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Abstract

In these notes we study the explicit form of the minimizer of the functional obtained
adding a penalty term to the expected risk. Our study provides a quantitative version of
the well known representer theorem and hold both for regression and classification under

very mild and natural assumption.

1. Definitions

We assume that the pair (x,y) is in Z = X x Y, where X is a compact subset of R¢ and Y’
is a compact subset of R (for regression Y = [a, ], for binary classification Y = {—1,1}).
We assume that Z is endowed with a probability measure p that can be decomposed in the
following way p(y,x) = v(x)px(y), where v(x) is the marginal probability measure on X
and px(y) the conditional probability on Y.

Let the hypothesis space H be a Reproducing Kernel Hilbert Space (RKHS) with a
continuous kernel K : X x X — R (Aronszajn, 1950). We recall that H is defined as the

unique Hilbert space of continuous functions on X such that

f(X) = <fa Kx)?—[ ) (1)

where, for all x € X, Kx is the function on X defined by Kx(s) = K(x,s).
The loss function V (y, f(x)) is the price we are willing to pay by using f(x) to predict
the correct label y (see the following for the mathematical properties we assume on V).

Given a function f its expected risk is defined as

1] = /X Vi £G0)dp(ax).

In the following we address the problem of finding the explicit form of the solution of

the problem

in{/ MIFIZ Y, 2
%173{ LT+ A1 (2)
The main result of our study is expressed in the following theorem

Theorem 1 Given A > 0 the problem

inf{ /X VS + AN )



admits a unique solution fy € H given by

1

_ﬁ XxXY

fr= K(s,x)a(y,x)dp(y, x)

where
a(y,x) € (OV)(fa(x),y)

here (OV') is the subgradient of V' with respect to its second argument.

The plan of these notes is as follows. In section 77 we discuss what has already been
done on this subject and the advantages of our work. In section 2 we discuss the hypothesis
that we assume on the loss V. In section 3 we recall some notions from convex analysis
in infinite dimensional spaces. In section 4 we sketch informally the proof of the main
theorem and in section 5 we give the mathematical proof. Finally in section ?? we make

some comments on the obtainded results.

2. Hypothesis

The main mathematical properties of the functional in (2) are direct consequences of the
assumption that we make on the loss function V. In the following we state and briefly

discuss the latter.

Definition 2 A loss function V is a function V : Y x R — [0, 00], s.t.
1. 'V is a measurable function
2.¥YyeY, V(y,-), is a convex function on R

3. Ja,b € 10,400 s.t.
IV (y,w)| < alw]® +b (3)

4. the dependence of V(y,w) on its arguments is either of the form V(yw) or V(w —y).

Remark 3 In condition 3) we assume a square power dependency but with little work the
following results can be obtained for an arbitrary p power dependency (see (Ekeland and
Turnbull, 1983) ).

Let us discuss the last three conditions. The convexity hypothesis on V' is very natural. In
fact if condition 2) holds it is straightforward to check that the functional in (2) is strictly
convex and this turns out to be fundamental to ensure existence and uniqueness of the
minimizer. On the other hand, it is not a restrictive assumption indeed, since it is satisfied

by all the loss functions commonly used.



Condition 3) is a more technical hypothesis we need in order to prove the continuity of
the functional in (2). In fact we recall that in finite dimensional spaces convexity implies
continuity, but this is no longer true as we pass to infinite dimensional spaces. In this case
a possible way to ensure the continuity is to require some Lipschitz-like condition on V. It
is well known that if V' is convex it is locally Lipschitz but in order to ensure continuity
we need some stronger condition. A possibility is to require V' to be globally Lipschitz
(see (Steinwart, 2002)), but this would cut off some very important loss such as the square
one. Condition 3) provides a weaker and hence more general condition and has an intuitive
interpretation. If condition 3) holds V' is locally Lipschitz and the Lipschitz constant grows
at most linearly with the considered interval. This means that we admit loss functions that
have at most a square power dependency on their first argument. Again this allows us to
handle all the commonly used loss functions with the only exception of the exponential loss
function V (y, f(x)) = e %/,

Condition 4) will be useful in the proof of Lemma 10. It is fulfilled by all the loss func-
tions used in practice, in particular the dependence V (yw) refers to the case of classification,

while V(w — y) to regression.

3. Convex functions in infinite dimensional spaces

In this section we recall some results of convex analysis that we will use in the following.
First we give some basic definitions and results. Second we introduce some notions of convex
analysis for integral functionals that will be fundemental to evaluate the subgradient of the
expected risk I[f].

3.1 Basic definitions

We briefly recall some properties of convex functions defined on a Hilbert space H. For a
detailed review see, for example (Ekeland and Turnbull, 1983).

A function F' : H — R is convez if
F(tv+ (1 —tw) <tF(v)+ (1 —t)F(w),

for all v,w € H and ¢ € [0,1] (if the strict inequality holds for ¢ € (0,1), F is called strictly
convex).

