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Abstract. We consider families of networks where processes communi-6

cate by synchronous broadcast (i.e., a sent message is received by all the7

neighbours of the emitter) and we study the following safety problem: is8

there a network in the given family, such that some process can reach9

an error location? Specifically, we focus on families of network topologies10

defined by graph grammars, where each node of the produced graph can11

be either a clique or a cloud (anti-clique) of processes of unbounded sizes.12

We show that, in general, the considered safety problem is undecidable,13

when the communication is reliable, and becomes decidable with unre-14

liable communication (i.e., broadcast messages can be lost) or whenever15

the protocols executed by the different processes cannot send and re-16

ceive messages from the same control state (also known as the wait-only17

syntactic restriction).18

1 Introduction19

Present-day computer systems are increasingly distributed, with myriads of de-20

vices that communicate over a network. The design of such networks often re-21

quires structuring the network into subnets that have specific communication22

topologies, which determines their functionalities. The physical layers may also23

vary inside the same network, from wired, i.e., obeying a point-to-point commu-24

nication policy, to wireless, i.e., relying on a broadcast communication model.25

The huge scale of networks, such as datacenter networks with ≥104 routers26

for a regional hub and continuously growing, requires parametric verification27

techniques, that work no matter how many servers in a rack, switches in a28

cluster, clusters in a layer, etc. Despite decades of theoretical research and an29

impressive body of results (see [4] for a nice survey), these techniques consider30

a small number of fixed communication topologies, such as cliques that model31

broadcast [14], or rings that model point-to-point communication [6].32

One of the reasons for focusing on particular hard-coded architectures (i.e.,33

cliques and rings) is that the parameterized verification of safety properties (i.e.,34

reachability of a given error state by some process in the network) is undecidable35

even for ring topologies that circulate sufficiently many message types [6]. For36

clique (or equivalently complete) topologies instead, the problem has been shown37

to be decidable when the communication is performed by synchronized pairwise38

rendez-vous [14] (with a polynomial time algorithm) or by broadcast [12].39
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Some of the limitations imposed by such hard-coded architectures have been40

overcome in recent years, with the development of parametric verification tech-41

niques for systems described using logic [3] or graph grammars [18,5,16]. Logic-42

based specification languages are particularly suitable for describing graph prop-43

erties, such as planarity, k-colorability or connectivity. On the other hand, graph44

grammars are appealing for their constructive aspect, i.e., the ability of speci-45

fying how large graphs are built from smaller subgraphs. Both logics and graph46

grammars are at the core of the theory of formal languages, due to seminal47

result of Courcelle and Engelfriet, which shows the decidability of Monadic Sec-48

ond Order (MSO) logic over the classes of context-free languages produced by49

hyperedge-replacement (HR) and vertex-replacement (VR) grammars (see [7] for50

a survey).51

Contributions. In this paper, we consider the parameterized safety problem for52

families of topologies described by VR-grammars, with a broadcast communi-53

cation model, where each process sends messages to all its neighbors in the54

graph. Since the parametric safety problem is known to be undecidable even for55

line topologies [9], we consider families of underlying clique-and-cloud topolo-56

gies, in which each vertex represents either a clique (i.e., a complete graph) or57

a cloud (i.e., a completely disconnected graph). The vertices of the expanded58

cliques/clouds are pairwise linked as indicated by the underlying graph. In other59

words, our topology specification language does not allow to describe a line, ring60

or tree of processes, but instead lines, rings or trees of cliques/clouds of arbitrary61

sizes, respectively. This style of specification is inspired by the layered architec-62

tures of modern datacenters, such as Azure [17], where each layer consists of a63

cloud of pairwise disconnected switches, that are connected with all the switches64

from the upper and lower layers.65

When considering such families of structured cliques/clouds, the parametric66

safety problem becomes undecidable under the reliable communication model,67

even for the simplest clique-and-cloud topologies, such as a line. This is not68

surprising, because, for instance, reliable broadcast in a clique can be used to69

determine a leader (i.e., send all non-leader processes into an inactive sink state),70

hence a line of cliques can become a line of leaders, able to simulate a 2-counter71

Minsky machine [9].72

To recover decidability, we consider two natural restrictions: unreliable com-73

munication, i.e., where messages can be lost, and reliable communication with74

the wait-only restriction on the local control of a process, i.e., no states from75

which messages can be both sent and received [15]. All decidability results are76

obtained by an encoding of the safety verification problem in an MSO formula,77

that is checked against the VR-grammar that describes the family of clique-and-78

cloud topologies. The latter problem (i.e., the existence of a model of an MSO79

formula in the language of a VR-grammar) is decidable, by a classical result of80

Courcelle and Engelfriet [7].81

Related Works. Parametric systems with clique topologies, that communicate82

using reliable broadcast have been among the first to be studied in the liter-83



Safety Analysis in Broadcast Networks Defined by Graph Grammars 3

ature [12]. The technique for establishing decidability of the parametric safety84

problem relies on an algorithm based on well-structured transition systems [1].85

Unfortunately, these results strongly depend on the hypothesis that the topol-86

ogy of each system is a single clique. In contrast, our work goes beyond single87

cliques and allows to reason about parametric systems whose topologies con-88

sist of arbitrary graph-like structures, with vertices representing cliques and/or89

clouds.90

In [9,8], Delzanno et al. study the parametric safety problem for reliable and91

unreliable broadcast seeking for a topology which breaks the safety property.92

They show that this problem is undecidable for reliable broadcast [9] and is de-93

cidable in polynomial time when the communication is unreliable [8]. Another94

way to regain decidability with reliable broadcast is to restrict the set of topolo-95

gies by considering graphs where the length of the minimal path between two96

vertices is bounded [10]. In these works, the set of considered topologies is not97

able to describe precise architectures, it is either unrestricted or the restriction98

regards only the length of paths in the graphs.99

Graph grammars and MSO have been used to specify families of topologies100

using the point-to-point (rendez-vous) communication model. In this model, each101

network of processes is simulated by an equivalent 1-safe Petri net [13], mean-102

ing that the parametric verification problem amounts to reasoning about infi-103

nite families of 1-safe Petri nets, that share a certain structural invariant. On104

one hand, parametric systems specified using HR-grammars can be translated105

into a finite set of Petri nets, that over approximate their behavior [5]. On the106

other hand, parametric systems specified by VR-grammars can be converted into107

HR-systems that preserve the safety properties [16]. For token-passing systems,108

where the rendez-vous communication is restricted to the passing of a single109

token among processes, the decidability of the safety verification problems is es-110

tablished using the same decidability result of Courcelle and Engelfriet [7] used111

in this paper [2]. Unfortunately, such decidability results for rendez-vous sys-112

tems cannot be easily transferred to broadcast systems, mainly because, with113

broadcast, the number of participants in an interaction is unbounded.114

Notation. The set of natural numbers is denoted by N. Given numbers i, j ∈ N,115

we write [i, j]
def
= {i, i+1, . . . , j}, assumed to be empty if i > j. The cardinality of116

a finite set A is denoted by ||A||. The disjoint union A⊎B is defined as the union117

of A and B, if A ∩ B = ∅, and undefined, otherwise. For a relation R ⊆ A× A,118

we denote by R∗ its reflexive and transitive closure. We write [x → y] for the119

function f : A → A that sends x into y and behaves as the identity over A120

everywhere else.121

122

Due to lack of space, omitted proofs can be found in Appendix.123

2 Network Model124

This section defines the network model. Intuitively, a network is a binary graph,125

whose vertices run identical copies of one or more finite-state machines, called126
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process types. Instances of process types, also called processes, placed on adjacent127

vertices in the network graph may engage in broadcast communication along the128

edges: a process sends a message and several or all of its neighbours receive it. As129

usual, sending or receiving a message is modelled by a local state change within130

a sender or receiver process, respectively.131

2.1 Process Types and Network Topologies132

Let Σ be a finite alphabet of messages, considered fixed in the rest of this paper.133

Definition 1 (Process Type). A process type P is a tuple (Q, qin, δ) where:134

– Q is a finite set of control states,135

– qin ∈ Q is the initial state,136

– δ ⊆ Q × {?m, !m | m ∈ Σ} × Q is the action relation; as usual, we write137

q
α−→δ q′ instead of (q, α, q′) ∈ δ.138

In the rest of this paper, we fix a set of process types P = {P1, . . . , Pℓ}, for139

which we assume that Pi
def
= (Qi, qin,i, δi) for all i ∈ [1, ℓ] and that Qi ∩ Qj = ∅140

for all i ̸= j ∈ [1, ℓ], i.e., each process type has a set of local states disjoint from141

the other. Let Q
def
=

⊎
1≤i≤ℓ Qi and δ

def
=

⊎
1≤i≤ℓ δi denote the overall set of states142

and transition relation, respectively.143

We represent a network by a simple undirected binary graph, with no self-144

loops, such that each vertex of the network graph is labelled by a process type.145

Definition 2 (Network Topology). A network topology is a P-labeled graph146

G = (V,E, lab) such that:147

– V is a finite set of vertices,148

– E ⊆ (V ×V ) \ {(v, v) | v ∈ V } is an irreflexive and symmetric edge relation,149

i.e., (u, v) ∈ E ⇐⇒ (v, u) ∈ E for all u, v ∈ V ,150

– lab : V 7→ P labels each vertex with a process type.151

2.2 Execution Semantics152

The execution of a network is formally described by a transition relation over153

configurations. A configuration is a snapshot of the network, that gives the local154

state of each process. Formally, a configuration of a network topology G =155

(V,E, lab) is a function c : V 7→ Q, where Q is the set of states, such that156

c(v) ∈ Qi if lab(v) = Pi, for each vertex v ∈ V . The initial configuration cGin157

is given by cGin(v) = qin,i, for each vertex v ∈ V such that lab(v) = Pi. For158

a given configuration c, we denote by #c(q)
def
= ||{v ∈ V | c(v) = q}||, whenever159

the network topology in question is understood. We denote by CG the set of160

configurations for a graph G.161

For a given network topology G, we define a transition relation ⇒G⊆ CG×CG.162

For a family G of topologies, we define the relation ⇒G
def
=

⋃
G∈G ⇒G. We omit163
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mentioning the network topology of the family thereof, whenever this is under-164

stood or not important. In the definition of ⇒G, hence of ⇒G , we distinguish the165

cases of reliable and unreliable communication. The communication is reliable if166

each message that has been sent, via a !m action, will be received, via a match-167

ing ?m action, by each process able to take that action. Instead, in unreliable168

communication, some messages may be lost. Let G = (V,E, lab) be a network169

graph, in the following.170

Reliable communication. The execution semantics for reliable communication is171

the relation ⇒r⊆ CG × CG, such that c ⇒r c′ if and only if, (i) there exists a172

vertex u ∈ V and a message m ∈ Σ such that c(u)
!m−−→δ c′(u) and (ii) for each173

vertex v ∈ V \ {u}, exactly one of the following holds:174

– (u, v) ∈ E and c(v)
?m−−→δ c′(v), i.e., v is a neighbour of u that can receive m,175

