Abstract

1 In tro duction

Discrete visibilit y problems

and graph algorithms

Enrico Pupp o

Istituto p er la Matematica Applicata

Consiglio Nazionale delle Ricerche

Via De Marini, 6 (T orre di F rancia) - 16149 Genov a - IT AL Y

Email: PUPPO@IMA.GE.CNR.IT

Paola Marzano

Dipartimento di Informatica e Scienze dell’Informazione

Universit` a di Genov a

Viale Benedetto XV, 4 - 16132 Genov a - IT AL Y

Email: MARZANO@DISI.UNIGE.IT

Many problems of practical interest involve line-of-sight on a top ographic surface.

Some such problems can b e successfully studied on the basis of the mutual visibility

among a finite numb er of representative p oints. Such visibility problems can b e for-

malized and resolved as graph problems. In this pap er, we show that graph algorithms

can b e useful to find efficient solutions for discrete visibility problems in several cases.

On the basis of results from the theory of complexity

, we give some practical rules to

apply such an approach. W e further investigate the solution of some relev ant visibility

problems under this p ersp ec tive.

Problems related to the visibil ity of p oints on a top ographic surface have practical impact

in many imp ortant applications. Several asp ects of these problems have b een faced by many

researchers during the last twenty years, from b oth a practical and a theoretical p oint of

view: for recent extensive surveys on this sub ject see (De Floriani et Magillo, 1994) and

(Nagy

, 1994).

Although many visibili ty problems only require knowledge ab out the viewshed for a

given, fixed observ ation p oint, some optimization problems may require knowledge ab out

the mutual visibil ity b etween arbitrary pairs of sites on the terrain. Examples of such

problems are the placement of fire towers, communication relays, and transmission stations;

the planning of paths that must either remain hidden from a set of observers, or b e scenic in

viewing as much landscap e as p ossible; and the lo cus of travel of parties that must remain

in constant line-of-sight communication. Dynamic scenarios, in which viewp oints and/or

observed p oints are moving on the terrain surface, give the most complicated situations

§

§

§ §

§

§ discr ete visibility mo del

discr ete visibility pr oblems

visibility gr aph in this resp ect. All such problems are likely to b e quite complicated, and algorithms to

resolve them are likely to b e b oth time and memory consuming. Indeed, not only do they

involve a large amount of information ab out visibili ty

, but also their inherent computational

complexity is rather high. F or this reason, most attempts to give them practical solutions

are based on heuristics.

A p ossible way to reduce the input size of visibil i ty problems is to restrict the sets

of viewp oints, or observed p oints, or b oth, to some discrete lo cations distributed on the

terrain surface. A mo del that enco des information ab out mutual visibil ity only for a finite

set of representative p oints is called a . The use of a discrete mo del,

though limited to an approximate view of the terrain, is common practice in the context of

most applications: for example, any mo del based on the pixel-to-pi xel visibil ity in gridded

elev ation mo dels is indeed a discrete visibil ity mo del. Line-of-sight problems treated in such

a framework are called .

Discrete visibi li ty problems can b e formalized as graph problems on a structure called a

, enco ding the mutual visibili ty b etween pairs of representative p oints. The

huge existing literature on graph algorithms can b e exploited to find effective solutions for

discrete visibil ity problems. Some visibil i ty problems exhibit very high computational com-

plexity even under the discrete formulation: in order to solve such problems, approximate

graph algorithms can b e often applied successfully in practice.

A natural question in this resp ect is whether using general to ols from the theory of

graph algorithms is indeed a v alid approach to the solution of discrete visibil ity problems.

Being a mature field, with an enormous numb er of applications, the literature on graph

algorithms generally offers to ols that are effective and efficient not only in theory

, but also

in practice. On the other hand, one might argue that p ossibly different techniques could

result in more efficient line-of-sight problems. In this pap er we try to give an answer to this

question b oth by setting some theoretical results, and by showing that graph algorithms

can b e effectively applied in resolving discrete visibili ty problems.