The subgradient of F' at point vg € H is the subset of H given by

(OF )y ={w € H|F(v) > F(vo) + (w,v — o)y, Yv € H}. (4)



If F' is differentiable in vg, the subgradient reduces to the usual gradient F’(vg) (Ekeland and
Turnbull, 1983, Prop. 111.2.8) and inequality (4) is the usual definition of convex function

F(v) > F(vg) + (F'(vo),v — vp) .

If H = R?, inequality (4) has a simple geometrical interpretation. A vector (wy,ws) is in

the subgradient if and only if the plane

z = F(zo,y0) + wi(z — o) + w2(y — o)

is under the graph z = F(z,y). In the following we will make large use of the next result.

Remark 4 If F is a convex function on R, then it is continuous (Ekeland and Turnbull,
1983, Cor. I11.1.2), left and right derivatives always exist with F' (x) < F' (x) (Ekeland
and Turnbull, 1983, Prop. I11.2.7), and (OF ), = [F" (x), F', (x)].

We need the following facts extending the linearity, extremality condition and chain rule

properties for the gradient of differentiable functions to the subgradient of convex ones.
Proposition 5 Let F, F| and Fy be convex functions then following facts hold:

a) let Fy and Fy be continuous convex functions on 'H and a,b > 0, then F = aF + bF,

18 convexr and
<8F)U = a(@Fl)v + b(aFg)U;

b) F has a minimum point at v if and only if 0 € (OF),;

c¢) if F is defined on R and w € H, then the function on H
v — F({v,w))
is convex, continuous and its subgradient at vy is given by

[FZ ((vo, w)), F1L ({vo, w))] w.

Proof See Prop. I11.2.9 and Cor. 111.2.1 in Ekeland and Turnbull (1983) for item a),
Prop. I11.3.1 in Ekeland and Turnbull (1983) for item b) and Prop. 111.2.12 in Ekeland
and Turnbull (1983) for item c). |



Remark 6 If F' is a convex continuous function such that

lim F(v) =4oc0.
llvll3g—o00
then F has a minimizer Ekeland and Turnbull (1983, Prop. 11.4.6). If F is strictly convet,

the minimizer is unique.

3.2 Convex analysis for integral functionals

The defintions and results of this section are all taken from (Ekeland and Turnbull (1983),
Section 11.5) with some minor modifications. Let W : Rx X — [0, +oo[ U {+00} be convex
and lower semi-continuous in its first argument, we define the functional Iy : L*(X,v) —

[0, +00] U {400} by
Lif] = /X W(f (%), %)dv(x). (5)

The above functional is known as the Nemitski functional associated to W. It is easy
to prove that I is convex since W (-, x) is convex ((Ekeland and Turnbull, 1983) refer to

Theorem I1.5.1). The following proposition discusses the continuity of Ij.

Proposition 7 If W(-,x) is continuous for allx € X and |W (w,x)| < a|w|? + b(x) for all
x € X and w € R, where a € [0,00[ and b € L*(X,v), then Iy is continuous.

For a proof see (Ekeland and Turnbull (1983), Prop. I11.5.1).
Finally next proposition provides us with a straightforward method to study the subgradient

(91o).
Proposition 8 If there is an element f € L>®(X,v) s.t. Io[f] < oo then for all f €
L*(X,v)

(OIo)(f) = {f* € L*(X,v): f*(x) € (OW)(f(x),%) a.e. [v]}. (6)

For a proof see (Ekeland and Turnbull (1983), Prop. I11.5.3).

Remark 9 Since in our setting X is compact, it follows that in Proposition 7 a constant
is a suitable function b(x) in L'(X,v). A condition of this form will be obtained from our

general hypothesis in Eq. (3).



4. Informal discussion

We now try to sketch the idea behind our main theorem and the main steps in its proof.

First of all we recall that the functional that we have to minimize is defined by

Jif] = /X VTG + A (7)

The idea in order to calculate the minimizer of the above functional is to evaluate its
subgradient (0J)(f) and then set (0J)(f) equal to zero (see Section 3.1). The main

problem is to evaluate the subgradient of the first term

1] = /X Vo )dply.x)

To evaluate the subgradient (0.J)(f) we would like to use the result about the subgra-
dient of the Nemitski functional (see Section 3.2). Roughly speaking, to do this we have to
get rid of the dependence on y and modify the results of Section 3.2 since the functional

we are dealing with is not defined on L?(X,v) but on H. Now the idea is to introduce
W(6x) = | Vi £60)dpely) ®
so that we can rewrite I as
1= [ Vi) = [ W60, x)iv(x)

where we used (8) and the fact that the probability measure p decomposes in p(y,x) =
px(y)v(x). The above functional has exactly the form of the Nemitski functional and we
only have to cope with the passage from L?(X,v) to H, that is we have to pass from the
functional Iy to I. Summing up the main steps of the proof are the following. In Lemma
10 we show that the assumptions we made on the loss function V imply that W satisfies
the condition of Section 3.2. In Lemma 11 we prove the continuity of Iy and evaluate its
subgradient. Finally in Theorem 12 we pass from L?(X,v) to H and evaluate the explicit

form of the minimizer of (7).

5. Proof

Next lemma studies the main properties of the function W.