– (u, v) ∈ E, c(v) ?m−−→δ q′ for no q′ ∈ Q and c′(v) = c(v), i.e., v is a neighbour176

of u, but it cannot receive m, or177

– (u, v) /∈ E and c′(v) = c(v), i.e., v is not a neighbour of u.178

In this case, we also say that u sends the message m. Note that a send action is179

always non-blocking, meaning that it will be executed even if no neighbouring180

process can execute a matching reception.181

Unreliable communication. The execution semantics for unreliable communica-182

tion is the relation ⇒u⊆ CG × CG, such that c ⇒u c′ if and only if, (i) there183

exists a vertex u ∈ V and a message m ∈ Σ such that c(u)
!m−−→δ c′(u) and (ii)184

for each vertex v ∈ V \ {u} one of the following holds:185

– (u, v) ∈ E and c(v)
?m−−→δ c′(v), i.e., v is a neighbour of u that receives m,186

– c′(v) = c(v), i.e., v does not receive the message.187

In this case, even if a neighbour of the sender can receive a message m, via a188

q
?m−−→ q′ action, it may not take that action.189

qin,1q1
!b
!a

!c

q2
?b
?a

?c

Process type P1

qin,2 q3
?a

q4
?b

q5
?c

Process type P2

P1

P1

P2

P1

P1

Fig. 1: Two process types and a network topology G
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Example 1. We draw an example of two process types P1 and P2 on Figure 1190

with respective initial states qin,1 and qin,2 together with a possible network191

topology G (all the lines are considered to be edges, even if they are dashed).192

We wonder whether in this latter topology, there is an execution from the initial193

configuration which leads to a configuration where the central vertex is in state194

q5. Note that to reach such a configuration, the central vertex needs to receive195

sequentially the messages a, b and c. These messages can be produced by the196

vertices with process type P1. However, if we consider the reliable semantics, it is197

not possible to reach this configuration, because in the two cliques of vertices with198

process type P1 (on the left and on the right), as soon as a process broadcasts199

a message, it sends its neighbours in state q2 from which they cannot broadcast200

messages any more. It is hence impossible that the three messages are sent. As a201

matter of fact, it is possible to put the central node in state q4 but not in q5. If we202

consider the unreliable semantics, then it is possible to reach a configuration with203

the central node in q5, the reason being that when a process in one of the clique204

of process types P1 has a neighbour which broadcasts a message, it does not have205

to receive it. We can hence have three vertices, where the first one broadcasts a,206

then the second one broadcasts b and finally the last one broadcasts c.207

3 Families of Topologies208

We introduce a specification method for describing infinite families of network209

topologies. The definition is given in two stages. First, we consider graphs whose210

vertices can be replaced either by a clique (i.e., complete graphs) or a cloud211

(i.e., a set of disconnected vertices), depending on a special label. These graphs212

are called clique-and-cloud topologies. Second, we introduce graph grammars213

that describe infinite sets of clique-and-cloud topologies. A family of topologies214

described in this way consists of the set of concrete expansions of the clique-and-215

cloud topologies from the language of the graph grammar.216

3.1 Clique-and-Cloud Topologies217

A clique-and-cloud topology G is a tuple (V, E ,Lab,V∆,V∴) where (V, E ,Lab) is218

a network topology and V = V∆ ⊎ V∴ is a partition of the vertices. Each vertex219

in V∆ represents a clique (i.e., a complete graph of unbounded size), whereas220

each vertex in V∴ represents a cloud (i.e., an unbounded number of disconnected221

vertices). Each undirected edge (u, v) ∈ E represents a set of undirected edges,222

between each vertex represented by u and each vertex represented by v.223

Definition 3 (Expansion). A network topology G = (V,E, lab) is an expan-224

sion of the clique-and-cloud topology G = (V, E ,Lab,V∆,V∴) via a surjective225

function f : V 7→ V if and only if the following hold:226

– lab(v) = Lab(f(v)) for all v ∈ V , i.e., all vertices in the expansion inherit227

the process type of the originating vertex from the clique-and-cloud topology,228
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– (u, v) ∈ E and (i) (f(u), f(v)) ∈ E or (ii) f(u) = f(v) and f(u) ∈ V∆, i.e.,229

an edge in the expansion corresponds to an edge from the clique-and-cloud230

topology or from one of the expanded cliques.231

We denote by JGK the set of pairs {(G, f) | G expands G via f}.232

We sometimes write G ∈ JGK, meaning that there exists a surjective function f ,233

such that (G, f) ∈ JGK. Note that each clique-and-cloud topology represents an234

infinite number of network topologies.235

P2P1 P1

P1

P1 P1

P1

P2

P2

P1

P1

P1

P1

P1 P1

Fig. 2: A clique-and-cloud topology and one of its expansion

Example 2. On Figure 2, we depicted on the left a clique-and-cloud topology236

consisting of three cliques labeled with P1 and one cloud node labeled with237

P2. The right side of the figure shows an expansion of this topology (we have238

drawn in dashed lines the edges which connect the cliques and clouds together,239

and in plain lines the edges of the cliques).240

3.2 Graph Grammars241

We consider graph grammars written using the vertex-replacement (VR) al-242

gebra, see [11,7] for surveys. This algebra manipulates graphs having a set243

of designated vertices, called ports. In our setting, ports are labelled (in ad-244

dition to process types and clique/cloud labels) with elements from a count-245

ably infinite set Π of port labels. An open clique-and-cloud topology is a tuple246

(V, E ,Lab,V∆,V∴,Port), where (V, E ,Lab,V∆,V∴) is a clique-and-cloud topol-247

ogy as before and Port : V ⇀ Π is a partial mapping associating several vertices248

with port labels. Note that the same port label can be used to label zero or more249

vertices. In the following, we do not distinguish isomorphic graphs, i.e, that differ250

only by a renaming of vertices.251

We consider the VR algebra, whose domain is the set of open clique-and-cloud252

topologies, and whose operations are described below:253

– Unit graph: for a port label π ∈ Π, P ∈ P and κ ∈ {∆,∴}, the constant (i.e.,254

nullary operation) •π(P, κ) denotes the open topology with a single vertex,255
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labelled with the process type P and port π, that belongs to Vκ, and no256

edges.257

– Edge creation: edgπ1,π2
(G) adds an undirected edge between each vertex258

labelled π1 and each vertex labelled π2 from G, see Figure 3 (a).259

– Port redefinition: relabα(G) renames each port label π of G as α(π), for a260

mapping α : Π 7→ Π, see Figure 3 (c).261

– Disjoint union: G1⊕G2 takes the component-wise disjoint union of G1 and G2262

(if the graphs are not disjoint, we take an isomorphic copy of one of them),263

see Figure 3 (b).264

Given a set of variables X (of arity 0), a term of the VR-algebra over Π265

and X is built as usual from the operations of VR and the variables from X . A266

ground term is a term with no variable. We write θVR for the clique-and-cloud267

topology obtained by interpreting the function symbols in the ground term θ as268

the corresponding VR-operations and by removing the port labels.269

(a) edgπ1,π2


π1

π1

π2

 →

π1

π1

π2 (b)

π1

π1

⊕ π2 →

π1

π1

π2

(c) relab[π1 7→π3]


π1

π1

π2

 →

π3

π3

π2

Fig. 3: The operations of the vertex replacement algebra; (a) edge creation, (b)
disjoint union and (c) port redefinition

We use grammars (i.e., finite sets of recursive rules) over the signature of the270

VR-algebra to describe infinite sets of clique-and-cloud topologies:271

Definition 4 (VR-graph grammar). A VR-graph grammar Γ is a tuple272

(X , Π,R, X0) where X is a set of non-terminals (i.e., variables), Π is a set273

of vertex ports, X0 is an initial non-terminal and R is a set of rules of the form274

X ↪→ θ where X ∈ X and θ is a VR-term with variables from X .275

Given two terms ξ and η, a derivation step ξ ⇝Γ η means that η is obtained276

from ξ by replacing an occurrence of a non-terminal X with the term θ for some277

rule X ↪→ θ from Γ . A X-derivation is then a sequence of steps starting with278

the non-terminal X. The derivation is complete if it ends with a ground term279

(a term is ground if it has no variable occurrences). This allows us to define280

the language of a grammar L(Γ ) which is the set of clique-and-cloud topologies281

defined by {ΘVR | X0 ⇝∗
Γ Θ is a complete X0-derivation}.282

Example 3. We present a grammar which generates clique-and-cloud topologies
in form of a star with a central cloud vertex of process type P2 and adjacent
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clique vertices around it of process type P1. The grammar is defined as ΓStar =
({X0, S, C,O}, {π1, π2},R, X0) and the rules of the grammar are given by:

X0 ↪→ edgπ1,π2(S) C ↪→ •π2(P2,∴)
S ↪→ (S ⊕O) O ↪→ •π1(P1, ∆)
S ↪→ (C ⊕O)

The clique-and-cloud topology depicted on the right of Figure 2 belongs to283

L(ΓStar) and it corresponds to the term: edgπ1,π2
(((•π2(P2,∴)⊕ •π1(P1, ∆))⊕284

•π1(P1, ∆))⊕ •π1(P1, ∆))285

3.3 Safety Problem for Topologies Defined by Grammars286

We can now present the safety verification problem we are interested in. It con-287

sists in checking, given a VR-graph grammar and a control state q, whether288

there is a network topology G belonging the the expansion of a clique-and-cloud289

topology in the language of the grammar such that there exists an execution in290

G where a process leads the control state q. This problems is connected to a291

safety question, because if q is an error state and the answer to the problem is292

negative, it means that in all the clique-and-cloud topologies obtained from the293

grammar, the error state can never be reached. We move to the formal definition294

of the control state reachability problem which is parameterized by a network295

transition relation ⇒ for the broadcast (reliable vs unreliable):296

CSReach(⇒)

Input: A VR-graph grammar Γ and a control state q

Question: Does there exist G ∈ L(Γ ) and G ∈ JGK and c ∈ CG such that:
#c(q) > 0 and cGin ⇒∗ c ?

