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Abstract8

We study networks of processes that all execute the same finite-state protocol and communicate9

via broadcasts. We are interested in two problems with a parameterized number of processes: the10

synchronization problem which asks whether there is an execution which puts all processes on a11

given state; and the repeated coverability problem which asks if there is an infinite execution where a12

given transition is taken infinitely often. Since both problems are undecidable in the general case, we13

investigate those problems when the protocol is Wait-Only, i.e., it has no state from which a process14

can both broadcast and receive messages. We establish that the synchronization problem becomes15

Ackermann-complete, and the repeated coverability problem is in ExpSpace and PSpace-hard.16
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1 Introduction21

Distributed systems are at the core of modern computing, and are widely used in critical22

applications such as sensor networks, or distributed databases. These systems rely on23

protocols to enable communication, maintain coherence and coordination between the24

different processes. Because of their distributed nature, such protocols have proved to25

be error-prone. As a result, the formal verification of distributed systems has become26

an essential area of research. Formal verification of distributed systems presents unique27

challenges compared to fthe one of centralized systems. One of the most significant issue is28

the state explosion problem: the behavior of multiple processes that execute concurrently29

and exchange information often lead to state spaces that grow exponentially with the number30

of processes, making the analysis highly challenging. When the systems are parameterized,31

meaning designed to operate for an arbitrary number of processes, which is often the case32

in distributed protocols, classical techniques are not useful anymore. The difficulty shifts33

from state explosion to dealing with an infinite number of system configurations, which34

leads to undecidability in the general case [1]. Despite these challenges, verification becomes35

more tractable in certain restricted settings. For instance, in parameterized systems, the36

behavior of individual processes needs not always to be explicitly represented, which can37

mitigate state explosion. This has motivated researchers to focus on specific subclasses of38

systems or communication models where decidability can be achieved without sacrificing too39

much expressiveness. One such restriction involves protocols where processes are anonymous40

(i.e., without identities), and communicate via simple synchronous mechanisms, such as41

rendezvous [9], where two processes exchange a message synchronously. Several variants42

of this model have been studied, such as communication via a shared register containing43

some value from a finite set [7], or non-blocking rendezvous [10, 4], where a sender is not44

prevented from sending a message when no process is ready to receive it. In all these cases,45

the processes execute the same protocol, which is described by a finite automaton.46

A more expressive model is broadcast protocols, introduced by Emerson and Namjoshi [6].47

In these protocols, a process can send a broadcast message that is received simultaneously48

by all other processes (or by all neighboring processes in a network). Several key verification49

problems arise in this context, including the coverability problem, which asks whether a pro-50

cess can eventually reach a specific (bad) state starting from an initial configuration. Another51

important property is synchronization, which asks whether all processes can simultaneously52

reach a given state. Liveness properties, like determining whether infinite executions exist,53

ensure that certain behaviors occur indefinitely. While broadcast protocols allow more54

powerful communication than rendezvous protocols, this added expressiveness comes at55

the cost of increased verification complexity. Indeed, rendezvous communication can be56

simulated using broadcasts [8]. However, verification becomes significantly harder: while57

coverability and synchronization can be solved in polynomial time for rendezvous proto-58

cols [9], they become respectively Ackermann-complete [8, 20] and undecidable (we show it59

in this paper) for broadcast protocols. Liveness properties are also undecidable for broadcast60

protocols [8]. The challenge in verifying broadcast protocols can be understood through their61

relationship with Vector Addition Systems with States (VASS). Rendezvous-based protocols62

can be encoded in a VASS, where counters track the number of processes in each state. A63

rendezvous is simulated by decreasing the counters corresponding to the sender and receiver64

states and increasing the counters for their post-communication states. While using a VASS65

for protocols using rendezvous is certainly not the way to go due to the complexity gap66

between problems on VASS and the existing known polynomial time algorithms to solve67
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verification problems, it is interesting to note that this encoding fails for broadcast protocols68

because a broadcast message must be received by all processes in a given state, requiring69

a bulk transfer of a counter value—something not expressible in classical VASS without70

adding powerful operations such as transfer arcs, which leads to an undecidable reachability71

problem [21]. However, in some cases, verification of broadcast protocols can become easier,72

complexity-wise. One example is the setting of Reconfigurable Broadcast Networks, in which73

communication between processes can be lossy [5]. Liveness properties become decidable in74

that case [5] and even polynomial time [2].75

Another such case is given by a syntactic restriction known as Wait-Only protocols,76

introduced in [10] in the context of non-blocking rendezvous communication. In Wait-Only77

protocols, a process cannot both send and receive a message from the same state. From78

a practical perspective, Wait-Only protocols were proposed to model the non-blocking79

rendezvous semantics used in Java’s wait/notify/notifyAll synchronization mechanism80

and C’s wait/signal/broadcast operations with conditional variables, commonly found in81

multi-threaded programs. In both languages, threads can be awakened by the reception of a82

message. This naturally leads to distinguishing between action and waiting states: a sleeping83

thread cannot act on its own and can only be awakened by a signal. This restriction simplifies84

the possible behaviours of the system, potentially reducing the complexity of the verification.85

