX = (X → TR) → TR adding continuations

* IresTX = µX ′.T (X + X ′) adding resumptions

Composite translations

• Iex(IseT )X = S → T ((X + E)×S)

imperative language with exceptions, e.g. SML

• Ise(IexT )X = S → T ((X×S) + E)

imperative languages with recovery blocks: errors

handled by executing alternative code from a check-

point

• Ise(IconT )X = (X → S → TR) → S → TR

imperative languages with goto

Icon(IseT )X , as above but R replaced by R×S

• Ires(IseT )X = µX ′.S → T ((X + X ′)×S)

parallel imperative languages

• Ise(IresT )X = S → µX ′.T ((X×S) + X ′)

transaction based languages, state changes happen

only after interaction completed successfully.
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Basic translations

• IseTX = S → T (X×S) adding side-effects

• IexTX = T (X + E) adding exceptions

Composite translations

• Iex(IseT )X = S → T ((X + E)×S)

imperative languages with exceptions like ML

1 properties of rse and hdl

1 properties of lkp and upd (preserved)
1 distributivity of rse w.r.t. let

1 distributivity of lkp and upd w.r.t. let (pre-

served)
1 distributivity of lkp and upd w.r.t. hdl

• Ise(IexT )X = S → T ((X×S) + E)

imperative languages with recovery blocks: errors

handled by executing alternative code from a check-

point

1 properties of rse and hdl (preserved)
1 properties of lkp and upd

1 distributivity of rse w.r.t. let (preserved)
1 distributivity of lkp and upd w.r.t. let

1 distributivity of rse and hdl w.r.t. lkp and upd
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• properties of lkp and upd

upd(s, lkp(f)) = upd(s, fs)

upd(s1, upd(s2, c)) = upd(s2, c)

lkp(λs.upd(s, fs)) = lkp(f)

lkp(λs.c) = c

• properties of rse and hdl

hdl(f, val(x)) = val(x)

hdl(f, rse(n)) = f(n)

hdl(rse, c) = c

hdl(g, hdl(f, c)) = hdl(hdl(g) ◦ f, c)
v����Q�[3i����
�����Y����,M

• op
�#���Q�`3E���#
��F���

over let
∆⇐⇒

let(f, op(a, h)) = op(a, λb.let(f, hb))

• distributivity of rse w.r.t. let

let(f, rse(n)) = rse(n)

• distributivity of lkp and upd w.r.t. let
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• op distributes w.r.t. upd and lkd

upd(s, op(a, h)) = op(a, λb.upd(s, hb))

lkp(λs.op(a, λb.hbs)) = op(a, λb.lkp(λs.hbs))

• preserves cEd�0G%)-�*<cf+.( properties

• preserves distributivity w.r.t. let

2435�\�N�"3`����������V
Iex

• maps op distributing w.r.t. let

to op distributing w.r.t. hdl

hdl(f, op(a, h)) = op(a, λb.hdl(f, hb))

• preserves dej'0f+.('cEd properties

• preserves distributivity w.r.t. let
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Iex(IseT )

T ∗X : = S → T ((X + E)×S)

lkp∗(f): = λs: S.fss

upd∗(s, c): = λs′: S.cs

rse∗(n): = λs.[〈in2(n), s〉]
hdl∗(f, c): = λs.let 〈u, s′〉⇐cs in

case u of x.[〈in1(x), s′〉]|n.f(n)s′

• hdl(f, upd(s, c)) = upd(s, hdl(f, c))

• hdl(f, lkp(λs.hs)) = lkp(λs.hdl(f, hs))
� �N��35��������	���V^��3

Ise(IexT )

T ∗X : = S → T ((X×S) + E)

lkp∗(f): = λs: S.fss

upd∗(s, c): = λs′: S.cs

rse∗(n): = λs.[in2(n)]

hdl∗(f, c): = λs.let u⇐cs in

case u of 〈x, s′〉.[in1(〈x, s′〉)]|n.f(n)s

• upd(s, rse(n)) = rse(n)

• lkp(λs.rse(n)) = rse(n)

• upd(s, hdl(f, c)) = hdl(λn.upd(s, fn), upd(s, c))

• lkp(λs.hdl(λn.fsn, cs)) = hdl(λn.lkp(λs.fsn), lkp(λs.cs))
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• monadic approach of limited use, when

computation takes place only at ground types

e.g. in PCF-like languages (Algol)

• satisfactory treatment of PLpar requires

1 fix-point operator
1 inductive types
1 translation for adding resumptions

• encoding in LF depends on what one wants to do:

1 substitution
1 induction of syntax

• axiomatization of types for ML:

1 categorical properties of universal constructions
1 intro-elim rules for inductive types in TT
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