Given a (sufficiently complex) discrete visibil ity problem that can b e formalized as a

graph problem, theoretical results presented in 3 can b e informally summarized as follows:

1. if an optimal solution is known for the graph problem, it is an optimal solution also

for the visibi li ty problem;

2. if the graph problem is intractable, also the visibil ity problem is intractable;

3. if approximate/sub optimal algorithms for the (intractable) graph problem are known,

which give solutions within some b ound from the optimal solution, such algorithms

and b ounds also apply to the visibil ity problem.

On this basis, we give some practical rules for handling visibili ty problems through graph

algorithms, and in 4 we describ e their application to some visibil ity problems of practical

interest.

Preliminaries on terrain visibili ty and algorithm reduction are given in 2.1 and 2.2,

resp ectively

. In 5 we add some remarks on the practical use of discrete visibil ity techniques.

Op en problems and concluding remarks are finally outlined in 6.

1

1 k i

k

{ | ∈ }

•

{ }

•

{ }

⊂

2 Preliminaries

2.1 T errain visibilit y

2.1.1 T errain mo dels

–

– σ f

D

σ x, y , f x, y x, y D .

f

D

R , , R f R i , , k

D

D

f

f

P X , , X

f P D top o gr aphic surfac e terr ain

overhangs

p olyhe dr al terr ain

T riangulate d Irr e gular

Networks (TINs)

gridde d elevation mo del Digital

Elevation Mo del

stepp e d mo del

discr ete gridde d mo del

pixels

In this section we give a formal definition of terrain and terrain visibil ity . W e review the

main terrain mo dels considered in the literature, and we consider computational issues

ab out computing and storing visibil ity information for such mo dels.

A (or ) is the image of a real biv ariate function defined over

a domain in the Euclidean plane:

= ( ( )) ( )

It should b e noticed that this definition do es not allow , which are rare, though

sometimes present in natural terrains.

Two classes of top ographic surfaces are of sp ecial interest from a computational p oint

of view:

A is the image of a continuous piecewise- li near function . A p oly-

hedral terrain can b e describ ed on a partition of the domain into p olygonal regions

. . . such that the image of over each region ( = 1 . . . ) is a pla-

nar patch. The most commonly used p olyhedral terrains are

, in which all regions are triangles.

A (often identified with the more general term of

) is usually defined as follows:

a domain is sub divide d into regular rectangular (or square) regions induced

by a regular grid over ;

the top ographic surface is the image of a function that is either bilinear or

constant over each region: in the bili near case is continuous, while in the

constant case there are discontinuities along the b orders b etween adjacent regions

(this latter mo del is also called a ).

The shap e of regions and the functions used over each region are not the only difference

b etween p olyhedral and gridded mo dels. In common practice, while p olyhedral terrains are

always manipulated consistently with resp ect to their definition, gridded mo dels (esp ecially

stepp ed mo dels) are more often treated as discrete mo dels. A is a

gridded mo del in which each region is considered as an atomic entity: no distinction can b e

made b etween different p oints lying in the same region. Regions are usually called ,

for analogy with digital images, and the prop erties of terrain (e.g., elev ation, slop e, etc.)

are given by enumeration at all pixels. Hence, if = . . . is the set of all centroids

of pixels in a gridded mo del, the corresp onding discrete mo del can b e formally defined as a

restriction of function to finite set .

{

3

∈ ×

×

×

×

×

{ } ×

2.1.2 Visibility mo dels

true

false

true

true v

o v o

v v o o

v v v v v o o o o o

σ

σ v o v o

v o

v o

σ v o v o o v

σ

v o σ

σ v o v o

σ

σ

σ

σ v v

σ o o

σ v

v

P Q σ Q

P P Q

P

Q

σ h

h h h

σ f D

x , y , x , y D D

x , y , f x , y h x , y , f x , y h

v D D

v X , X

X , X σ

X X

h h

v X , X X X X X

v

h h v

v X , X X X

σ v

σ v D D

v

v S D S

v D S S

v X D

X line-

of-sight

visibility function

viewp oint observe d p oint

se es is visible

mutual ly visible

visibility mo del

c ontinuous visibility mo del

semi-c ontinuous visibility mo del

viewshe d

Intuitively

, given two p oints and on a top ographic surface , we say that is visible

from if an observer standing at can see an ob ject placed at . In the literature, there