Actually, the coverability problem for Wait-Only broadcast protocols becomes PSpace-86

complete [11]. Indeed, when processes are in a state where they can receive broadcasts,87

they cannot send messages, meaning they will move together to the next state, reducing the88

need for precise counting. Moreover, when a process is in a broadcasting state, it remains89

there until it decides to send a message, simplifying execution reconstruction and enabling90

better verification algorithms. By leveraging these properties, we design algorithms for the91

synchronization problem and liveness properties, obtaining new decidability results for these92

challenging problems. Proofs omitted due to space contraints can be found in [12].93

2 Model and Verification Problems94

In this section, we provide the description of a model for networks with broadcast commu-95

nication together with some associated verification problems we are interested in. First we96

introduce some useful mathematical notations. We use N to represent the set of natural97

numbers, N>0 to represent N \ {0}, and for n, m ∈ N with n ≤ m, we denote by [n, m] the98

set {n, n + 1, . . . , m}. For a finite set E and a natural n > 0, the set En represents the99

n-dimensional vectors with values in E and for v ∈ En and 1 ≤ i ≤ n, we use v(i) to represent100

the i-th value of v. Furthermore, for such a vector v, we denote by ||v|| its dimension n.101

Networks of Processes using Broadcast Communication. In the networks we consider,102

all the processes execute the same protocol, given by a finite state machine. The actions103

of this machine can either broadcast a message a to the other processes (denoted by !!a)104

or receive a message a (denoted by ?a). For a finite alphabet of messages Σ, we use the105

following notations: !!Σ def= {!!a | a ∈ Σ}, ?Σ def= {?a | a ∈ Σ} and OpΣ
def= !!Σ∪?Σ.106

▶ Definition 2.1. A protocol P is a tuple (Q, Σ, qin, T ) where Q is a finite set of states, Σ107

is a finite set of messages, qin ∈ Q is an initial state, and T ⊆ Q × OpΣ × Q is a set of108

transitions.109

For all q ∈ Q, we define R(q) as the set of messages that can be received from state110

q, given by {a ∈ Σ | ∃q′ ∈ Q, (q, ?a, q′) ∈ T}. A protocol P = (Q, Σ, qin, T ) is Wait-111

Only whenever for all q ∈ Q, either {q′ ∈ Q | (q, α, q′) ∈ T with α ∈?Σ} = ∅, or {q′ ∈112

MFCS 2025
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Figure 1 Example of a Wait-Only protocol P .

Q | (q, α, q′) ∈ T with α ∈!!Σ} = ∅. In a Wait-Only protocol, a state q ∈ Q such that113

{q′ ∈ Q | (q, α, q′) ∈ T with α ∈?Σ} ≠ ∅ is called a waiting state. A state that is not a114

waiting state is an action state. We denote by QW the set of waiting states and by QA the115

set of action states (hence QA = Q \ QW ). Observe that if qin ∈ QW , then no process is ever116

able to broadcast messages, for this reason we will always assume that qin ∈ QA.117

For n ∈ N>0, an n-process configuration of a protocol P = (Q, Σ, qin, T ) is a vector118

C ∈ Qn where C(e) represents the state of the e-th process in C for 1 ≤ e ≤ n. The119

configuration is said to be initial whenever C(e) = qin for all 1 ≤ e ≤ n. The dimension120

||C|| hence characterizes the number of processes in C. For a state q ∈ Q, we use C−1(q) to121

represent the set of processes in state q, formally C−1(q) = {1 ≤ e ≤ ||C|| | C(e) = q}. For a122

subset A ⊆ [1, ||C||] of processes, we use C(A) to identify the set of states of processes in123

A, formally C(A) = {C(e) | e ∈ A}. We let C [resp. I] be the set of all configurations [resp.124

initial configurations] of P .125

We now define the broadcast network semantics associated to a protocol P = (Q, Σ, qin, T ).126

For configurations C, C ′ ∈ C, transition t = (q, !!a, q′) ∈ T and e ∈ [1, ||C||], we write127

C
e,t−−→ C ′ whenever ||C|| = ||C ′||, C(e) = q, C ′(e) = q′ and, for all e′ ∈ [1, ||C||] \ {e}, either128

a reception occurs, i.e., (C(e′), ?a, C ′(e′)) ∈ T , or the process cannot receive a, in which case129

(a ̸∈ R(C(e′)) and C(e′) = C ′(e′)). Intuitively, the e-th process of C broadcasts a message130

a, which is received by all processes able to receive it, while the other processes remain131

in their current state. We note C → C ′ if there exists e ∈ [1, ||C||] and t ∈ T such that132

C
e,t−−→ C ′ and use →∗ [resp. →+] for the reflexive and transitive [resp. transitive] closure133

of →. A finite [resp. infinite] execution is a finite [resp. infinite] sequence of configurations134

ρ = C0 . . . Cℓ [resp. ρ = C0 . . .] such that C0 ∈ I and Ci−1 → Ci for all 0 < i ≤ ℓ [resp. for135

all i > 0]. Its length |ρ| is equal to ℓ + 1 [resp. ω]. We write Λ [resp. Λω] for the set of finite136

[resp. infinite] executions. For an execution ρ = C0C1 . . . ∈ Λ ∪ Λω and 0 ≤ i < |ρ|, we use137

ρi to denote Ci, the i-th configuration. We use #proc(ρ) to represent ||C0||, the number138

of processes in the execution. For 0 ≤ i < j < |ρ|, we define ρi,j
def= ρi . . . ρj . We also let139

ρ≥i
def= ρiρi+1 . . . and ρ≤i

def= ρ0 . . . ρi. For e ∈ [1, #proc(ρ)], we denote by ρ(e) the sequence140

of states ρ0(e)ρ1(e) . . ..141

▶ Example 2.2. Figure 1 illustrates an example of a Wait-Only protocol. The waiting states
are q1, q2, q5, q6, and q7, with R(q5) = {b, c}. Here is one of its execution with 3 processes:

(qin, qin, qin) 1,(qin,!!d,q1)−−−−−−−−→ (q1, qin, qin) 2,(qin,!!d,q1)−−−−−−−−→ (q1, q1, qin) 3,(qin,!!a,qin)−−−−−−−−→ (q5, q2, qin)
3,(qin,!!c,qin)−−−−−−−−→ (q3, q2, qin) 3,(qin,!!b,q7)−−−−−−−→ (q3, q3, q7).