297

4 Undecidability for Reliable Communication298

We prove that the parametric safety problem is undecidable for clique-and-cloud299

systems with reliable communication. In [9], this problem was proven to be un-300

decidable, without any restriction on the considered topologies, i.e. given a single301

process type and a state, does there exist a network topology where a process302

can reach the given state? However, if one considers the networks to be cliques,303

the problem is known to be decidable [12]. This is what motivates us to look at304

network topologies generated by clique-and-cloud topologies. The undecidabil-305

ity proof presented in [9] relies on two ingredients, first the authors show it is306

possible to ’extract’ a line from a network topology (here extracting means that307

the other vertices are sent in an error state from which they cannot perform308

any actions any more) and then they explain how to simulate the behavior of309

a Minsky machine with two counters (programs that manipulate two natural310

variables, which can be only incremented, decremented and compared to 0) on311

lines of unbounded size. Our undecidability proof uses similar techniques.312
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4.1 Leader Election in Clique-and-Cloud Topologies313

qin,1P1

s1

!m
1

err1
?(Σ \ {m2})

qin,2P2

s2

!m
2

err2
?(Σ \ {m1})

P1 P2 P1 P2

s1
err1

err1

s2

err2

err1

err1

s1

err1

err2

s2

Fig. 4: Two process-types, a cloud-and-clique toplogy in L(ΓL) and one of its
expansion

We first give the intuition on how one can extract a line of single vertices with314

different process types, from a line of cliques. We consider the two process types315

given in Figure 4 and a grammar which produces lines of clique vertices, where316

the process associated to each vertex alternates between P1 and P2. The grammar317

in question is ΓL = ({L0}, {π1, π2, π3, π4, π5},R, L0), having the following rules:318

L0 ↪→ edgπ1,π2
(•π1(P1, ∆)⊕ •π2(P2, ∆))

L0 ↪→ relab[π3 7→π5,π4 7→π5](edgπ3,π4
(relab[π2 7→π3](L0)⊕ relab[π1 7→π4](L0)))

One can see that the language L(ΓL) is composed by clique-and-cloud topolo-319

gies of the following form for some m ≥ 1: G = ({vi}1≤i≤2m, E ,Lab,V∆,V∴) with320

E = {(vi, vi+1), (vi+1, vi) | 1 ≤ i ≤ 2m−1}, Lab(vi) is equal to P1 if i is odd and321

to P2 otherise, and V∆ = {vi}1≤i≤2m. The left-hand side of Figure 4 provides an322

example of such a topology with m = 2 and on the right is depicted one of its323

expansion. On this latter network topology, we have indicated control states to324

represent a possible configuration reachable from the corresponding initial con-325

figuration with reliable broadcast. One specificity of the reachable configurations326

(with the reliable semantics) is that for each clique component in the clique-and-327

cloud topology, there is at any moment at most one vertex in state s1 or s2 and328

if such a vertex is present, the other vertices of the same clique are in the state329

err1 or err2. Indeed, to reach such a state the corresponding process needs to330

broadcast the message m1 or m2 sending all its neighbors with the same process331

type into the error state err1 or err2. Note that if we consider the unreliable332

semantics, this property will not hold anymore, and we could find two vertices333

in the same clique labeled for instance with s1. If we consider that the vertices334

in states err1 and err2 will not participate in any further communication, and335

we extend the process types starting from s1 or s2, this means that we are able,336
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in a certain sense, to extract a single line from any clique-and-cloud topology337

where process types of type P1 and P2 alternate. While this method of leader338

selection is only viable for clique topologies, we present a second method in the339

full proof in the Appendix which deals with clique-and-cloud topologies.340

4.2 Simulating a Minsky Machine341

As said before, our undecidability result comes from the possibility to simu-342

late the behavior of a (two-counter) Minsky machine with line topologies of343

unbounded length. A (two-counter) Minsky machine is a program which manip-344

ulates two natural variables (or counters) c1 and c2, and which is composed of a345

finite set of instructions. Each of the instruction is either of the form (1) L : ci :=346

ci + 1; goto L′ or (2) L : if ci = 0 then goto L′ else ci := ci − 1; goto L′′
347

where i ∈ {1, 2} and L,L′, L′′ are labels preceding each instruction. Further-348

more, there is a special label LF from which nothing can be done. The behavior349

of each instruction is the expected one. The halting problem of deterministic350

Minsky machines, which consists in deciding whether the unique execution that351

starts from L0 with counters equal to 0 reaches LF , is undecidable [19].352

. . .

K2 K2 Ctl K1 K1

. . .

Fig. 5: Network topology to simulate a run of a 2-counter Minsky machine

Our proof follows the same line as the one presented in [9]. We use a grammar353

which builds lines of unbounded length as the one presented in Figure 5. Using a354

technique similar to the one presented before we extract a single leader process355

in each clique vertex, and then we simulate the counter machine. The process356

type Ctl, called the controller, simulates the instructions of the Minsky machines357

and the processes of type Ki encode the value of the counter ci thanks to specific358

states Z and NZ. Intuitively, the number of processes in states NZ represent359

the value of the counter and all the processes in the ’extracted line’ from the360

controller to the first node in state NZ are in state Z. To increase a counter, a361

message is transmitted to the last vertex in Z who changes its state to NZ and362

sends back an acknowledgment to the controller. To decrement the counter, we363

proceed the same way but this time, it is the last node to be in state NZ (which364

has a neighbor in state Z) which moves to Z. Finally, to test if the counter ci365

is 0, the controller checks (thanks to an exchange of messages) whether its first366

neighbor of process type Ki is in state Z. One key idea of this reduction is that367

if there are not enough processes in the line to simulate the counter value, the368

simulation is blocked. However we have that the Minsky machine halts iff there369

exists a line (big enough) where the controller ends in the state Lf . The detailed370

construction is provided in Appendix.371

Theorem 1. CSReach(⇒r) is undecidable.372



12 R. Iosif et al.

5 Describing Reachable States in MSO373

The previous negative result motivates the search for sufficient conditions that374

guarantee decidability of the safety problem, without jeopardizing the expres-375

sivity of the model we consider. In this section, we show that, under certain376

assumptions, we are able to build a formula of the Monadic Second Order logic377

(MSO) that characterizes the local control states which can be reached by an378

execution of some network topology obtained by the expansion of a given clique-379

and-cloud topology.380

5.1 Monadic Second Order Logic for Clique-and-Cloud Topologies381

We begin by giving the definition of MSO, adapted to our context. Monadic382

Second Order (MSO) logic is the set of formulae built inductively, from a set var383

of first-order variables and a set Var of set variables, according to the syntax:384

φ ::= φ ∧ φ | ¬φ | ∃x.φ | ∃X.φ | X(y) | E(x, y) | Pi(x) | ∆(x) | ∴ (x)

where x, y ∈ var , X ∈ Var , ∧ and ¬ are the classical boolean operations for con-385

junction and complement, X(y) is the unary predicate for membership E(x, y) is386

the binary predicate for edges and, Pi(x) (with Pi ∈ P) is the labeling predicate387

for process type and ∆(x) and ∴ (x) are the labeling predicates for expansion388

types. Additionally, we assume classical shorthand notations for ∨ (disjunction),389

=⇒ (implication), ∀v.φ and ∀V.φ (universal quantification). As usual, we call390

sentence a formula with no free occurrence of first order or second order variables391

(all variables are in the scope of some quantifiers).392

The MSO formulae we consider in this paper are then interpreted over clique-393

and-cloud topologies. A variable store for a clique-and-cloud topology G is a394

mapping ν from first order (resp. set) variables into vertices (resp. sets of vertices)395

of G. Let G = (V, E ,Lab,V∆,V∴) be a clique-and-cloud topology, we define the396

satisfaction relation |= parameterized by a store inductively as follows (boolean397

cases are omitted):398

G |=ν E(x, y) ⇐⇒ (ν(x), ν(y)) ∈ E
G |=ν ∆(x) ⇐⇒ ν(x) ∈ V∆

G |=ν∴ (x) ⇐⇒ ν(x) ∈ V∴

G |=ν X(x) ⇐⇒ ν(x) ∈ ν(X)
G |=ν Pi(x) ⇐⇒ Lab(ν(x)) = Pi for Pi ∈ P
G |=ν ∃x.φ ⇐⇒ G |=ν[x 7→u] φ for some u ∈ V
G |=ν ∃X.φ ⇐⇒ G |=ν[X 7→U ] φ for some U ⊆ V

399

where ν[x 7→ u] (resp. ν[X 7→ U ]) represents the store that agrees with ν ev-400

erywhere except for the variable x (resp. X) which is mapped to the vertex u401

(resp. the set of vertices U). If the MSO formula φ is a sentence, the store is not402

important, hence we omit it. In this case, we write JφK def
= {G | G |= φ} for the403

set of models of a sentence φ. We point out that considering MSO with vertex404

quantifiers3 is crucial for the following decidability theorem (Theorem 2).405

In our context, MSO formulae appear as a very useful tool because we are406

able to decide whether there exists a clique-and-cloud topology in the language of407

3 Usually also denoted MSO1 in the literature [7].
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a grammar which satisfies a given formula. This is thanks to a result of Courcelle408

and Engelfriet, which states that given a VR-graph grammar Γ and an MSO409

sentence φ, it is possible to build a “refined” grammar Γφ that produces the set410

of graphs from the language of Γ that, moreover, satisfy φ, see, e.g., [7, Theorem411

1.22]. Since emptiness of a grammar is decidable in polynomial time (in the size412

of the input grammar), we obtain the following theorem:413

Theorem 2. The following problem is decidable: given a graph grammar Γ414

written in the VR-algebra and an MSO sentence φ, does L(Γ ) ∩ JφK = ∅?415

5.2 Reachable States Labeling of Clique-and-Cloud Topologies416

In the rest of the section, let G = (V, E ,Lab,V∆,V∴) be a fixed clique-and-cloud417

topology and ⇒ a network transition relation (i.e., a relation between network418

configurations, defined by either the reliable or unreliable semantics). We recall419

that Lab maps each vertex in V to a process type in P, where P = {P1, . . . , Pℓ},420

Pi = (Qi, qin,i, δi), for all i ∈ [1, ℓ] and Q =
⊎

1≤i≤ℓ Qi and δ =
⊎

1≤i≤ℓ δi denote421

the overall set of states and transition relation, respectively.422

A states-labeling of G is a function γ : V 7→ 2Q, that associates each vertex423

to a subset of Q. In particular, we are interested in a specific states labeling,424

namely the reachable states-labeling for G γ⇒
reach : V 7→ 2Q, defined as follows:425