are different assumptions ab out the fact that the observer at or the observed ob ject at

or b oth can stand at a certain height ab ove terrain. F or the purp ose of this pap er, let us

assume that any observer on stands at a height ab ove the terrain, and any observed

ob ject stands at a height ab ove the terrain, where and are two fixed non-negative

numb ers. Scenarios in which the height of observers or ob jects can b e v ariables in a visibil i ty

problem are out of the scop e of this pap er, and are left out of our discussion intentionally .

Given a top ographic surface defined by a function over a domain , the oriented

for a pair of p oints (( ) ( )) is the straight-line segment joining

p oints ( ( ) + ) and ( ( ) + ) of I

R . A Bo olean

is defined on as follows:

( ) = if no p oint of the line-of-sight of ( ) lies b elow

otherwise

In the definition ab ove, is called a , and is called an . A more

robust and conserv ative definition of visibili ty would require that the line-of-sight do es not

touch the terrain except at its endp oints. On the other hand, in this case a pair of p oints

lying on the same face of a p olyhedral terrain could not b e considered mutually visible for

= = 0: as this would b e against intuition and common practice, we have adopted a

less restrictive definition.

If ( ) = we informally say that , and from .

In general, function is not symmetric, i.e., it is p ossible that a p oint sees another

p oint without b eing visible from it in turn (see Figure 2d). If = then is symmetric:

in this case, if ( ) = we say that and are .

A for is a computational framework that p ermits to ev aluate over

either its whole domain, or a p ortion of it. In the following we outline three different classes

of visibili ty mo dels, which can can b e suitable for different visibil i ty problems.

A for enco des over the whole domain . In principle,

complete knowledge of would b e necessary to give an exact solution to many imp ortant

problems. Although continuous visibil i ty mo dels exist, they are inherently to o exp ensive in

terms of combinatorial complexity to b e of practical interest (Gigus et al., 1991, Agarwal

and Sharir, 1994).

A enco des over , where is a finite set of

viewp oints. The case in which is represented over , where is a finite set of

observed p oints, is completely analogous, and it is also called a semi-continuous visibil i ty

mo del. Such a mo del is suitable, and can b e used in practice, for all applications in which

p ossible viewp oints (or observed p oints) can b e fixed a priori. In the literature, different

techniques and data structures have b een prop osed to compute and to store efficiently a

restriction of to any domain , i.e. a continuous mo del of visibili ty from a single

viewp oint , commonly known as the (see (De Floriani et Magillo, 1994) for a

survey). A semi-continuous visibil ity mo del can b e obtained as a collection of continuous

×

∪

{ ∈ × | }

⊂

§

•

•

•

×

∈ × true

2.1.3 Computational issues v

v o

σ v o v o

v v v o

v v o v o σ v o

σ v o

v o

v o

v v

o o

v v o

v o

v o v o

S

S S

v S S S S

G S, E S S S

E X , X S S v X , X .

v h h

S

P

S S P

S P S P

m σ

n S

n S

m D

O m m

G n n

O n n

X , X S S discr ete visibility mo del

visibility gr aph

r epr esentative p oints

visibility matrix viewsheds for all p oints of .

When b oth sets of viewp oints , and of observed p oints are finite, a mo del describing

on is called a . Note that the two sets and need

not necessarily b e disjoint, and can even b e coincident. A discrete visibili ty mo del can b e

represented by a graph = ( ), called the , where = , and

= ( ) ( ) =

The arcs of the visibil ity graph are directed if is non-symmetric; for = arcs are not

directed. In the rest of the pap er, we will refer to set , containing b oth viewp oints and

observed p oints, as the set of .

