∗

†

{ }

∗

†

Abstract

1 Intro duction

2 The Multi-T riangulation

Building and T ra v ersing a Surface

at V ariable Resolution

Multi-T riangulation

Multi-T riangulation

(MT)

Multi-T riangulation

Address: Via Do decaneso, 35 – 16146 Genov a, IT AL Y. Email:

deflo,magillo @disi.u nige.it

Address: Via de Marini, 6 (T orre di F rancia) – 16149 Genov a,

IT AL Y. Email: pupp o@ima.ge.cnr.it

Leila De Floriani, Paola Magillo

Dipartimento di Informatica e Scienze dell’Informazione – Universit` a di Genov a

Enrico Pupp o

Istituto p er la Matematica Applicata – Consiglio Nazionale delle Ricerche

W e consider the , a general mo del for

representing surfaces at v ariable resolution based on trian-

gle meshes. W e analyse characteristi cs of the mo del that

make it effective for supp orti ng basic op erations such as ex-

traction of a surface approximatio n, and p oint lo cation. An

interruptib le algorith m for extracting a representation at a

resolution v ariable over the surface is presented. Different

heuristics for build in g the mo del are considered and com-

pared. Results on b oth the construction and the extraction

algorithm are presented.

Multiresol uti on geometric mo dels supp ort representation and

pro cessing of spatial entities at different levels of detail.

Such representations have received recently a lot of atten-

tion b ecause of their p otential impact on applicati ons, such

as terrain mo delin g in geographic information systems, sci-

entific data visual izati on , and virtual reality

. A ma jor ap-

proach to multiresol uti on mo deling is based on a cellular

decomp ositi on of the spatial entity involved : the underlyi ng

idea is that the accuracy in the representation is somehow

prop ortiona l to the numb er of cells in the sub divi si on. In

this pap er, we fo cus on multiresolu tion representations of

surfaces, based on simplici al domain decomp ositi on.

In the last few years, a numb er of multiresol uti on sur-

face mo dels have b een prop osed in the literature that sup-

p ort compact enco ding and fast access to a high numb er

of representations, whose level of detail is p ossibly v ariable

across the surface domain [3, 5, 6, 10, 13, 16, 17]. Many such

mo dels were original l y designed to represent terrain surfaces,

though all of them, but [6, 16 ], can b e generali zed easily to

free-form surfaces emb edded in the three-dimension al space.

In [7, 18], we have shown that existing multiresol uti on mo d-

els can b e viewed as sp ecial cases of the

, a general mo del intro duced in [17], which will b e

reviewed, and extended to free-form surfaces in Section 2.

Therefore, many general prop erties of multiresol uti on sur-

face mo dels can b e studied on the MT, and the results can

b e extended to all other mo dels.

Here, we consider two basic spatial op erations on a mul-

tiresoluti on surface mo del, namely: extraction of a repre-

sentation of minimum size at a resolution v ariabl e over the domain, according to a predefined threshold function; and

p oint lo cation at v ariabl e resolution. It is well understo o d

that the efficiency of such op erations dep ends on the char-

acteristics of the mo del and, thus, on the underlyin g con-

struction technique.

A ma jor contribution of the pap er is to prop ose, analyze

and exp eriment different algorithms to construct an MT.

The core of such an algorith m is the technique used to pro-

duce p olyhed ral approximati ons of the underlyi ng surface

based on suitably selected subsets of the data p oints. The

general problem of finding a p olyhedral surface of minimum

size that approximates a dataset within a given threshold

is known to b e NP-hard [1]. In the literature, we can find

heuristics, mostly based on an error-driven simplifi catio n ap-

proach, that are empirical ly go o d, i.e., they highly reduce

the size of the mesh needed to achieve a given accuracy

, while

they do not guarantee go o d theoretical characteristics for

the resulting structure, which are necessary to achieve go o d

complexity b ounds for the two basic op erations. On the

other hand, construction techniques that pro duce a theoret-

ically efficient structure may need considerabl y more p oints

to achieve a given accuracy .

Thus, we can see a trade-off b etween practical p erfor-

mance, as data compression to ols, and theoretical efficiency .