Definition 5 (Reachable states-labeling). For all v ∈ V, we have q ∈426

γ⇒
reach(v) if and only if there exist (G, f) ∈ JGK, u ∈ f−1(v) and c ∈ CG verifying427

the following conditions: (1) c(u) = q and (2) cGin ⇒∗ c.428

The next lemma, which can be directly proven by applying the definition,429

shows the connection between the reachable states-labeling and the control state430

reachability problem for the clique-and-cloud topology G.431

Lemma 1. Let q ∈ Q be a state. Then, there exists G ∈ JGK and c ∈ CG such432

that #c(q) > 0 and cGin ⇒∗ c iff there exists v ∈ V such that q ∈ γ⇒
reach(v)433

In the sequel, we will show that, under certain conditions, we can build an434

MSO formula which characterizes the clique-and-cloud topology whose reachable435

states labeling exhibit a given control state q. By Theorem 2, this provides a436

general argument for the decidability of the CSReach(⇒) problem.437

5.3 Two Sufficient Criteria438

We state here the conditions we rely on to establish our decidability results. We439

begin by introducing some new notations. Given a clique-and-cloud topology440

G = (V, E ,Lab,V∆,V∴) and two disjoint network topologies G1 = (V1, E1, lab1)441

and G2 = (V2, E2, lab2) such that (G1, f1), (G2, f2) ∈ JGK, we denote by G1 ⊎G2442

the network topology (V,E, lab) where: V def
= V1⊎V2 and E

def
= E1⊎E2⊎{(v, v′) ∈443

Vi × V3−i | fi(v) = f3−i(v
′), fi(v) ∈ V∆, i = 1, 2} and lab(v)

def
= labi(v) for all444

v ∈ Vi and all i ∈ {1, 2}. Note that, by construction, we have the following:445
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Lemma 2. If f : V 7→ V is the surjective function such that f(v) = f1(v) for446

all v ∈ V1 and f(v) = f2(v) for all v ∈ V2 then (G1 ⊎G2, f) ∈ JGK.447

Finally, given two configurations c1 ∈ CG1
and c2 ∈ CG2

, we denote by c1⊎ c2448

the configuration in CG1⊎G2
such that c1 ⊎ c2(v) = c1(v) for all v ∈ V1 and449

c1 ⊎ c2(v) = c2(v) for all v ∈ V2. We say that a state q ∈ Q is an emitter state,450

whenever there exists m ∈ Σ and q′ ∈ Q such that (q, !m, q′) ∈ δ and denote by451

QE ⊆ Q the set of emitter states. The first criterion is stated below. We say that452

the network transition relation ⇒ respects the composition property for emitters453

when it satisfies the following statement, for all clique-and-cloud topologies G:454

Definition 6 (Composition property for emitters). For all G1, G2 ∈ JGK,455

if ci ∈ CGi are configurations, where cGi
in ⇒∗ ci, i = 1, 2, then there exists a456

configuration c′1 ∈ CG1
verifying cG1⊎G2

in ⇒∗ (c′1 ⊎ c2) and c′1(v) = c1(v), for all457

vertices v of G1, such that c1(v) ∈ QE.458

Intuitively this property expresses that if two configurations are reachable then459

we can reach another configuration where all the emitters states (resp. all the460

states) of the first (resp. second) configuration are present. This allows us to com-461

pose configurations on demand to compute reachable states. Even if not stated462

this way, this property is the key ingredient of the polynomial time algorithm463

for safety under the unreliable semantics proposed in [8] and a similar property464

has been established for wait-only protocols under the reliable semantics in [15].465

The second criterion is a condition on when control state of a vertex can466

change when taking one step of the network transition relation ⇒. We say that467

the network transition relation ⇒ respects the local successor property whenever468

if satisfies the following statements, for all clique-and-cloud topologies G:469

Definition 7 (Local successor property). For all G = (V,E, lab) ∈ JGK,470

c ∈ CG and v ∈ V , there exists c′ ∈ CG such that c ⇒ c′ and c(v) ̸= c′(v) if and471

only if there exists m ∈ Σ, such that one of the following properties holds:472

(1) c(v)
!m−−→δ c′(v), or,473

(2) c(v)
?m−−→δ c′(v) and there exists u ∈ V and q ∈ Q such that (u, v) ∈ E and474

c(u)
!m−−→δ q.475

Relying on the definitions of the reliable and unreliable semantics, we can prove476

the following lemma:477

Lemma 3. The network transition relations ⇒r (reliable communication) and478

⇒u (unreliable communication) both meet the local successor property.479

Note that whereas we prove that the unreliable semantics respects the com-480

position property for emitters, this does not hold for the reliable semantics, and481

we will see that we need another restriction in this context.482

5.4 Characterization of the Reachable States-labeling483

We now provide a characterization of the reachable states labeling of clique-484

and-cloud topologies for the network transitions relations respecting both the485
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composition property for emitters (Definition 6) and the local successor property486

(Definition 7). Let G = (V, E ,Lab,V∆,V∴) be a clique-and-cloud topology and487

⇒ be a transition relation. We define the following property of states-labelings:488

Definition 8 (Inductive reachability property). A states-labeling γ : V 7→489

2Q meets the inductive reachability property for ⇒ if and only if the following490

hold, for all v, v′ ∈ V and q, q′, q′′, q′′′ ∈ Q:491

1. if Lab(v) = Pi then qin,i ∈ γ(v),492

2. if q ∈ γ(v) and q
!m−−→δ q′ then q′ ∈ γ(v),493

3. if v ∈ V∆ and q, q′ ∈ γ(v), q !m−−→δ q′′ and q′
?m−−→δ q′′′ then q′′′ ∈ γ(v),494

4. if q ∈ γ(v), q′ ∈ γ(v′), (v, v′) ∈ E, q !m−−→δ q′′ and q′
?m−−→δ q′′′ then q′′′ ∈ γ(v′).495

Furthermore, given states-labelings γ and γ′, we write γ ⊑ γ′ for the pointwise496

inclusion of γ into γ′. We state below an important lemma relating the reachable497

states-labeling γreach and the inductive reachability property:498

Lemma 4. If a network transition relation ⇒ respects both the composition499

property for emitters and the local successor property, then γ⇒
reach is the least500

states-labeling (in the sense of ⊑) having the inductive reachability property.501

Proof. Let ⇒ be a network transition relation respecting both the composition502

property for emitters and the local successor property and let G = (V, E ,Lab,V∆,503

V∴) be a clique-and-cloud topology. We recall that we assumed P = {P1, . . . , Pℓ}504

where Pi = (Qi, qin,i, δi) for all i ∈ [1, ℓ] and that we denote Q
def
=

⋃
1≤i≤ℓ Qi505

and δ =
⊎

1≤i≤ℓ δi. We fist show that γ⇒
reach verifies each case of the inductive506

reachability property.507

1. Let v ∈ V and assume Lab(v) = Pi. Consider the network topology G =508

(V, E ,Lab). Note that (G, id) ∈ JGK where id is the identity function (which509

is surjective). By definition of cGin, we have cGin(v) = qin,i. Since id−1(v) = v510

and since cin ⇒∗ cin, applying the definition of γ⇒
reach, we deduce qin,i ∈511

γ⇒
reach(v).512

2. Let v ∈ V and assume that q ∈ γ⇒
reach(v) and that there exists q

!m−−→δ q′.513

We assume that q ̸= q′, otherwise the property is obviously satisfied. By514

definition of γ⇒
reach, there exist (G, f) ∈ JGK and a vertex v′ ∈ f−1(v) and515

a configuration c ∈ CG such that c(v′) = q and cGin ⇒ c. Since we have516

(q
!m−−→δ q′), using the fact that ⇒ respects the local successor property, we517

deduce there exists a configuration c′ such that c ⇒ c′ and c′(v′) = q′. Hence,518

we have as well cGin ⇒ c′. We conclude that q′ ∈ γ⇒
reach(v).519

3. Let v ∈ V and assume that there exist q, q′ ∈ γ⇒
reach(v) and v ∈ V∆ and520

q
!m−−→δ q′′ and q′

?m−−→δ q′′′. By definition of γ⇒
reach, there exist (G1, f1) ∈ JGK521

and a vertex v1 ∈ f−1
1 (v) and a configuration c1 ∈ CG1 such that c1(v1) = q522

and cG1
in ⇒∗ c1. Similarly, there exist (G2, f2) ∈ JGK and a vertex v2 ∈ f−1

2 (v)523

and a configuration c2 ∈ CG2 such that c2(v2) = q′ and cG2
in ⇒∗ c2. We now524

show that q′′′ ∈ γ⇒
reach(v) (assuming q′′′ ̸= q′ otherwise, the result is obvious).525
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We consider the network topology G = G1⊎G2 with G = (V,E, lab). Thanks526

to Lemma 2, we have (G, f) ∈ JGK (where f is the function given in the527

lemma). Since ⇒ respects the composition property for emitters and since528

q is an emitter state, we deduce that there exists a configuration c′1 ∈ CG1529

verifying cGin ⇒∗ (c′1 ⊎ c2) and c′1(v1) = c1(v1) = q. We denote by c the530

(G1 ⊎G2)-configuration c′1 ⊎ c2. By definition of ⊎, we have hence c(v1) = q531

and c(v2) = q′. Furthermore, by definition of (G, f), since f(v1) = f1(v1) =532

f2(v2) = f(v2) = v and v ∈ V∆, we have (v1, v2) ∈ E. Using the fact that ⇒533

respects the local successor property, we deduce there exists a configuration534

c′ such that c ⇒ c′ and c′(v2) = q′′′. Hence, we have as well cGin ⇒∗ c′. We535

conclude that q′′′ ∈ γ⇒
reach(v).536

4. Let v, v′ ∈ V such that (v, v′) ∈ E and assume that there exist q ∈ γ⇒
reach(v)537

and q′ ∈ γ⇒
reach(v

′) and q
!m−−→δ q′′ and q′

?m−−→δ q′′′. By definition of γ⇒
reach,538

there exist (G1, f1) ∈ JGK and a vertex v1 ∈ f−1
1 (v) and a configuration c1 ∈539