Verification Problems. We investigate two verification problems over broadcast networks:142

the synchronization problem (Synchro) and the repeated coverability problem (RepCover).143
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Synchro asks, given a protocol P = (Q, Σ, qin, T ) and a state qf ∈ Q, whether there exist144

C ∈ I and C ′ ∈ C such that C →∗ C ′, and C ′(e) = qf for all e ∈ [1, ||C ′||]. RepCover145

asks, given a protocol P = (Q, Σ, qin, T ) and a transition t = (q, !!a, q′) ∈ T , whether there146

exist ρ ∈ Λω and e ∈ [1, #proc(ρ)], such that for all i ∈ N, there exists j > i verifying147

ρj
e,t−−→ ρj+1.148

▶ Theorem 2.3. Synchro and RepCover are undecidable.149

We give the proof of the undecidability of Synchro in [12], while the undecidability of150

RepCover was established in [8, Theorem 5.1]. In the remainder of the paper, we show151

that by restricting to Wait-Only protocols, one can regain decidability.152

▶ Remark 2.4. Throughout the remainder of this paper, we will consider protocols without153

self-loop broadcast transitions of the form (q, !!a, q). Such transitions can be transformed into154

two transitions (q, !!a, pq), (pq, !!$, q) where pq is a new state added to the set of states and $155

is a new message added to the alphabet. This transformation of the protocol is equivalent to156

the original one with respect to Synchro and RepCover.157

Vector Addition System with States. In the following, we will extensively rely on the158

model of Vector Addition Systems with States (VASS) which we introduce below. A VASS159

is a tuple V = (Loc, ℓ0, X, ∆) where Loc is a finite set of locations, ℓ0 ∈ Loc is the initial160

location, X is a finite set of natural variables, called counters, and ∆ ⊆ Loc × ZX × Loc is a161

finite set of transitions. A configuration of V is a pair (ℓ, v) in Loc × NX where v provides a162

value for each counter. The initial configuration is (ℓ0, 0) where 0(x) = 0 for all x ∈ X. Given163

two configurations (ℓ, v), (ℓ′, v′) and a transition (ℓ, δ, ℓ′) ∈ ∆, we write (ℓ, v) ∼∼∼�
δ (ℓ′, v′)164

whenever v′(x) = v(x) + δ(x) for all counters x ∈ X. We simply use (ℓ, v) ∼∼∼� (ℓ′, v′) when165

there exists (ℓ, δ, ℓ′) ∈ ∆ such that (ℓ, v) ∼∼∼�
δ (ℓ′, v′). We denote ∼∼∼�∗ for the transitive and166

reflexive closure of ∼∼∼�. An (infinite) execution (or run) of the VASS is a (infinite) sequence167

of configurations (ℓ0, v0), (ℓ1, v1), . . . , (ℓn, vn), starting with the initial configuration and such168

that (ℓi, vi) ∼∼∼� (ℓi+1, vi+1) for all 0 ≤ i < n.169

Reach, the well-known reachability problem for VASS, is defined as follows: given a170

VASS V = (Loc, ℓ0, X, ∆) and a location ℓf ∈ Loc, is there an execution from (ℓ0, 0) to171

(ℓf , 0)?172

▶ Theorem 2.5 (Membership [18], Hardness [3, 17]). Reach is Ackermann-complete.173

3 Solving Synchro for Wait-Only Protocols174

To solve Synchro we show in this section that we can build a VASS that simulates the175

behavior of a broadcast network running a Wait-Only protocol. An intuitive way to proceed,176

inspired by the counting abstraction proposed for protocols communicating by pairwise177

rendez-vous communication [9], consists in having one counter per state of the protocol, that178

stores the number of processes that populate that state. Initially, the counter associated with179

the initial state can be incremented as much as one wants: this will determine the number of180

processes of the execution simulated in the VASS. Then, the simulation of broadcast messages181

(q, !!a, q′) amounts to decrementing the counter associated to q and increment the counter182

associated to q′. However, simulating receptions of the message (e.g. a transition (p, ?a, p′)),183

requires to empty the counter associated to p and transfer its value to the counter associated184

to q′. This transfer operation is not something that can be done in VASS unless the model is185

extended with special transfer transitions, leading to an undecidable reachability problem [21].186