Note that discrete gridded terrain mo dels admit only discrete visibil ity mo dels, since

their domain is always finite. Let b e the set of pixels of a discrete gridded mo del: a

visibil ity mo del in which = = is a discrete approximation of a continuous visibil i ty

mo del; a visibili ty mo del in which and = is a discrete approximation of a

semi-continuous visibil ity mo del. This remark implies that whenever a visibil ity problem is

studied in the framework of a discrete terrain mo del - which is often the case in common

practice - its formulation is intrinsicall y discrete.

A numb er of efficient algorithms and data structures have b een develop ed in the literature

for computing and storing visibil ity mo dels. Most literature deals with either continu-

ous viewsheds or discrete visibil i ty

. In general, the case of p olyhedral terrains is more

complicated than the case of gridded mo dels, and it requires sophisticated computational

techniques and data structures.

Here, we concentrate on discrete visibil ity mo dels. In 2.2 formal definitions of time

complexities and related notation are given. W e ev aluate the complexities in terms of three

parameters:

the numb er of parameters needed for describing terrain ;

the numb er of viewp oints in ;

the numb er of viewp oints in .

F or the case of p olyhedral terrains, is the numb er of vertices in the sub divisi on of into

p olygonal regions: it is known from the Euler formula that the numb er of edges and regions

in the sub division are b oth in ( ). F or the case of gridded mo dels, is the numb er of

regions (pixels) in the grid.

A discrete visibili ty mo del can b e easily enco ded through the adjacency matrix of the

visibil ity graph , called the . The visibil ity matrix is a matrix of

Bo olean v alues, hence involving an ( ) storage cost. The visibili ty matrix can b e built

by computing the visibil ity for any p ossible pair of p oints ( ) .

3

2

5

2

×

√

√

√

√

• { } ×

• × v v o

v o v o

v o v

v

v

v o

v

v o

v v o

v o

v o

v discr ete viewshe d

c omplete discr ete visibility mo del

G O n n m

n n S S

O m σ

D

O m

O n n m n mα m m

α

X

O mα m m X

O m O n n m

n

X X O m

G O n n m

X X

O m

S S

P

X P

O m

P P

O m

O m

In the case of p olyhedral terrains can b e computed trivially in ( ) with a brute

force algorithm that tests all p ossible lines-of-sight b etween pairs of p oints of

against all ( ) edges of that can p ossibly interrupt a line-of-sight. The pro jection of

each line-of-sight on the domain is considered, and all edges of the sub division are tested

for intersection. A line-of-sight is interrupted if and only if the terrain surface lies ab ove

it at least at an intersection p oint. A practical sp eedup technique consists in tracing the

pro jected line-of-sight through the triangulation: starting at the first triangle intersected in

the proximity of an endp oint, the line is traced by moving through adjacent triangles to the

other endp oint. In this way

, the cost of tracing is equal to the numb er of edges intersected,

plus the lo cation of the first triangle. Athough the p erformance do es not improve in the

worst case, in practice the average cost p er line-of-sight will b e of ( ).

This time complexity in the worst case can b e reduced to ( log + ( ) log )

time, where () is the extremely slowly growing functional inverse of Ackermann’s function.

Such a time complexity is achieved by using a sophisticated technique for ray sho oting

describ ed in (Cole et Sharir, 1989). Indeed, for each viewp oint it is p ossible to build

a structure in ( ( ) log ) time that p ermits to test the visibi li ty from to any

arbitrary p oint in (log ) time: hence, all lines-of-sight can b e tested in ( log )

time after computing such structures.

In the case of gridded elev ation mo dels computing visibil ity is an easier task, b ecause

the regularity of the underlyin g grid can b e exploited. The straight-line segment joining

a viewp oint to an observed p oint can intersect at most ( ) edges, which are

easily found by traversing the grid. Hence, can b e computed in ( ) time by the

brute force algorithm outlined ab ove. In principle, it is p ossible to apply the ray sho oting

technique mentioned ab ove also to gridded mo dels, by achieving the same asymptotic time

complexity

. However, this is to b e considered more a theoretical than a practical p ossibili ty ,

since simple algorithms that can exploit the regularity of the grid usually b eat in practice

sophisticated computational geometry algorithms.