CG1 such that c1(v1) = q and cG1
in ⇒∗ c1. Similarly, there exist (G2, f2) ∈ JGK540

and a vertex v2 ∈ f−1
2 (v) and a configuration c2 ∈ CG2 such that c2(v2) = q′541

and cG2
in ⇒∗ c2. To prove that q′′′ ∈ γ⇒

reach(v
′), we apply the same reasoning542

as the previous case, the main difference being that we have here (v1, v2) ∈ E543

because (f(v1), f(v2)) = (v, v′) ∈ E .544

Consequently, γ⇒
reach respects the inductive reachability property.545

546

We consider now a states labeling γ respecting the inductive reachability547

property, and we show that γ⇒
reach ⊑ γ. For this matter, we define the family548

(γn)n∈N of states labelings as follows: for all n ∈ N, for all v ∈ V, we have549

q ∈ γn(v) iff there exists G = (V,E, lab) such that (G, f) ∈ JGK and there exists550

v′ ∈ f−1(v) and c ∈ CG verifying the following conditions:551

1. c(v′) = q, and,552

2. cin ⇒m c for 0 ≤ m ≤ n (where ⇒0 is the identity relation and ⇒k is the553

relation ⇒ · ⇒k−1 for all k > 1)554

We show by induction that γn ⊑ γ.555

– We first show that γ0 ⊑ γ. Let v ∈ V and q be a control state in γ0(v).556

We prove that q ∈ γ(v). By definition of γ0, there exists (G, f) ∈ JGK with557

G = (V,E, lab) and a vertex v′ ∈ f−1(v) such that cGin(v
′) = q. Assume558

now that lab(v′) = Pi. In that case we have lab(v′) = Pi and q = qin,i.559

By definition of JGK, we have Lab(v) = Lab(f(v′)) = lab(v′) = Pi. Since γ560

respects the inductive reachability property (in particular statement 1), we561

deduce that q = qin,i belongs to γ(v). Hence, we have γ0 ⊑ γ.562

– We now move to the inductive step. Let n ∈ N and assume that γn ⊑ γ. We563

show that γn+1 ⊑ γ. Let v ∈ V and q be a control state in γn+1(v). First564

note that if q ∈ γn(v), then using the induction hypothesis we obtain directly565

that q ∈ γ(v), we assume hence that q ̸∈ γn(v). By definition of γn+1, there566

exists (G, f) ∈ JGK with G = (V,E, lab) and a vertex v′ ∈ f−1(v) and c ∈ C567

and m ≤ (n + 1) such that cm(v′) = q and cGin ⇒m cm. Note that since568
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q /∈ γn(v), we know that m = n + 1 and there must exist a configuration569

c′ ∈ C such that cGin ⇒n c′ ⇒ c with c′(v′) = q′ (where q ̸= q′). By definition570

we have q′ ∈ γn(v) and thanks to induction hypothesis, we deduce q′ ∈ γ(v).571

Now since c′ ⇒ c, and since ⇒ respects the local successor property, we can572

perform the following case analysis:573

1. Either, q′ !m−−→δ q, in that case since q′ ∈ γ(v) and since γ respects the574

inductive reachability property (in particular statement 2.), we deduce575

that q ∈ γ(v).576

2. Or q′
?m−−→δ q and there exists u ∈ V and q′′ ∈ Q such that f(u) = f(v′)577

and (u, v′) ∈ E and c(u)
!m−−→δ q′′. First note that since f(u) = f(v′) = v578

and (u, v′) ∈ E, by definition of (G, f) ∈ JGK, we have v ∈ V∆. Then the579

same way, we show that q′ = c′(v′) ∈ γ(v), we can show that c′(u) ∈580

γn(v) ⊆ γ(v). Since γ respects the inductive reachability property (in581

particular statement 3.), we deduce that q ∈ γ(v).582

3. Or q′
?m−−→δ q and there exists u ∈ V and q′′ ∈ Q such that f(u) ̸= f(v′)583

and (u, v′) ∈ E and c(u)
!m−−→δ q′′. First note that since f(u) ̸= f(v′)584

and (u, v′) ∈ E, by definition of (G, f) ∈ JGK, we have (f(u), v) ∈ E .585

Then the same way we show that q′ = c′(v′) ∈ γ(v), we can show that586

c′(u) ∈ γn(f(u)) ⊆ γ(f(u)). Since γ respects the inductive reachability587

property (in particular statement 4.), we deduce that q ∈ γ(v).588

Hence, we obtain γn+1 ⊑ γ.589

We have then proved that γn ⊑ γ for all n ∈ N. By applying the definition, we
have that γ⇒

reach(v) =
⋃

n∈N γn(v) for all v ∈ V. Hence, we have γreach(v) ⊆ γ(v)
for all v ∈ V, and consequently γreach ⊑ γ. ⊓⊔

5.5 Defining the Reachable States-Labeling in MSO590

In this section, we consider a network transition relation ⇒ meeting both the591

composition property for emitters (Definition 6) and the local successor prop-592

erty (Definition 7). We define the equivalent property of the reachable states-593

labeling stated in Lemma 4 using an MSO formula. More specifically, assum-594

ing w.l.o.g. an enumeration Q = {q1, . . . , qn} of the set of states, we build an595

MSO formula Φreach(X1, . . . , Xn) where each Xi is a free set variable, such that596

G |=ν Φreach(X1, . . . , Xn) if and only if ν(Xi) is the set of vertices v verifying597

qi ∈ γ⇒
reach(v) for all i ∈ [1, n].598

First, we build an MSO formula Φind(X1, . . . , Xn) to characterize the states-599

labelings which respect the inductive reachability property (Definition 8). This600

formula uses four families of formulae: φ1,i(x,X1, . . . , Xn), φ2,i(x,X1, . . . , Xn),601

φ3,i(x,X1, . . . , Xn) and φ4,i(x,X1, . . . , Xn), for i ∈ [1, n], where x is a free first-602

order variable. Each of this family is related to one of the conditions of Definition603

8 and expresses the respective condition regarding the state qi and the vertex604

associated to x. Formally, for all i ∈ [1, n], we define:605

φ1,i(x,X1, . . . , Xn)
def
=

{
false if ∄j ∈ [1, ℓ]. qi = qin,j ,

Pj(x) if qi = qin,j



18 R. Iosif et al.

φ2,i(x,X1, . . . , Xn)
def
=

∨
j∈J

Xj(x), where

J = {j ∈ [1, n] | qj
!m−−→δ qi, m ∈ Σ}

606

φ3,i(x,X1, . . . , Xn)
def
=

∨
(k,k′)∈K

Xk(x) ∧Xk′(x) ∧∆(x), where

K =

(k, k′) ∈ [1, n]× [1, n]

∣∣∣∣∣∣
(qk

!m−−→δq)

(qk′
?m−−→δqi)

m∈Σ
q∈Q


607

φ4,i(x,X1, . . . , Xn)
def
=

∨
(k,k′)∈K

∃x′. Xk(x
′) ∧Xk′(x) ∧ E(x′, x)

Φind(X1, . . . , Xn)
def
= ∀x.

( n∧
i=1

(

4∨
s=1

φs,i(x,X1, . . . , Xn)) =⇒ Xi(x)
)

In order to state and prove the property of this formula below, for a store608

ν, we define the states-labeling γν(v)
def
= {qi ∈ Q | v ∈ ν(Xi)}, for all v ∈ V.609

Thanks to the definition of the inductive reachability property and relying on610

the semantics of MSO, we deduce the following lemma.611

Lemma 5. For each clique-and-cloud topology G and store ν, we have G |=ν612

Φind(X1, . . . , Xn) if and only if γν satisfies the inductive reachability property.613

From Lemma 4, we know that since the considered network transition relation614

respects the composition property for emitters and the local successor property,615

then the reachable states labeling is the smallest states labeling (with respect616

to ⊑) having the inductive reachability property. In MSO, we can state that617

a state-labeling is the smallest, by the following formula: Φreach(X1, . . . , Xn) =618

Φind(X1, . . . , Xn)∧∀X ′
1. . . . .∀X ′

n.∀x.Φind(X
′
1, . . . , X

′
n)∧

∧n
i=1(Xi(x) =⇒ X ′

i(x)).619

Thanks to Lemmas 4 and 5, we obtain the following:620

Lemma 6. For each clique-and-cloud topology G and each store ν, we have G |=ν621

Φreach(X1, . . . , Xn) if and only if γν is the reachable states-labeling.622

5.6 General Decidability Result623

Lemma 6 gives a characterization of the reachable states-labeling in MSO, when624

the transition relation of the network meets the criteria of Definitions 6 and625

7. By Lemma 1, knowing the reachable states-labeling is key to solving the626

control state reachability problem. In the following, assume that the network627

transition relation ⇒ respects the two criteria of subsection 5.3, Γ be a VR-graph628

grammar and a q be a control state (w.l.o.g. we assume q = q1). We consider629

then the MSO formula Φ = ∃x.∃X1. . . . .∃Xn.Φreach(X1, . . . , Xn) ∧X1(x). If we630

interpret this formula, it means that in the reachable states-labeling described631
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by Φreach(X1, . . . , Xn), there is at least one vertex such that q1 is associated632

to this vertex. Thanks to Lemma 1, this answers the control state reachability633

question. Furthermore, Theorem 2 states that we can decide whether there exists634

a network topology G in the language of the grammar Γ and which satisfies Φ.635

This gives us a general decidability framework, which can stated as follows:636

Theorem 3. If the network transition relation ⇒ respects the composition prop-637

erty for emitters (Definition 6) and the local successor property (Definition 7),638

then CSReach(⇒) is decidable.639

6 Specific Decidability Results640

6.1 The Case of Unreliable Broadcast641

We show that the control state reachability for the unreliable network transition642

relation ⇒u is decidable. Thanks to Theorem 3, it is sufficient to prove that ⇒u643

respects the composition property for emitters and the local successor property.644

Note that we have already proved with Lemma 3 that this relation respects the645

local successor property. It remains to show the other property.646

Lemma 7. The networks transition relations ⇒u respects the composition prop-647

erty for emitters.648

Proof. Let G be a clique-and-cloud topology and let G1, G2 ∈ JGK. Assume
we have c1 ∈ CG1

such that cG1
in ⇒∗

u c1 and c2 ∈ CG2
such that cG2

in ⇒∗
u c2.