MFCS 2025
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To circumvent this problem, we rely on two properties of Wait-Only protocols: (1) processes187

that occur to be in the same waiting state follow the same path of reception in the protocol,188

and end in the same action state (we show how to take care of potential non-determinism in189

the next section) and (2) processes in an action state cannot be influenced by the behaviour190

of other processes as they cannot receive any message. Thanks to property (1), instead of191

precisely tracking the number of processes in each waiting state, we only count the processes192

in a “waiting region” – a connected component of waiting states populated by processes that193

will all reach the same action state simultaneously. The waiting region allows us also to194

monitor when the processes go out from a waiting region to an action state. We will explain195

later how we use property (2) to handle the transfer of values of counters within the VASS196

semantics, and thus simulating processes leaving a waiting region.197

For the rest of this section, we fix P = (Q, Σ, qin, T ) a Wait-Only protocol (with QW198

[resp. QA] the set of waiting states [resp. action states]) for which we assume w.l.o.g. the199

existence of an uncoverable state qu ∈ Q verifying q ̸= qu and q′ ̸= qu for all (q, α, q′) ∈ T200

and qu ̸= qin. Furthermore, we consider a final waiting state qf ∈ QW . To ease the reading,201

we assume in this section that the final state qf is a waiting state, but our construction could202

be adapted to the case where qf is an action state. Moreover, we show in the next section203

that Synchro in this latter case is easier to solve.204

3.1 Preliminary properties205

We present here properties satisfied by Wait-Only protocols, which we will rely on for our206

construction. We first show with Lemma 3.1 that if, during an execution, two processes fulfill207

two conditions: (i) they are on the same waiting state qw, and (ii) the next action state208

they reach (not necessarily at the same time) is the same (namely qa), then one can build209

an execution where they both follow the same path between qw and qa. This is trivial for210

deterministic protocols (where for all q ∈ Q and α ∈ OpΣ, there is at most one transition of211

the form (q, α, q′) ∈ T ) and is also true for non-deterministic protocols.212

For an execution ρ ∈ Λ ∪ Λω of P , an index 0 ≤ j < |ρ|, a waiting state q ∈ QW and a213

process number e ∈ [1, #proc(ρ)] such that ρj(e) = q, we define na-index(ρ, j, e) = min{k |214

j ≤ k ≤ |ρ| and ρk(e) ∈ QA}, i.e. the first moment after ρj where the process e reaches an215

action state (if such moment does not exist, it is set to |ρ|). We note na-state(ρ, j, e) def=216

ρna-index(ρ,j,e)(e) the next action state for process e from ρj if na-index(ρ, j, e) ̸= |ρ| and217

otherwise we take the convention that na-state(ρ, j, e) is equal to qu, the uncoverable state218

of the protocol P . Finally, we let na(ρ, j, e) = (na-state(ρ, j, e), na-index(ρ, j, e)).219

▶ Lemma 3.1. Let ρ ∈ Λ ∪ Λω be an execution of P . If there exist e1, e2 ∈ [1, #proc(ρ)]220

and 0 ≤ j < |ρ| such that (i) ρj(e1) = ρj(e2) ∈ QW , (ii) na(ρ, j, e1) = (q, j1), and (iii)221

na(ρ, j, e2) = (q, j2) with j1 ≤ j2 < |ρ|, then there exists an execution ρ′ of the form222

ρ≤jρ′
j+1 . . . ρ′

j2
ρ≥j2+1 such that ρ′

k(e1) = ρ′
k(e2) = ρk(e1) for all j +1 ≤ k ≤ j1, and ρ′

k(e1) =223

ρk(e1) and ρ′
k(e2) = q for all j1 < k ≤ j2. In particular na(ρ′, j, e1) = na(ρ′, j, e2) = (q, j1).224

▶ Example 3.2. Consider the protocol P in Figure 1 and the execution ρ of Example 2.2.225

We have ρ2(1) = ρ2(2) = q1 and na(ρ, 2, 1) = (q3, 4) and na(ρ, 2, 2) = (q3, 5). Applying226

Lemma 3.1, we build: ρ′ = (qin, qin, qin) → (q1, qin, qin) → (q1, q1, qin) → (q5, q5, qin) →227

(q3, q3, qin) → (q3, q3, q7) where process 1 and process 2 follow the same path between q1 and228

q3. However, consider the following events from (q1, q1, qin): (q1, q1, qin) → (q2, q5, qin) →229

(q3, q6, q7) → (q4, q4, q4), here we cannot apply the lemma as from q1, processes 1 and 2 reach230

two different next action states (q3 and q4).231
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The above lemma enables us to focus on a specific subset of executions for Synchro, which232

we refer to as well-formed. In these executions, at any moment, two processes in the same233

waiting state and with the same next action state, follow the same path of receptions. Formally,234

an execution ρ of a protocol P is well-formed iff for all 0 ≤ i < |ρ|, for all e1, e2 ∈ [1, #proc(ρ)]235

such that ρi(e1) = ρi(e2) ∈ QW and na-state(ρ, i, e1) = na-state(ρ, i, e2) = q, it holds that236

ρk(e1) = ρk(e2) for all i ≤ k ≤ na-index(ρ, i, e1). From Lemma 3.1, we immediately get:237

▶ Corollary 3.3. There exists an execution ρ = C0 . . . Cn such that Cn(e) = qf for all238

e ∈ [1, #proc(ρ)] iff there exists a well-formed execution from C0 to Cn.239

We finally provide a result which will allow us to bound the size of the VASS that240

we will build from the given Wait-Only protocol. Given an execution ρ ∈ Λ ∪ Λω of241