Here, we analyse some heuristics which try to overcome such

a problem by combini ng an error-driven approach with a cri-

terion that maintains the resulting structure well balanced .

W e analyze and compare such heuristics with techniques

that try to optimize either only on the numb er of p oints

necessary to achieve a certain accuracy

, or only on the the-

oretical efficiency of the resulting multiresol uti on structure

for extraction and searching.

W e also describ e a new algorithm for extracting a rep-

resentation at v ariable resolution from an MT, which is in-

terruptible, i.e., it converges towards an optimal solution by

finding b etter and b etter approximati ons: this algorithm is

esp eciall y suited for real time applicati on s, since it allows

an applica tion to dinamica ll y set the level of detail used in

rendering according to time constraints.

The (MT), is a triangle-b ased multires-

olution decomp ositi on that has b een intro duced in [17]. In

its original definiti on, an MT is based on a collecti on of lo-

cal up dates of an initi al triangulati on of a plane domain,

arranged according to a partial order. Consistent subsets

of the lo cal up dates can b e combined to obtain triangula -

tions at different resolution s. Here, we extend the mo del

∈

S

D

S

D v

x t

1 2 1 2

1 2

3

3

∈

M N A

∈ N

∈ N

A

∈ N

M

M

M

M

M

M

M M

M

M

M

M M

S

S

S

→

D

≥

D

M

•

M

•

M t , t t t

t t

,

n

n

n

n xy

v d v ,

v v

d v , E r r t

t

t E r r t

xy

t E r r t

v

v t

τ

τ

t τ x E r r t

τ

τ

τ

p

τ p

τ

3 Polyhedral Surfaces at V ariable Resolution

4 Spatial Op erations on an MT

4.1 Extraction of a triangulation at v ariable reso-

lution triangle mesh

size

Multi-T riangulation

sour c e

dr ain

cuts

minimal

maximal

ab ove b elow

incr e asing

line ar gr owth

lo garitmic height

b ounde d width

surfac e

triangulate d appr oximation distanc e

terr ains

fr e e form surfac es

thr eshold function

variable-r esolution extr action

variable-r esolution p oint lo c ation to represent generic meshes of triangles emb edded in three-

dimensio nal space, and we give an equiv alent graph-based

definitio n that is more intuiti ve and directly reflects the data

structure used to enco de the mo del.

A is a set Σ of triangles emb edded in the

three-dimensi onal space such that, for each pair of triangles

Σ, either and are disjoint, or their intersection

is an edge or a vertex common to and , and such that

the union of all such triangles form a manifold surface. The

of a mesh is the numb er of its triangles.

A (MT) is describ ed by a directed acyclic

graph (DAG) = ( ) such that:

1. there is a unique no de without incom-

ing arcs, and a unique no de without

outgoing arcs;

2. every arc in is lab eled with a set of triangles ;

3. for every no de , the unions of triangle sets which

are lab els of the arcs entering and emanating from ,

resp ectively

, form two connected triangle meshes with

the same b oundary;

4. the set of triangles corresp ondi ng to any cut of that

separates the source from the drain is a triangle mesh.

Prop erty 4 is esp eciall y imp ortant b ecause it relates tri-

angle meshes at v ariabl e resolution to in the directed

acyclic graph. The mesh defined by the cut of arcs ema-

nating from the source is called the mesh of ,

and denoted by Σ . The mesh defined by the cut of arcs

entering the drain is called the mesh of , and

denoted by Σ . Each internal no de of can b e viewed

as a lo cal up date op eration that replaces triangles lab eli ng

its incoming arcs with triangles lab eli ng its outgoing arcs.

Figure 1 depicts the DAG describing an MT in the plane,

the lo cal up dates corresp ondin g to each no de, a cut and the

corresp ondi ng mesh. A cut separates the no des of into

two connected comp onents; for convenience, we call no des

the cut, and no des the cut, the no des of the

comp onent containing the source and the drain of , re-

sp ectively .