We show that cG1⊎G2
in ⇒∗ (c1 ⊎ c2) (this is actually a bit stronger than the

composition property for emitters and this is possible thanks to the unreliable
broadcast). Since we have unreliable broadcast, nodes are free to ignore incoming
messages and not change state, from this we can let G1⊎G2 perform the sequence
cG1⊎G2
in ⇒∗

u c1 ⊎ cG2
in and have all nodes in G2 do not receive the broadcast

messages so that they stay in their initial state. Similarly, for the G2 transition
sequence, we will have all nodes in G1 not react and then have that c1 ⊎ cG2

in ⇒∗
u

c1 ⊎ c2 which concludes the proof, showing cG1⊎G2
in ⇒∗ (c1 ⊎ c2). ⊓⊔

Consequently, we can deduce the result of Theorem 4 by Lemma 3 and649

Lemma 7 using Theorem 3:650

Theorem 4. CSReach(⇒u) is decidable.651

6.2 Reliable Broadcast with the Wait-Only Restriction652

As we have seen in Section 4, the control state reachability is undecidable for653

the reliable network transition relation ⇒r. This implies that this relation does654

not satisfy the composition property for emitters (we know by Lemma 3, that655

it respects the local successor property). However, the wait-only restriction on656

process types introduced in [15], allows us to regain decidability in our context.657

This restriction states that in the considered process types, there should never be658
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a state from which messages can be both sent and received. Formally a process659

type P = (Q, qin, δ) is said to be wait-only iff for all states q ∈ Q, there does660

not exist m,m′ ∈ Σ and q′, q′′ ∈ Q such that q !m−−→δ q′ and q
?m′

−−→δ q′′ and there661

does not exist q′′′ ∈ Q and m′′ ∈ Σ such that qin
?m′′

−−−→δ q′′′. We call q an action662

state if there exists m ∈ Σ and q′ ∈ Q verifying q
!m−−→δ q′ or from which there663

is no outgoing transitions. Due to the restriction on qin, it is always an action664

state. The other states are called waiting states. Finally, we say that the set of665

process types P = {P1, . . . , Pℓ} is wait-only iff Pi is wait-only for all i ∈ [1, ℓ].666

We now show that this restriction allows us to regain decidability.667

Lemma 8. When dealing with wait-only process types, the network transition668

relation ⇒r respects the composition property for emitters.669

Proof. Let G be a clique-and-cloud topology and let G1, G2 ∈ JGK. Assume we
have c1 ∈ CG1 such that cG1

in ⇒∗
r c1 and c2 ∈ CG2 such that cG2

in ⇒∗
r c2. We let

G1⊎G2 perform the sequence of transitions cG1⊎G2
in ⇒∗

r c1⊎cG2
in . This is sequence

of transitions is possible as all vertices in cG2
in are in an initial state, which are

by definition action states from which no message can be received. Next, we let
G1 ⊎ G2 perform the same sequence of transitions as in cG2

in ⇒∗
r c2, this gives

rise to c1 ⊎ cG2
in ⇒∗

r c′1 ⊎ c2. Note that the taken transitions can have an impact
only on the vertices of c1 which are in a waiting state, but for all vertices v ∈ V1

where c1(v) ∈ QE we know that these cannot react to a broadcast and will not
move. Hence, for v ∈ V1 if c1(v) ∈ QE we have c′1(v) = c1(v). ⊓⊔

Finally, by Lemma 3 and Lemma 8 we fulfil the hypothesis of Theorem 3 and670

obtain the result of Theorem 5.671

Theorem 5. CSReach(⇒r) restricted to wait-only process types is decidable.672

7 Conclusion673

We have shown in this paper, that the parametric safety problem for broadcast674

networks where the set of accepted topologies is given thanks to a graph grammar675

recognizing clique-and-cloud topologies is decidable for unreliable communica-676

tion, undecidable for reliable communication and that in the latter case, decid-677

ability can be regained by imposing the wait-only restriction on the processes678

running in each node of the networks. Our technique to obtain decidability re-679

lies on a reduction to the model-checking problem for MSO formulae over graph680

grammars. First, this technique does not allow us to have precise complexity681

bounds and in the future we plan to find to which complexity classes belong682

the considered problems. Second, we also think that this general decidability683

procedure can be applied in different context or for other properties.684
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A Proof of Section 4741

A.1 Building the network topology742

We model the counting machine as a network topology G with processes P =743

{K ′
1,K

′′
1 ,K1, Ctl,K ′

2,K
′′
2 ,K2} in the clique-and-cloud expansion (G, f) ∈ JGK.744

The graph is a line of nodes shown in figure 6 with a control node Ctl in the745

middle and counter nodes K ′
i, K ′′

i and Ki on each side for i ∈ {1, 2}. We want746

the Ctl node to broadcast instructions and propagate the messages through each747

side of the network.

. . .

K2 K′′
2 K′

1 Ctl K′
1 K′′

1 K1

. . .

Fig. 6: Network topology to simulate a run of a 2-counter Minsky machine

748

The class of graphs describing graphs such as the one in figure 6 is given by the749

following VR-graph grammar; ΓL = ({L,P1, P2, P3}, {π1, π
′
1, π2, π

′
2, π3},R, L)750

with R defined by the following:751

L ↪→ edgπ3,π2
(edgπ3,π1

(P1 ⊕ P2 ⊕ P3))

| edgπ1,π′
1
(relab[π1 7→π′

1,π
′
1 7→∅](L)⊕ P1)

| edgπ2,π′
2
(relab[π2 7→π′

2,π
′
2 7→∅](L)⊕ P2)

P1 ↪→ •π1(K1, ∆) | •π1(K
′
1, ∆) | •π1(K

′′
1 , ∆)

| •π1(K1,∴) | •π1(K
′
1,∴) | •π1(K

′′
1 ,∴)

P2 ↪→ •π2(K2, ∆) | •π2(K
′
2, ∆) | •π2(K

′′
2 , ∆)

| •π2(K2,∴) | •π2(K
′
2,∴) | •π2(K

′′
2 ,∴)

P3 ↪→ •π3(Ctl,∆) | •π3(Ctl,∴)

Now, before encoding the behaviour of the counting machine instructions, we752

need a way of doing leader selection regardless if the node is a clique or a cloud.753

A.2 Leader selection for clique-and-cloud topologies754

The idea of the leader selection for clique-and-cloud graphs is similar to the755

intuition given in section 4 but more complex as we can have both clique and756

clouds. We want to propagate messages through the network, putting 1 process757

further and the rest in the error states and in the explanation we will not mention758

when a process goes into the error states as it is apparent from the figures. We759

will refer to the processes as q0, k′1,0, k′′1,0 and k1,0 (their initial states) and760

write it as q0 − k′1,0 − k′′1,0 − k1,0 − k′1,1 − . . ., we will explain in detail for 1761

side of the counter as the other side is identical. To accomplish this, we use the762

process types shown in figures 7, 8, 9 and 10. First the q0 process will broadcast763
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a !req
′

1 message which is received by the next in line, k
′

1,0 which responds with764

!ack
′

1 and receives a !ok
′

1 message back. Now the k
′

1,0 process can broadcast765

!done1 which moves one process to Z
′

1, and similar it will propagate !req
′′

1 to766

the next process in line, k
′′

1,0 which will do a similar exchange of messages,767

broadcasting !done1 and sending a new line of messages with !req1 to the next768

process in the line, k1,0. Once we have done this n + 1 times, the line will look769

like q0 − k′1,0 − k′′1,0 − k1,0 − k′1,1 − . . . k′1,n − k′1,n+1 and all counters will be770

synchronized by !done1 putting the line in the state q0 − Z
′

1 − Z
′′

1 − Z1 − . . ..771

The fact that we need n + 1 is a technical detail of encoding the instruction772

behaviour and will be explained in the proof when it is needed. Next we do the773

exact same thing with the other side, k
′

2,0, k
′′

2,0 and k2,0 which will put q0 in774

state L0, and we have the final line: . . . − Z2 − Z
′′

2 − Z
′

2 − L0 − Z
′

1 − Z
′′

1 − Z2775

The configuration of the network after leader selection will now be a line of776

nodes where the Ctl node is at L0, corresponding to the first line of the Minsky777

machine and all counters in Z (zero), we denote the state of the network as a778

line Z2,n+1 − . . .−Z2,1 −L0 −Z1,1 − . . .−Z1,n+1 and move on to encoding the779

instructions of the Minsky machine that changes the states of the line.780

Err

q0

?req ′
1

?ack
′
1

?req
′
2

?a
ck
′
2

?a
ck

1

?a
ck

′′
1

?a
ck

2

?a
ck

′′ 2

!req′1?req
′
2

?ac
k
′
2

?ack′
1

?ack
′
1

?req
′
2

?ac
k
′
2

!ok′
1

?req
′
2

?ack
′
2

?done1

?req
′
2

?ack
′
2

!req′2

?ack′
2

?ack
′
2 !ok′

2

l0

?done2

Fig. 7: Leader selection for Ctl
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Err

ki,0

?acki
?ack

′
i

?d
on
ei

?r
eq

′
i

?reqi?reqi?acki

?do
nei

?a
ck
′
i

?o
k i

?r
eq

′
i

!acki
?ack

′
i

?don
ei

?oki

?ack
′
i

?donei
!req′i

?ack′
i

?ack
′
i

Z′
i

!ok′
i

?done

!done

!donei

Fig. 8: Leader selection Zi for i ∈ {1, 2}

Err

k′
i,0

?ack′
i

?ack
′′
i

?d
on
ei

?req′i?req′i?ack
′
i

?do
nei

?a
ck
′′
i

?o
k

′
i

!ack′
i

?ack
′′
i

?don
ei

?ok′
i

?ack
′′
i

?donei
!req′′i

?ack′′
i

?ack
′′
i

Z′
i

!ok′′
i

?donei
!donei

!donei

Fig. 9: Leader selection Z ′
i for i ∈ {1, 2}
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Err

k′′
i,0

?ack′′
i

?ack
i

?d
on
ei

?r
eq

′
i ?req′′i?req′′i?ack

′′
i

?do
nei

?a
cki

?o
k

′′
i

?r
eq

′
i

!ack′′
i

?acki

?don
ei

?ok′′
i

?acki

?donei
!reqi

?acki

?ack
i

Z′
i

!oki

?done

!done

!donei

Fig. 10: Leader selection Z ′′
i for i ∈ {1, 2}

A.3 Instruction encoding781

Now we will explain the encoding of instructions of the Minsky machine. We782

consider the figures 11, 12 and 13 like what is shown in [9]. The encoding of the783

increment and decrement instructions are straight forward and will be executed784

by the Ctl process. The controller starts in the beginning of an instruction L and785

sends an increment message (resp. decrement), it will broadcast an !inci (resp.786

!deci) message to a counter node (K ′
1 or K ′

2), then it will get an ?ackinci (resp.787

?ackdeci or ?zero) message back from a counter node and then the controller788

will move to the start of the next instruction L′ (or L′′ in case of the decrement789

instruction).