P , an index 0 ≤ j < |ρ| and an action state qa ∈ QA, we define na-index-set(ρ, j, qa)242

as the set of indices where processes in a waiting state at ρj will reach qa, if it is their243

next action state: na-index-set(ρ, j, qa) def= {i | there exists e ∈ [1, #proc(ρ)] s.t. ρj(e) ∈244

QW and na(ρ, j, e) = (qa, i)}.245

▶ Lemma 3.4. For all well-formed executions ρ, for all 0 ≤ j < |ρ|, and for all qa ∈ QA, we246

have |na-index-set(ρ, j, qa)| ≤ |QW |.247

Proof. If we have |na-index-set(ρ, j, qa)| > |QW |, by pigeon hole principle there exist248

e1, e2 ∈ [1, #proc(ρ)] such that ρj(e1) = ρj(e2) ∈ QW and such that na(ρ, j, e1) = (qa, i1)249

and na(ρ, j, e2) = (qa, i2) with i1 < i2. Consequently ρi1(e1) = qa ∈ QA and ρi1(e2) ∈ QW250

hence ρi1(e1) ̸= ρi1(e2), which contradicts the definition of well-formedness. ◀251

3.2 Building the VASS that Simulates a Broadcast Network252

Summaries. We present here the formal tool we use to represent processes in waiting states.253

We begin by introducing some notations. A print pr is a set of waiting states. Given a non254

empty subset of states A = {q1, . . . , qn} ⊆ Q, we define a configuration
•
A ∈ Qn such that255

•
A(e) = qe for all e ∈ [1, n]. When A = {q}, we write •

q ∈ Q1 instead of
•

{q}. Conversely, given256

a configuration C, we define set(C) = {q ∈ Q | C−1(q) ̸= ∅}. For two configurations C ∈ Qn
257

and C ′ ∈ Qm, we let C ⊕ C ′ be the configuration C ′′ ∈ Qn+m defined by: C ′′(e) = C(e) if258

1 ≤ e ≤ n and C ′′(e) = C ′(e − n) if n + 1 ≤ e ≤ m + n. A summary S is a tuple (pr, qa, k)259

such that pr ⊆ QW is a print, qa ∈ QA is an exit state, and k ∈ [1, |QW | + 1] is an identifier.260

The label of S is lab(S) = (qa, k) and we denote its print by print(S). Finally, we define a261

special summary Done.262

In our construction, each process in a waiting state is associated with a summary while263

processes in action states are handled by the counters of the VASS. Intuitively, a summary264

(pr, qa, k) represents a set of processes lying in the set pr ⊆ QW that will reach the same next265

action state qa simultaneously (this restriction is justified by Lemma 3.1). Since the set of266

waiting states pr evolve during the simulation, each summary must be uniquely identified.267

To achieve this, we use an integer k ∈ [1, |QW | + 1]. Hence each summary is identified with268

the pair (qa, k). We do not need more than |QW | + 1 different identifiers, because when a269

process enters a new summary (i.e it arrives in a waiting state qw from an action state),270

aiming for next action state qa, it either joins an existing summary with exit state qa, or271

create a new one. In the latter case, well-formed executions ensure that no existing summary272

S = (pr, qa, k) with exit state qa is such that qw ∈ pr. Otherwise two processes would be in273

the same state qw, aiming for the same action state, but at different moments, contradicting274

Lemma 3.1. Note that we need |QW | + 1 different identifers, and not |QW | for technical275
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reasons. Finally, the special summary Done is used to indicate when the processes described276

by a summary reach the exit action state.277

We now describe how summaries evolve with the sequence of transitions. Let S =278

(pr, qa, k) and S′ = (pr′, qa, k) be two summaries (with the same exit state and identifier)279

and t = (q, !!b, q′) ∈ T such that there exists a configuration C ′ verifying •
q ⊕ •pr 1,t−−→

•
q′ ⊕ C ′.280

We then write S
t=⇒ S′ whenever set(C ′) = pr′ ⊆ QW . This represents the evolution of a281

summary upon reception of message b, when the processes all stay in waiting states, and no282

new process joins the “waiting region” of the given summary. We write S
t,+q′

===⇒ S′ whenever283

q′ ∈ QW and set(C ′) ∪ {q′} = pr′ ⊆ QW . In that latter case, the process responsible for284

the transition t joins the “waiting region” represented by S. This typically occurs when the285

process’s next action state is qa, and it reaches qa simultaneously with the processes described286

by S. Finally, we use S
t=⇒ Done whenever set(C ′) = {qa}. This represents the evolution287

(and disappearance) of S when all the processes reach qa (they all reach it simultaneously).288

▶ Example 3.5. Returning to the protocol P of Figure 1, consider the summary S0 =289

({q1}, q3, 1). Observe that S0
(qin,!!a,qin)=======⇒ ({q2}, q3, 1) and S0

(qin,!!a,qin)=======⇒ ({q5}, q3, 1). How-290

ever, by definition, we do not have S0
(qin,!!a,qin)=======⇒ ({q5, q2}, q3, 1). Indeed, processes sum-291

marized in S0 are forced to all go either on q2 or on q5 upon receiving a: thanks to292

Corollary 3.3, we consider only well-formed executions, where all processes summarized293

in S0 choose the same next state. Additionnaly, we have ({q2}, q3, 1) (qin,!!b,q7)=======⇒ Done and294