Note that in the case of discrete gridded mo dels and are actually identified

with the pixels containing them: the visibil ity is tested by scanning the digital straight-line

segment that joins such pixels, and by testing the elev ation of the line-of-sight against the

elev ation of terrain at each pixel of such a digital line. The digital line segment can involve

at most ( ) pixels, thus yielding the same time complexity as ab ove.

Since discrete visibil ity mo dels built over discrete gridded terrain mo dels are often used

as approximations of continuous visibil ity mo dels, we also outline results that follow directly

from the ab ove analysis in the sp ecial cases when and/or coincide with the whole set

of pixels :

the (i.e., a visibil i ty mo del on ) can b e computed in time

( );

the (i.e., a visibil i ty mo del on ) can b e computed

in time ( ).

An approximation of a discrete viewshed can also b e obtained in ( ) by computing the

running maximum of the tangent of the line-of-sight b etween the viewp oint and each of the v v o

n f n

g n

2

( )

( )

0 0

0 0

→∞

A→B B →A

A A→B A B

B B B →A

B A A

A B

2.2 Basic notions of algorithm complexit y

time c omplexity

asymptotic time c omplexity

√

∈

• { | ∃ ≤ ∀ ≥ }

• { | ∈ }

• ∩

• { | ∀ ∃ ∀ ≥ }

• { | ∈ }

A B A ∝ B

A B

A

B

B

A

A B

A

A

2.2.1 Reduction and equiv alence of algorithms

I O

I

O

A A

O m

D

O m

G m n n

f n

f n

g n

f n c c

c

O f n g n c, n g n cf n , n n

f n g n f n O g n

θ f n O f n f n

o f n g n c, n cg n < f n , n n

ω f n g n f n o g n

I I I

O I

O O I

( ) pixels lying on the b order of the gridded mo del: a single scanning of the pro jection

of each line-of-sight on is sufficient to determine the visibili ty of each pixel along it. This

result on time complexity follows from the fact that any pixel in the grid is intersected by

some such line. By using the same approach, an approximation of the complete visibil i ty

mo del is obtained in time ( ). See (T eng, 1993) for details on this technique.

In the rest of the pap er we will deal with discrete visibi li ty mo dels while remaining

generic ab out the terrain mo del on which they are computed. However, we will assume

that it is always p ossible to compute in a time p olynomial in , , and .

W e briefly review some basic notions necessary to the rest of the pap er. F urther details on

this sub ject can b e found in (Garey et Johnson, 1979, Preparata et Shamos, 1985, Cormen

et al., 1990).

The ( ) of an algorithm is the amount of time sp ent by the algo-

rithm to get to its end, where is a function and is the size of the input of , namely the

cardinality of the input set. The ( ) is a function asymptot-

ically prop ortional to ( ), namely such that lim = , for some I

R such that

= 0. The following notations are used to allow for rigorous statements:

( ( )) = ( ) : ( ) ( )

Ω( ( )) = ( ) ( ) ( ( ))

( ( ) = ( ( )) Ω( ( ))

( ( )) = ( ) : ( ) ( )

( ( )) = ( ) ( ) ( ( ))

Informally

, a generic problem reduces to another problem (denoted ) if it

is p ossible to find a solution to by resolving . More formally

, the reduction can b e

characterized through the existence of two algorithms and of input and output

conversion, resp ecively

, satisfying the following requirements:

1. Given an input for problem , algorithm converts into an input for

problem .

2. If is the solution of problem for input defined as ab ove, algorithm

converts into the solution of problem for input .

These requirements are summarized in the commutative diagram depicted in Figure 1,

where symb ols and denote two virtual algorithms for resolving problems and ,

resp ectively

, and arrows denote the application of algorithms.