Lemma 10 The function W : R x X — [0,4+00][ U {+o0} defined by

W(f(%),%) = / V(. £())dpx(y)

Y

has the following properties:
1. Vx e X, W(-,x) is convez.
2. W is a measurable function.

3. W is finite. Furthermore let a,b € ]0,+00[ then the following condition holds:

W (w,x)| < aw|* +b (9)

4. VxeX, W(,x) is continuous.

5. Wi(w,x) = [, Vi(y,w)dps(y)

Proof The first two items are direct consequences of the definition of W and hypothesis
1) and 2) on the loss function V. The fact that 1 is finite is again a consequence of the

hypotheses on V. In fact V is measurable and bounded since
V(y.w)| < alwf +b YyeY,

hence we have that V is integrable since px(y) is finite, direct integration gives the inequality
in item three. The continuity of W is straightforward consequence, by remark 4, of covexity
and finiteness of W (-,x). Let now consider the fifth item. The existence of the left and
right derivatives of V(y,-) and W (-,x) descends from convexity. Furthermore, the stated
equality is the consequence of a standard result about the derivative of an integral, under

the assumption that in a neighborhood of w the following holds
Vily. )l < M(y), M € L'(Y, px). (10)
However in our setting this assumption is always fulfilled since the convexity of V implies
Vi(y,w = 6) < Vi(y.w) < Vi(yw+9),

and hypothesis 4) on the loss function together with compactness of Y assures that V;E (y,w)
are bounded functions of y.
|

Using result from Section 3.2 we now evaluate the subgradient (0Ip)(f).



Lemma 11 Consider the functional Iy : L*(X,v) — [0,+00] U {+oo} defined by

MﬂjAWUMJW@)

The following two statements are equivalent.

1. f* € (9ly)(f)

2. f* € L?(X,v) and can be written as

where

a(y,x) € (OV)(y, f(x)) a.e.[p] (12)

Proof We first observe that the functional
hifl = | W60, x)iv )

is exactly the Nemetzki functional associated to W. We note that due to inequality (9)
above Iy[f] < +oo Vf € L*(X,v). Then from Proposition 7 we have that Iy is continuous.

Furthermore from Proposition 8
fre@h)(f) < [7(x) € (W)(f(x),x), (13)
where f* € L?(X,v). Now from Section 3.1 we know that
(OW)(w, %) = W (w, %), W, (w, )]
then from (13) it follows that 3 ¢(x) € [0, 1] s.t.

Fr) = teWL(f(x),%) + (1= #(x)) W (f(x), %) =
= /Y[t(X)Vi(yjf(X))+(1—t(X))Vi(y,f(X))]dpx(y)=

= / a(x, y)dpx(y),
Y
where
a(x,y) = tx)V. (y, f(x) + (1 — t(x)V, (y, f(x)),

and

a(x,y) € (V)(y, f(x))-



Reversely assume a(x,y) € (9V)(y, f(x)) a.e [p] then

fr(x) = /Y a(x,y)dpx(y) € OW)(f(%),%) a.e. [v].

The above integral is well defined since inequality (10) ensures that |a(x,y)| is integrable
and hence f*(x) is finite. Concluding we showed as claimed that given f € L%(X,v), a
function f* € L?(X,v) belongs to the subgradient of Iy at f if and only if

f7(x) = /Y (%, 9)dpx(y),
with

a(x,y) € (V)(y, f(x)) a.e [p].

Finally in next theorem we deduce the explicit form of the minimizer of the functional in

(7).

Theorem 12 Given A\ > 0 the problem

nf{ /X V. 60)dplyx) + A1 )

admits a unique solution f\ € H given by

1
f)\ = _ﬁ oy K(S,X)Oé(y,X)dp(y,X)

where

a(y,x) € (V)(fr(x),y)

where (OV) is the subgradient of V' with respect to its second argument.

Proof Let J:H — L%*(X,v) be the canonical inclusion. We note that

I[f] = LlT ()],

so that the functional we have to minimize is

JUf) = LlT ()] + AIFIE,-

10



The above functional is well defined and finite since, as previously noticed, by inequality
(9) Iy is finite on L?(X,v). Now from the linearity of the subgradient (see again Section
3.1) we have that

(O1)(f) = (BD)(f) + 2Af. (14)
Moreover from Prop. I11.2.12 in Ekeland and Turnbull (1983) we know that

@N)(f) = T (01)(T(f))

where J* is the adjoint operator of 7. So that to find the subgradient of I we only have

to evaluate J*, that is achieved as follows

T (f)s) = (f), K. >H_<f7
_ /f /st dv(x).

Concluding we have that a function f? is the unique minimizer of J[f] if and only if
A
€ (01)(f)
(see Section 3.1), that is if and only if
P = s () (15)
2\

with
f* e 0L)(JT ()

where we used Eq. (14). Finally using Lemma 11 and the explicit form of J* we have that

the above condition is equivalent to

£s) = —35 [ Kls:xatx )dptx.y)

where

a(x,y) € (OV)(f}(x),y) a.e. [p]

and

/ a(x, 9)dpx(y) € I2(X,v)
Y

11
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