({q1}, q4, 1) (qin,!!a,qin)=======⇒ ({q5}, q4, 1) (qin,!!b,q7),+q7=========⇒ ({q6, q7}, q4, 1) (qin,!!d,q1)=======⇒ Done. However,295

note that we do not have ({q2}, q4, 1) (qin,!!b,q7)=======⇒ Done, since the action state q3 reached from296

q2 upon receiving b is not the exit state q4.297

Definition of the VASS. We now explain how we use the summaries in the VASS simulating298

the executions in the network. First we say that a set S of summaries is coherent if for299

all distinct pairs (pr1, q1, k1), (pr2, q5, k2) ∈ S such that q1 = q5, we have k1 ̸= k2 and300

pr1 ∩ pr2 = ∅. We denote by CoSets the set of coherent sets of summaries. For a set of301

summaries S we let lab(S) = {lab(S) | S ∈ S}. Observe that, when S is coherent, for a302

label (q, k) ∈ lab(S), there is a unique S ∈ S such that lab(S) = (q, k).303

We define the VASS VP simulating the protocol P as follows: VP = (Loc, s0, X, ∆), where304

Loc = CoSets ∪ {s0} ∪ {sf }, the set of counters is X = {xq | q ∈ QA} ∪ {x(q,k) | q ∈ QA, k ∈305

[1, |QW | + 1]}, and the set of transitions ∆ = ∆0 ∪ (
⋃

t∈T ∆t) ∪ ∆e, is defined as follows:306

∆0 contains exactly the following transitions:307

(s0, δ0, s0) where δ0(xqin) = 1 and δ0(x) = 0 for all other counters;308

(s0, 0, ∅) where 0 is the null vector (note that the empty set is coherent);309

({Sf }, 0, sf ) ∈ ∆ where Sf = ({qf }, qu, 1);310

(sf , δf , sf ) ∈ ∆ where δf (x(qu,1)) = −1 and δf (x) = 0 for all other counters.311

For t = (q, !!a, q′) ∈ T , we have (S, δ, S ′) ∈ ∆t iff one of the following conditions holds:312

a. q′ ∈ QA and S = {S1, . . . , Sk}. Then, for all 1 ≤ i ≤ k, there exists S′
i such that313

Si
t=⇒ S′

i and S ′ = {S′
i | 1 ≤ i ≤ k} \ {Done}. Moreover, δ(xq) = −1, δ(xq′) = 1 and314

δ(x) = 0 for all x ∈ X \ {xq, xq′}. Here we simply update the sets of states populated315

by processes in waiting states after the transition t. Some summaries may have316
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s0 ∅ {qf }, qu, 1 sf

CoSets

xqin ++ x(qu,1)- -

Figure 2 The structure of the VASS V.

{q2}, q3, 1
{q1}, q3, 2

{q1, q5}, q4, 1

{q1}, q3, 2
{q1, q6, q7}, q4, 1

xqin - -
x(q4,1)++ x(q3,1)- -

xq3 ++

Figure 3 One successor of location
{({q2}, q3, 1), ({q1}, q3, 2), ({q1, q5}, q4, 1)} (left
location) after the broadcast transition (qin, !!b, q7)

{q2}, q3, 1 {q2}, q3, 1
{q1}, q4, 1

{q2}, q3, 1
{q1}, q3, 2{q1, q2}, q3, 1

xqin - -
x(q4,1)++

xqin - -
x(q3,2)++

xqin - -
x(q3,1)++

Figure 4 Three successors of location
{({q2}, q3, 1)} (top left location) after
the broadcast transition (qin, !!d, q1).

disappeared from S if the processes represented by this summary have reached their317

exit action state when receiving a. For now, we only modify the counters associated to318

the states q and q′. Note that this is well-defined, since we assume in Remark 2.4 that319

there is no self-loop of the form (q, !!a, q).320

b. q′ ∈ QW , S = {S1, . . . , Sk}, and there exists 1 ≤ i ≤ k and S′
i such that Si

t,+q′

===⇒ S′
i.321

For all j ̸= i, there exists S′
j such that Sj

t=⇒ S′
j . Then S ′ = {S′

j | 1 ≤ j ≤ k} \ {Done}.322

Moreover, δ(xq) = −1, δ(xlab(Si)) = 1 and δ(x) = 0 for all x ∈ X \ {xq, xlab(Si)}. In323

that case, the process having performed the transition joins an existing summary Si.324

We have then modified accordingly the counters associated to q and to the appropriate325

summary.326

c. q′ ∈ QW and S = {S1, . . . , Sk}. For all 1 ≤ j ≤ k, there exists S′
j such that327

Sj
t=⇒ S′

j . Then S ′ = ({S′
1, . . . , S′

k} \ {Done}) ∪ {({q′}, qa, k)} for some qa ∈ QA and328

k ∈ [1, |QW | + 1] such that (qa, k) ̸∈ lab(S). Moreover, δ(xq) = −1, δ(x(qa,k)) = 1,329

and δ(x) = 0 for all x ∈ X \ {xq, x(qa,k)}. This case happens when the process having330

sent the message a reaches a waiting state, and its expected next action pair (index331

and state) does not correspond to any existing summary. In that case, it joins a new332

summary, the counter associated to the state q is decremented and the counter of this333

new summary is incremented.334

Finally, ∆e allows to empty the counters associated to summaries that have disappeared335

from the set of locations. It is defined as the set of transitions (S, δ, S ′) such that: S = S ′
336

and there exists (q, k) ̸∈ lab(S) with δ(xq) = +1 and δ(x(q,k)) = −1 and for all other337

counters, δ(x) = 0.338

Transitions from ∆e allow the transfer of counter values from summaries that have disappeared339

to the counter of their exit action state. This transfer is not immediate, as it is done through340

iterative decrements and increments of counters. In particular, it is possible for the execution341

of the VASS to continue without the counter of a disappeared summary being fully transfered.342