T

I

O

A→B

B →A

I I

O O

T

T

T

T T

T

T T T

A B

A B

A B

A→B B →A

A→B

B

A→B B

A

A→B A A→B

− →

↓ ↓

← −

A B

A

B A ∝ B

• A B

B A

• A A

B B −

A ∝ B B ∝ A

A B

B

A A

B

B

B

§

A A

I O

2.2.2 NP-complete problems and approximate solutions c omputational c ost

upp er b ound via r e duction

lower b ound via r e duction

e quivalent

NP-c omplete

NP-har dness

Figure 1: Problem reduces to problem if the diagram is commutative.

The of reduction is the sum of the worst-case time complexities of

algorithms and . W e will denote the fact that problem can b e reduced to

problem at cost by .

Reduction is common practice in complexity theory

, with two main purp oses:

: if problem can b e reduced to at a cost , and if

problem can b e resolved at a cost , then problem can b e resolved in at most

+ time.

: if problem has a lower b ound , and if can b e reduced

to at a cost , then problem has a lower b ound of at least .

If and , and the costs of b oth reductions are smaller than the computational

complexity of any of the two problems, then the computational complexities of and

are coincident, and the two problems are called . This means that an efficient

algorithm resolving one of them can b e used to resolve efficiently the other one (through

input/output conversion).

An imp ortant class of problems that are computationally intractable in practice is the class

of problems. The theory of NP-completeness is fairly complicated, and the

general question on whether NP-complete problems can b e solved in p olynomial time is

one among the most famous op en problems in theoretical computer science. It is not our

purp ose here to give thorough and formal notions ab out this theory ((Garey et Johnson,

1979) is an excellent reference for this). F or practical purp oses, the NP-completeness of a

problem implie s that there is no hop e of finding an algorithm able to solve it in reasonable

time for any dataset of relev ant size.

A classical metho d for proving that a problem is NP-complete consists in finding

another problem that is known to b e NP-complete, and such that can b e reduced to

at a cost that is p olynomial in its input size. Actually

, algorithm reduction only proves

the of . In order to prove its NP-completeness it is also necessary to show

that any guessed solution for can b e tested to b e a true solution in p olynomial time.

This part of the pro of is usually straightforward, and has no relev ance for the purp oses of

this pap er. W e omit these details in order to keep the theoretical background needed to

read the pap er as light as p ossible. Nevertheless, we insist in sp eaking of NP-completeness

rather than NP-hardness b ecause this is indeed the case in the examples we discuss in 4.

V

V

∪

≤ ≤

V

G

G

G v v o o

v o

o v o v c ombinatorial structur e S

S

S S

S

σ m

S n S n σ

S S S S

n n , n n n n

S

G n

G

G

3 Reducing discrete visibilit y problems to graph problems

In spite of their intractability

, NP-complete problems arise quite often in practical ap-

plications. A practical approach to their solution is based on heuristics. Some heuristic

algorithms for NP-complete problems provide an exact solution, but they cannot warrant

any time b ound: they are just designed using “clever” strategies that “hop efully” can find a

solution in a short time. Some other heuristic algorithms admit a reasonable upp er b ound

in their running time, but they do not necessarily provide a true solution.

Quite often NP-complete problems involve optimization, i.e., they ask to minimize some

cost under given constraints: for such problems it is sometimes p ossible to find sub optimal

algorithms that warrant a solution satisfying the constraints, and whose cost is within some

known b ound from the cost of the optimal solution. Whenever such algorithms are av ailable,

they should b e preferred to heuristics b ecause they can give b etter guarantees on the quality

of their results.

Some visibil ity problems can b e studied and resolved in a simplified context that do es

not require knowledge of a complete visibil ity mo del. Here, we rather deal with visibil i ty

problems that are likely to b e characterized by a high computational complexity (e.g.,

problems involving some optimization in placing ob jects or moving on the terrain). In the

context of this section, we will remain generic ab out the visibil ity problem considered, by

simply requiring that it must b e complex enough, in its formulation and solution, to need

information enco ded in the visibil ity graph. W e will investigate how the complexities of

such kind of problems and of their corresp onding graph problems may b e related, and how

such relations can b e exploited to find efficient solutions to discrete visibil ity problems.