An MT is if for any internal no de of the

numb er of triangles lab elon g its outgoing arcs is larger than

the numb er of triangle s lab elin g its incoming arcs. In an

increasin g MT, the minimal mesh has the smallest size, and

the maximal mesh has the largest size, among all meshes

defined by cuts. In practice, the size of a mesh increases as

the cut moves from the source to the drain. In the remainder

of the pap er, we always consider increasing MTs.

An increasin g MT has a if for each cut in

, the ratio b etween the numb er of arcs in the comp onent

ab ove the cut, and the size of the cut itself is b ounded by a

constant. An MT has a if the maximum

length of a path from the source to the drain is logarithmi c in

the numb er of the arcs of . An MT has

if the maximum numb er of arcs emanating from a single

no de is b ounded by a constant. Linear growth, logaritmic

height, and b ounded width are imp ortant features for the

efficiency of traversal algorith ms on an MT.

W e consider a as a compact, connected, orientable

2-manifold, p ossibly with b oundary

, emb edded in I

R . A

of a given surface is a triangle

mesh Σ, which preserves the top ological typ e of and is geometricall y “close” to with resp ect to some criterion for

measuring distances.

The b etween a surface and its triangulated ap-

proximation may b e measured in different ways, dep ending

on the sp ecific applicati on. W e considered meshes repre-

senting built from a discrete set of sampled data

p oints by defining a triangulati on of their pro jections,

and meshes representing acquired through

scanner equipments. F or terrains, a mesh interp ol atin g all

data p oints is assumed to have zero error, and the error of

a generic mesh is ev aluated as the maximum vertical dis-

tance b etween the mesh and a data p oint. F or free form

surfaces, the acquired mesh is considered to have zero error.

The error of a generic mesh is estimated as follows: for each

vertex of the original mesh, its distance ( Σ) from the

approximati ng mesh Σ is ev aluated as the distance b etween

and the nearest p oint of Σ to ; the error of Σ is defined as

max ( Σ). An error v alue ( ) is also asso ciated with

each triangle of a mesh Σ, obtained from a distance esti-

mation restricted to . F or terrains, ( ) is computed by

consideri ng only those data p oints whose pro jection lies

in ; for free form surfaces, ( ) is obtained by taking into

account only those original vertices such that the nearest

p oint of Σ to b elongs to triangle .

Given a : I R I R , an approximated

mesh Σ for dataset is said to satisfy if for every triangle

of Σ we have min ( ) ( ). The simplest situa-

tion o ccurs when is constant; another interesting class of

threshold functions, useful in the visual iza tion of large ob-

jects (e.g., terrains, build in gs, ships, planes, etc...) require

an accuracy that decreases according to the distance from a

given viewp oint.

F or practical purp oses, it is imp ortant to b e able to find

efficiently an approximated mo del whose accuracy satisfies

a given threshold, and which is likely to have a small size.

In the remainder of the pap er, we only consider triangul ated

approximati ons that corresp ond to cuts of an increasin g MT,

whose triangles have vertices at p oints of a dataset . In

practice, the accuracy of a triangula ted approximation in-

creases with the numb er of triangles comp osing the mesh.

Thus, approximati ons of the surface at increasing accuracies

are obtained through cuts of an increasi ng MT lo cated pro-

gressively farther from the source. The p ossibi li ty of using

arbitrary cuts allows us to lo call y adapt the resolution to an

arbitrary threshold .

The p ower of a multiresol utio n mo del is related to its capa-

bility of supp orting spatial op erations at v ariable resolution .

In [7] we outlined some of the basic op erations that may b e

imp ortant in the applicati ons. Among those, we consider

here two fundamental op erations on an increasi ng MT :

, i.e., finding the smallest

mesh made of triangles of that satisfies a given

threshold function ;

, i.e., finding the coars-

est triangle of that contains a given query p oint ,

and whose error is smaller than a given threshold ( ).

The problem of v ariable-reso lu tion extraction is equiv alent

to finding a minimum cut of the MT, such that its corre-

sp onding triangulati on is satisfies a threshold (see Figure

nS n1 n2 nD

n5 n4

n3 n6 n7

a b h c d e f i p q l r s t u m g on

n4 n5 n6 n7 n3 n2 n1

nS nD

a b c d e f g h i l m n o p q r s t u nS nD n

nS nD