L L′!inci ?ackinci

Fig. 11: Encoding of Minsky machine instruction: L : ci := ci + 1; goto L′

790
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L

L′

L′′

!deci

?ackdeci

?zeroi

Fig. 12: Encoding of Minsky machine instruction: L: if ci = 0 then goto L′ else
ci := ci − 1; goto L′′

The counting behaviour shown in figure 13 for the counting nodes is more791

complex, since we need to propagate the messages through the network and be792

careful how we do so:793

– If the node is in state Z and receives a decrement message deci, we broadcast794

a zeroi and move back to state Z.795

– If the node is in state Z and receives an increment message inci, we acknowl-796

edge and move to state NZ.797

– If the node is in state NZ and receives an increment, we broadcast inci798

the increment to our neighbours and wait for the acknowledgement, then we799

broadcast our own acknowledgement and move to NZ.800

– If the node is in state NZ and receives a decrement, we broadcast deci the801

decrement to our neighbours and now there are 2 cases; either the node gets802

a zero as response, we move to state Z, or it gets an acknowledgement as803

response, we broadcast our own acknowledgement and move to state NZ.804
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Z

NZ

?inci

!ackinci

?inci

?deci

!zeroi

!inci

?ackinci!ackinci

?deci!deci

?ackdeci !ackdeci

?zeroi

!ackdeci

Fig. 13: The encoding of the counting behavior of the Minsky machine for coun-
ters i ∈ {1, 2}

A.4 Undecidability of control state reachability805

Now we are ready to prove the claim made in theorem 1, and we proceed by806

reduction for the halting problem for (two-counter) Minsky machines.807

Proof. The halting problem for Minsky machines Halt(M) asks whether any808

Minsky machine M halts. This problem is undecidable, hence we want to show809

a reduction from Halt(M) to CSReach(⇒r). The reduction we want to show810

is that for any Minsky machine we can construct a clique-and-cloud topology811

G ∈ L(ΓL) and show Halt(M) ⇔ CSReach(⇒r).812

Given a Minsky machine M , we say the maximum value of the counters of a813

run is n for c1 and n′ for c2, then to construct a clique-and-cloud topology that814

simulates the run we need n+1 nodes of K ′
1, K ′′

1 and K1. For the other counter815

we need n′ +1 nodes of K ′
2, K ′′

2 and K2 similar to the graph presented in figure816

6. For all process types we perform the leader selection by broadcasting shown817

in section A.2 resulting in a configuration that looks like Z2,n+1 − Z2,n − . . . −818

Z2,1 −L0 −Z1,1 − . . .−Z1,n′ −Z1,n′+1 or, a line of nodes where all counters are819

set to zero and the control process at the start of the first instruction encoding.820

Notice that we no longer distinguish between the states Z ′, Z ′′ and Z as this821

was only useful for leader selection.822

Now we show the reduction, first we show the first direction (1) Halt(M) ⇒823

CSReach(⇒r), if the Minsky machine does an instruction L, then the network824

topology can perform a sequence of transitions corresponding to the instruction,825

in the other direction (2) CSReach(⇒r) ⇒ Halt(M) we show if the network826
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topology does a sequence of transitions c ⇒∗
r c′ then the Minsky machine does827

the corresponding instruction L;L′.828

(1) Halt(M) ⇒ CSReach(⇒r): Now we show that if the Minsky machine does829

an instruction L, then the network topology can simulate the instruction. Let830

the Minsky machine be at the initial instruction L0 with both counters at 0. Let831

n and n′ be the maximum counter value for a run in the Minsky machine and832

the network topology be in the state Z2,n+1 − Z2,n − . . . − Z2,1 − L0 − Z1,1 −833

. . . − Z1,n′ − Z1,n′+1 Now, we show for both instructions that we can simulate834

any run of a Minsky machine. Here we only reason with a single counter that835

we will call ci because extending the line with 2 counters is trivial as the other836

side is identical. Note that since we only have 1 counter we omit specifying the837

side of the line, that is we will write Zn and NZn instead of Z1,n and NZ1,n.838

For this reason we let x be the maximum value of some counter ci (it could be839

n or n′).840

Increment Instruction: If the Minsky machine does the instruction L : ci := ci+841

1; goto L′, then we can simulate it on the network. The network simulates the842

increment instruction with 2 types of behaviour from figure 11 and 13 depending843

on the value of the counter:844

– If ci = 0, then we have the line l−Z1−. . .−Zx−Zx+1 and Ctl will broadcast845

a !inci message and have Z1 acknowledge by !ackinci and resulting in the846

line L−NZ1 − Z2 − . . .− Zx − Zx+1847

– If ci > 0, then we have the line L − NZ1 − . . . − NZci − Zci+1 − . . . −848

Zx −Zx+1, and Ctl will broadcast a !inci message and the other NZ nodes849

will propagate the !inci message through the network (shown by ?inci−−−→ and850

!inci−−−→ in figure 13) until we reach the node Zci+1 which will acknowledge and851

move to NZci+1
and the acknowledgement ackinci will be propagated back852

through the line putting all states in NZ until it reaches Ctl.853

Once Ctl receives ?ackinci and moves to the next instruction L′ from figure 11854

and the resulting line becomes L′ −NZ1 − . . .−NZci −NZci+1 −Zci+2 − . . .−855

Zx −Zx+1 is clearly a simulation of the increment instruction, since the Minsky856

machine incremented the counter ci := ci + 1 and the network put node Zci+1857

in NZci+1 and both moved to L′.858

Decrement instruction: Now we look at the instruction L: if ci = 0 then goto859

L′ else ci := ci − 1; goto L′′ and show the network topology can simulate the860

instruction with 2 types of behaviour from 12 and 13 depending on the value of861

the counter:862

– If ci = 0 we have the line l−Z1− . . .−Zx+1, then Ctl will broadcast a !deci863

message and the Z0 node will react by sending back a !zeroi and go back to864

state Z and Ctl moves to L′′.865
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– If ci > 0 then we have the line l − NZ1 − . . . − NZci − Zci+1
− . . . Zx+1,866

and Ctl broadcast a !deci message which will be propagated until it reaches867

Zci+1 which will respond with !zero, then the NZci node will go to Zci and868

will propagate the acknowledgement back, eventually reaching Ctl which869

receives the !ackdeci message and go to L′. This also shows why we need870

x+ 1 counting nodes to simulate a run in the Minsky machine.871

The Ctl node can receive 2 messages back from the exchange, that is either a872

!zeroi or a !ackdeci. For the !ackdecki it will go to L′ and for the !zeroi case the873

process will move to L′′ The resulting line will be l−NZ1− . . .−NZci−1
−Zci −874

. . . Zx+1, clearly we simulated the decrement, having the non-zero counting node875

at NZci−1 and the Ctl node at either L′ or L′′ which concludes this direction.876

(2) CSReach(⇒r) ⇒ Halt(M): For this direction we show that if the clique-877

and-cloud topology can reach control state q then the Minsky machine halts.878

We again assume the initial line Z2,n+1 − Z2,n − . . . − Z2,1 − L0 − Z1,1 − . . . −879

Z1,n′ − Z1,n′+1 and the maximum value x of the counter ci is at most n and880

n′ respectively. Now we show if c ⇒∗
r c′ we have the corresponding instruction881

L;L′.882

Increment Instruction: Depending on the counter of the value and amount of883

processes denoted by #c we have 2 cases:884

– If ci = 0 and #c(L0) = 1 then we know we must have the line L0 − Z1 −885

. . .−Zx+1. If Ctl broadcast an !inci message, the first counter node Z0 will886

respond with an acknowledgement !ackinci which will make Ctl move to887

instruction L′, which clearly shows the sequence of transitions corresponds888

to an increment instruction in the Minsky machine.889

– If ci > 0 and #c(L) = 1 then we know at least one node is in state NZ890

and when Ctl broadcasts an !inci message, the NZ nodes will propagate891

the message until we reach the first node in state Z. This node will respond892

by moving to NZ and propagate !ackinci back through the network until893

it reaches Ctl, which will move to the next instruction L′. Again this se-894

quence of transitions corresponds to an increment instruction in the Minsky895

machine.896

Decrement instruction: For this case, we make the same assumptions as the897

latter case.898

– If ci = 0 and #G(L0) = 1 then we know the line is L0 −Z0 − . . .−Zx+1 and899

Ctl will broadcast a !deci message to the node Z0 which will respond with a900

!zeroi moving Ctl to the instruction L′′. Clearly this sequence of transitions901

corresponds to the decrement instruction where the decrement fails.902

– If ci > 0 and #G(L) = 1, now we know we must have a line with at least one903

node in state NZ, with the line L−NZ1− . . .−NZci −Zci+1
. . .−Zx+1. The904

decrement is propagated until it reaches Zci+1
where a !zeroi is sent back to905

NZci which will go to Zci and broadcast ackdeci which will be propagated906
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back to Ctl. Once the ackdeci reaches Ctl it will go to the instruction l′907

which clearly shows the sequence of transitions corresponds to a decrement908

instruction succeeding.909

Following this reasoning, let LF be the final instruction of the Minsky machine910

and let q correspond to the encoding of LF . Clearly if we follow the simulation,911

the Ctl node will reach state q if the Minsky machine halts, which concludes the912

proof913

B Proof of Section 5914

B.1 Proof of Lemma 1915

Proof. “⇒” Assume that there exists (G, f) ∈ JGK and c ∈ CG, such that cGin ⇒∗ c
and #c(q) > 0. Since #c(q) > 0, it must be the case that c(u) = q for some u
and we have f(u) ∈ V. Then, q ∈ γ⇒

reach(f(u)), by Definition 5. “⇐” Assume
that there exists a vertex v ∈ V such that q ∈ γ⇒

reach(v). Then, by Definition
5, there must exist a vertex u ∈ f−1(v) such that c(u) = q and cGin ⇒∗ c. We
obtain #c(q) > 0, thus concluding the proof. ⊓⊔

B.2 Proof of Lemma 2916

Proof. Let G1 = (V1, E1, lab1) where (G1, f1) ∈ JGK and G2 = (V2, E2, lab2) with
(G2, f2) ∈ JGK. By construction of lab : V 7→ P we have lab(v) = lab1(v) for
all v ∈ V1 and lab(v) = lab2(v) for all v ∈ V2, then we obtain that lab(v) =
Lab(f(v)) for all v ∈ V1 ⊎ V2 by definition of JGK. By construction of E we have
all edges of E1 and E2 along with the edges that form all the expansion pairs
{(v, v′) ∈ V1 × V2 | f1(v) = f2(v