Let us call a of the elements of a set of p oints any structure that

is finitely describable on the sole basis of the p oints of considered as set elements, while

disregarding their geometric structure (e.g., a subset of , an ordering of elements of ,

a graph having the p oints of as no des, etc.). A generic discrete visibil i ty problem is

characterized by the following requirements:

v1. The input of is expressed in terms of a terrain , describ ed by parameters, a

set of viewp oints, and a set of observed p oints on , plus, p ossibly

, any

combinatorial structure based on the elements of = . The cardinality of

is denoted by , where max( ) + .

v2. The output of is a combinatorial structure of p oints of .

A generic graph problem is characterized by the following requirements:

g1. The input of is describ ed by a (p ossibly directed) graph having no des, plus,

p ossibly

, any combinatorial structure based on the no des of .

g2. The output of is a combinatorial structure of no des of .

2

V V

V

V

V

V V

→ u d

u d

u

u d

d u

d

v

v

v

v

n

v o

v o

n

n

n

Remark 3.1

Lemma 3.2

Pro of:

G G

G G

G

G G

G G

G

V V

G V G

G

V

V G

G

V V

G G

×

§

G

G

G

G N , A n

S N σ G σ

S S G S σ n

S σ N

n

ε

n

h h

h > h

P Q A

h Q

ε

h

P Q

L et b e a gr aph pr oblem define d for undir e cte d gr aphs and let b e a version

of the same pr oblem for dir e cte d gr aphs. Pr oblem always r e duc es to in a time line ar

in the input size of .

tr anslation

Given any dir e cte d gr aph with no des, ther e exists an emb e dding

of the no des of on a terr ain , such that the visibility gr aph for r estricte d to

is isomorphic to . Mor e over, and c an b e found in time O( ).

W e will often consider graph problems in their directed version. Results on the com-

plexity of the same problems in their undirected version can b e always used, as stated in

the following remark, whose pro of is straightforward:

Polynomial (linear) reduction b etween and is useful whenever a pro of of NP-

completeness is needed for . Indeed, if NP-completeness has b een proved for , it holds

also for .

Let b e a generic discrete visibil ity problem. Requirements v1 and v2 imply that

can b e always reduced to a problem on the visibili ty graph . Reduction of to is

straightforward, since the input conversion algorithm will just consist of the computation

of , while can b e defined in such a way that its solution will b e coincident with

the solution of , thus making the output conversion trivial. Since such a reduction is so

simple, we will call it a of into . Despite its conceptual simplici ty

, note

that translation implies the cost of computing , which can b e quite exp ensive. This fact,

suggests that we should use translation only for visibil ity problems that are sufficiently

complex, i.e., that may need complete information ab out the discrete visibi li ty mo del in

order to b e resolved.

Can we use knowledge ab out to state anything ab out the computational complexity

of ? In the following, we give results that help setting a lower b ound for on the basis

of , provided that the complexity of is not to o small. W e consider here the case of

non-symmetric visibil ity

, i.e., when the visibil ity graph is directed. It is straightforward to

derive the same results for the symmetric case.

= ( )

The emb edding and the surface can b e built by first placing the no des of

at the vertices of a regular p olygon with sides inscrib ed into a circle with radius one,

and then by placing suitable cones on the flat plane, whose purp ose is to prevent visibil i ty

by interrupting a line-of-sight. Each cone has a base circle of radius , dep endin g on the

numb er of vertices.

Let and b e the fixed height of viewp oints and observed p oints, resp ectively

, as

defined in 2.1.2, with . Initiall y

, all pairs of vertices are mutually visible (see Figure

2b). In order to obtain the desired visibil ity graph, we now interrupt a line-of-si ght from a

p oint to a p oint , whenever it do es not corresp ond to an arc of , through a cone of

height placed near (see Figure 2c).

It is easy to find, by elementary geometry

, a suitable v alue of , a suitable lo cation for

the obstructing cone, and a suitable height for the cone in such a way that no line-of-si ght

except is interrupted, and that different cones do not overlap. Namely

, the p osition

(a) (c) (b)

ε

(d)

hv ho hn

A A A

C

B B B

C C D D D

E E E n

P Q