The processes represented by the counter of a disappeared summary behave in the same343

way as processes in the exit action state that do not take any action. These counters can344

be emptied later, but always from a location from where no summary with the same label345

exists. This ensures that there is no ambiguity between processes in a waiting region and346

those on an action state that have not yet been transferred to the appropriate counter.347
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▶ Example 3.6. Figures 2–4 illustrate the VASS VP built for the protocol P from Figure 1.348

Figure 2 shows its overall structure: any run reaching (sf , 0) starts by incrementing the349

counter of the initial state and ends by decrementing the counter of the summary (qf , qu, 1).350

Here, qu is an artificial, unreachable state used to ensure that the counted processes must351

end in qf (since they cannot be in qu). Figure 4 illustrates how message receptions and352

summary creations are handled. The top-left location contains a single summary ({q2}, q3, 1),353

representing configurations where all processes on QW are in q2, all progressing to q3. After354

the broadcast (qin, !!d, q1), three behaviors may follow. In the first case (right), the sender355

creates a new summary ({q1}, q4, 1) (pink). In the second (diagonal), it creates another356

new summary ({q1}, q3, 2) (orange), indicating a different arrival time at q3. In the third357

(below), it joins an existing summary, and q1 is added to the print. Well-formed executions358

restrict the number of summaries with the same exit state, as there are at most |QW | distinct359

moments where processes can reach a given action state (Lemma 3.4). Figure 3 illustrates360

summary deletion. The transition (qin, !!b, q7) causes the sender to join the pink summary361

(bottom one), incrementing its counter. Processes in the green summary ({q2}, q3, 1) receive362

the message via (q2, ?b, q3), reaching their exit state q3. This summary is deleted in the next363

location. From there, value of x(q3,1) is transferred to the counter xq3 with the loop transition.364

If it is not taken enough times, x(q3,1) may remain non-zero. This does not affect correctness:365

x(q3,1) will be decremented eventually from a state in which there is no summary labeled with366

(q3, 1). Not decrementing soon enough only delay the moment the corresponding processes367

will move from the action state q3.368

▶ Remark 3.7. In the sequel of this paper, the size of VP will be of interest to us. Hence, observe369

that |Loc| = |CoSets|+3 ≤ 2|QA|×(|QW |+1)×2|QW | +3 (as one summary is composed of a state in370

QA, one label in [1, |QW |+1] and one set of waiting states), and |X| = |QA|+|QA|×(|QW |+1).371

Soundness of the construction. We show now that if there exists a run in the VASS VP372

from (s0, 0) to (sf , 0), then in the network built from P , there exist C ∈ I and C ′ ∈ C such373

that C →∗ C ′ and C ′(e) = qf for all e ∈ [1, ||C ′||].374

We say that a configuration (ℓ, v) of VP is an S-configuration if ℓ = S for some S ∈ CoSets.375

The implementation of an S-configuration λ = (S, v) is the set of network configurations376

JλK ⊆ C defined as follows: C ∈ JλK if and only if there exists a function f : [1, ||C||] → X377

such that |f−1(x)| = v(x) for all x ∈ X, and378

CondImpl1 for all xq ∈ X with q ∈ QA, we have C(e) = q for all e ∈ f−1(xq),;379

CondImpl2 for all x(q,k) ∈ X, if there exists (pr, q, k) ∈ S for some pr ⊆ QW , then380

C(e) ∈ pr ∪ {q} for all e ∈ f−1(xq,k);381

CondImpl3 for all x(q,k) ∈ X, if (q, k) /∈ lab(S), then C(e) = q for all e ∈ f−1(xq,k).382

In an implementation of λ, the processes populate states according to the values of the383

counters. All processes associated with a counter xq of an action state will populate this384

exact state (CondImpl1). However, processes associated with a counter x(q,k) of a summary385

do not necessarily populate waiting states. This occurs when the label (q, k) does not appear386

in S while the associated counter remains strictly positive. Such a situation arises when387

a summary has been previously deleted, but its counter has not been emptied. Since all388

associated processes have already reached the exit action state, the processes associated to389

the corresponding counter have to populate this active state (CondImpl3). If the summary390

with label (q, k) is active (i.e. its label appears in S), the processes associated with x(q,k) will391

be in the corresponding waiting region, or in the exit action state (CondImpl2). This may392

seem contradictory, as all processes are supposed to reach their exit state simultaneously.393
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However, the processes already on the exit action state are “old” processes, that remained394

after a previous deletion of this summary (cf. CondImpl3). These processes will be allowed395

to send messages only when they are identified with the counter of the active state, meaning396

when the corresponding transition in ∆e will be taken. The next lemma allows to build an397

execution of the protocol P from an execution of the VASS VP .398

▶ Lemma 3.8. Let λ, λ′ be two S-configurations of VP and C ∈ JλK. If λ ∼∼∼�
δ

λ′ in VP then399

there exists C ′ ∈ Jλ′K such that C →∗ C ′ for P .400

Sketch of Proof. Assume λ = (S, v) and λ′ = (S ′, v′). Then either (S, δ, S ′) ∈ ∆e or401