′) and f1(v) ∈ V∆} ∪ {(v, v′) ∈ V2 × V1 | f2(v) =
f1(v

′) and f2(v) ∈ V∆} verifying the conditions (u, v) ∈ E iff (f(u), f(v)) ∈ E
or (f(u) = f(v) and f(u) ∈ V∆) from the definition of JGK. Now we have that
both conditions for G1 ⊎G2 hold, and we can conclude (G1 ⊎G2, f) ∈ JGK. ⊓⊔

B.3 Proof of Lemma 3917

Proof. Reliable communication (⇒r): “⇒” Let G = (V,E, lab) ∈ JGK be a topol-918

ogy, c ∈ CG be a configuration and v ∈ V be a vertex, such that c ⇒r c′ and919

c(v) ̸= c′(v), for some configuration c′ ∈ CG. By definition of ⇒r we have two920

possibilities, either:921

– v emits a message m ∈ Σ, i.e., c(v)
!m−−→δ c′(v): this case corresponds to922

condition (1) of Definition 7, or923

– there exists a vertex u ∈ V where (u, v) ∈ E and state q ∈ Q where c(u) !m−−→δ924

q and c(v)
?m−−→δ c′(v): this case corresponds to condition (2) of Definition 7.925
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“⇐” Let G = (V,E, lab) ∈ JGK and assume c ∈ CG, v ∈ V and m ∈ Σ verify926

either condition (1) or (2) from Definition 7. If (1) is satisfied, then we know by927

definition of ⇒r that there exists a c′ ∈ CG such that c ⇒r c′ and c(v) ̸= c′(v)928

with c(v)
!m−−→δ c′(v). Else, if condition (2) is satisfied, we know that there exists929

a configuration c′ ∈ CG such that c ⇒r c′ with c(v)
?m−−→δ c′(v) and c(v) ̸= c′(v)930

and there exists a vertex u ∈ V such that c(u)
!m−−→δ q and q ∈ Q.931

Unreliable communication (⇒u): The proof for this case is the same as in the
⇒r case. ⊓⊔

B.4 Proof of Lemma 5932

Proof. Let G = (V, E ,Lab,V∆,V∴) be a clique-and-cloud topology and ν be a933

variable store for G . We first assume that G |=ν φind(X1, . . . , Xn) and we will934

show that γν satisfy the four statements of the inductive reachability property:935

1. Let v ∈ V and assume Lab(v) = Pj and qin,j = qi. We need to prove that qi ∈936

γν(v). By hypothesis, we have G |=ν[x 7→v] (
∨4

s=1 φs,i(x,X1, . . . , Xn)) =⇒937

Xi(x). But since Lab(v) = Pj , we deduce as well that G |=ν[x 7→v] φ1,i(x,X1,938

. . . , Xn)). As a consequence, we have G |=ν[x 7→v] Xi(x) and hence v ∈ ν(Xi).939

By definition of γν , we obtain qin,j = qi ∈ γν(v).940

2. Let v ∈ V be a vertex such that qj ∈ γν(v) and qj
!m−−→δ qi. We need to prove941

that qi ∈ γν(v). By hypothesis, we have G |=ν[x 7→v] (
∨4

s=1 φs,i(x,X1, . . . , Xn))942

=⇒ Xi(x). Thanks to the previous assumptions and the definition of γν , we943

have that v ∈ ν(Xj), and as matter of fact G |=ν[x 7→v] Xj(x). This allows to944

deduce that G |=ν[x 7→v] φ2,i(x,X1, . . . , Xn). Similarly to the previous point,945

we can then conclude that qi ∈ γν(v).946

3. Let v ∈ V∆ such that there exist qk, qk′ ∈ γν(v) and qk
!m−−→δ q and qk′

?m−−→δ947

qi. We need to prove that qi ∈ γν(v). By hypothesis, we have G |=ν[x 7→v]948

(
∨4

s=1 φs,i(x,X1, . . . , Xn)) =⇒ Xi(x). Thanks to the previous assumptions949

and the definition of γν , we have that v ∈ ν(Xk) and v ∈ ν(Xk′) and we950

recall that v ∈ V∆, as matter of fact G |=ν[x 7→v] Xk(x)∧Xk′(x)∧∆(x). This951

allows to deduce that G |=ν[x 7→v] φ3,i(x,X1, . . . , Xn)). As previously, we can952

then conclude that qi ∈ γν(v).953

4. Let v, v′ ∈ V such that (v, v′) ∈ E and such that there exist qk ∈ γν(v) and954

qk′ ∈ γν(v
′) and qk

!m−−→δ q and qk′
?m−−→δ qi. We need to prove that qi ∈ γν(v

′).955

By hypothesis, we have G |=ν[x 7→v′] (
∨4

s=1 φs,i(x,X1, . . . , Xn)) =⇒ Xi(x).956

Thanks to the previous assumptions and the definition of γν , we have that957

v ∈ ν(Xk) and v′ ∈ ν(Xk′) and we recall that (v, v′) ∈ E , as matter of958

fact G |=ν[x 7→v′,x′ 7→v] Xk(x
′) ∧Xk′(x) ∧ E(x′, x). This allows to deduce that959

G |=ν[x 7→v] φ4,i(x,X1, . . . , Xn)). As previously, we can then conclude that960

qi ∈ γν(v
′).961

Consequently, γν respects the inductive reachability property.962
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We now suppose that γν satisfies the inductive reachability property, and we963

will show that G |=ν φind(X1, . . . , Xn). Let v ∈ V. We show for all i ∈ [1, n]964

that G |=ν[x7→v]

∧4
s=1(φs,i(x,X1, . . . , Xn) =⇒ Xi(x)) (which is equivalent to965

G |=ν[x7→v] (
∨4

s=1 φs,i(x,X1, . . . , Xn)) =⇒ Xi(x)). We deal with its conjunct in966

a separate matter and take i ∈ [1, n].967

1. We show that G |=ν[x 7→v] (φ1,i(x,X1, . . . , Xn) =⇒ Xi(x)). For this matter,968

we suppose that G |=ν[x 7→v] (φ1,i(x,X1, . . . , Xn), hence we have Lab(v) =969

Pj with qi = qin,j . Since γν respects the inductive reachability property,970

we know that qi ∈ γν(v). By definition of γν , we have v ∈ ν(Xi), and971

consequently G |=ν[x 7→v] Xi(x).972

2. We show that G |=ν[x 7→v] (φ2,i(x,X1, . . . , Xn) =⇒ Xi(x)). For this matter,973

we suppose that G |=ν[x7→v] (φ2,i(x,X1, . . . , Xn). Then we know that there974

is some transition qj
!m−−→δ qi such that G |=ν[x 7→v] Xj(x). This allows us to975

deduce that qj ∈ γν(v). Since γν respects the inductive reachability property,976

we know that qi ∈ γν(v). As before, this allows to conclude that G |=ν[x 7→v]977

Xi(x).978

3. We show that G |=ν[x 7→v] (φ3,i(x,X1, . . . , Xn) =⇒ Xi(x)). For this matter,979

we suppose that G |=ν[x 7→v] (φ3,i(x,X1, . . . , Xn). Then we know there exists980

two transitions qk
!m−−→δ q and qk′

?m−−→δ qi such that G |=ν[x 7→v] Xk(x) ∧981

Xk′(x)∧∆(x). This allows us to deduce that qk, qk′ ∈ γν(v) and v ∈ V∆. Since982

γν respects the inductive reachability property, we know that qi ∈ γν(v). As983

before, this allows to conclude that G |=ν[x 7→v] Xi(x).984

4. We show that G |=ν[x 7→v] (φ4,i(x,X1, . . . , Xn) =⇒ Xi(x)). For this matter,985

we suppose that G |=ν[x 7→v] (φ4,i(x,X1, . . . , Xn). Then we know there exists986

two transitions qk
!m−−→δ q and qk′

?m−−→δ qi and a node u ∈ V such that987

G |=ν[x 7→v,x′ 7→u] Xk(x
′) ∧ Xk′(x) ∧ E(x′, x). This allows us to deduce that988

qk′ ∈ γν(v) and qk ∈ γν(u) and (u, v) ∈ E . Since γν respects the inductive989

reachability property, we know that qi ∈ γν(v). As before, this allows to990

conclude that G |=ν[x 7→v] Xi(x).991

We have hence proven that G |=ν φind(X1, . . . , Xn). ⊓⊔

B.5 Proof of Theorem 3992

Proof. Let ⇒ be a network transition relation satisfying the composition prop-993

erty for emitters and the local successor property and Γ be a VR-graph grammar994

and a q be a control state (w.l.o.g. we assume q = q1). We show that the answer995

to CSReach(⇒) with Γ and q1 as input is positive iff L(Γ ) ∩ JφK ̸= ∅. This will996

complete the proof as this latter property is decidable thanks to Theorem 2.997

First assume that there exist G ∈ L(Γ ) (with G = (V, E ,Lab,V∆,V∴)) and998

G ∈ JGK and c ∈ CG such that: #c(q1) > 0 and cGin ⇒∗ c. Thanks to Lemma999

1, there exists v ∈ V such that q1 ∈ γ⇒
reach(v). Take the variable store ν such1000

that γν = γ⇒
reach. Using Lemma 6, we have G |=ν Φreach(X1, . . . , Xn). Since1001

q1 ∈ γ⇒
reach(v), we deduce by definition of ν that G |=ν[x 7→v] Φreach(X1, . . . , Xn)∧1002

X1(x). Consequently, we have G |= ∃x.∃X1. . . . .∃XnΦreach(X1, . . . , Xn)∧X1(x).1003
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Now assume that G ∈ L(Γ ) (with G = (V, E ,Lab,V∆,V∴)) such that G |=
∃x.∃X1. . . . .∃XnΦreach(X1, . . . , Xn)∧X1(x). We will show that this implies that
there exists v ∈ V such that q1 ∈ γ⇒

reach(v) and Lemma 1 will allow us to
conclude. Take the store variable ν such that G |=ν Φreach(X1, . . . , Xn)∧X1(x).
Using Lemma 6, we know that γν = γ⇒

reach. By definition of γν since we have
ν(x) ∈ ν(X1) we deduce that q1 ∈ γν(ν(x)), hence q1 ∈ γ⇒

reach(ν(x)). ⊓⊔


	Safety Analysis in Broadcast Networks Defined by Graph Grammars