(S, δ, S ′) ∈ ∆t for some t ∈ T . In the first case, we show that if C ∈ JλK, then C ∈ Jλ′K.402

Otherwise, let t = (q, !!a, q′), there is a process e such that C(e) = q. The transition δ in the403

VASS makes all the summaries and counters evolve according to the reception of the message404

a. According to the different cases a., b. or c., one can build a configuration C ′ ∈ Jλ′K such405

that C → C ′. ◀406

▶ Lemma 3.9. If (s0, 0) ∼∼∼�∗ (sf , 0) in VP , then there exist C ∈ I and C ′ ∈ C such that407

C →∗ C ′ and C ′(e) = qf for all e ∈ [1, ||C ′||].408

Proof. From the definition of VP , any run from (s0, 0) to (sf , 0) is of the form (s0, 0) ∼∼∼�∗
409

(∅, vinit)∼∼∼�∗({Sf }, vf )∼∼∼�∗(sf , 0) where vinit(xqin) = n for some n ∈ N and vinit(x) = 0 for410

all x ∈ X \ {xqin}, whereas vf (x(qu,1)) = vinit(xqin) = n and vf (x) = 0 for all x ∈ X \ {x(qu,1)}.411

Define C as the initial configuration in I with n processes (i.e. ||C|| = n). Trivially,412

C ∈ J(∅, vinit)K and with Lemma 3.8 and a simple induction, we get that there exists413

C ′ ∈ J({Sf }, vf )K such that C →∗ C ′. Observe that by definition of vf , and since C ′ ∈414

J({Sf }, vf )K, there exists f : [1, n] → X such that f−1(x(qu,1)) = [1, n]. Using CondImpl2,415

we have C ′(e) ∈ {qf , qu} for all e ∈ [1, n] with n = ||C ′||. Since qu is unreachable by416

construction, we deduce that C ′(e) = qf for all e ∈ [1, ||C ′||]. ◀417

Completeness of the construction. Let us first introduce some new definitions. Given a418

well-formed execution ρ ∈ Λ ∪ Λω, two indices 0 ≤ i < j < |ρ| and an action state qa ∈ QA,419

we define Eρ,i
qa,j , the set of processes in waiting states in ρi, and whose next action state is qa,420

reached at ρj . Formally, Eρ,i
qa,j =

{
e ∈ [1, #proc(ρ)] | ρi(e) ∈ QW and na(ρ, i, e) = (qa, j)

}
.421

Furthermore, an S-configuration λ = (S, v) is a representative of the configuration ρi in ρ iff422

the following conditions are respected:423

CondRepr1 for all q ∈ QA, v(xq) = |ρ−1
i (q)|, and424

for all qa ∈ QA, there is an injective function rqa : na-index-set(ρ, i, qa) → [1, |QW | + 1] s.t.:425

CondRepr2 S = {(ρi(Eρ,i
qa,j), qa, rqa(j)) | qa ∈ QA, j ∈ na-index-set(ρ, i, qa)}426

CondRepr3 for all qa ∈ QA, we have v(x(qa,rqa (j))) = |Eρ,i
qa,j | for all j ∈ na-index-set(ρ, i, qa)427

and v(x(qa,k)) = 0 for all k /∈ rqa
(na-index-set(ρ, i, qa)).428

In a representative of the configuration ρi, the counters faithfully count the number of429

processes on active states (CondRepr1), and on waiting regions. The set Eρ,i
qa,j gathers430

exactly the set of processes that populate a same waiting region in a representative of431

ρi in ρ: they all reach the same next action state qa at the same instant j. The set432

na-index-set(ρ, i, qa) being bounded by |QW | (cf. Lemma 3.4), we can associate with each433

of these indices a unique identifier, given by the injective function rqa
. We use a spare434

identifier for technical reasons, to handle more easily situations when |QW | summaries exist435

in the location of the VASS, and a new summary is created while one of the previous436
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summaries is deleted at the next step. Then, CondRepr2 and CondRepr3 require that437

the counters corresponding to the summaries and the summaries themselves reflect faithfully438

the situation in the configuration ρi with respect to ρ. Observe that such a representative is439

tightly linked to the simulated execution, since we need to know the future behavior of the440

different processes to determine the different summaries. Finally, if we let repr(ρ, i) be the441

set of all S-configurations that are representatives of ρi in ρ, we establish the following result442

before proving the main lemma of this subsection (Lemma 3.11).443

▶ Lemma 3.10. Let ρ be a well-formed execution, and 0 ≤ i < |ρ|. For all λi ∈ repr(ρ, i),444

there exists λi+1 ∈ repr(ρ, i + 1) such that λi ∼∼∼�∗ λi+1 in VP .445

Sketch of Proof. From an S-configuration λi = (Si, vi) in repr(ρ, i), we can compute the446

effect on Si of the transition t = (q, !!a, q′) taken in ρ to go from ρi to ρi+1, and find a447

matching transition (Si, δ, Si+1) ∈ ∆t (according to whether q′ is a waiting state or not, and448

in the latter case, whether it joins an existing summary or a new one, depending of the449

execution ρ). We then obtain a new configuration λ′ = (Si+1, v′) such that λi ∼∼∼�
δ

λ′. Note450

that λ′ is not necessarily in repr(ρ, i + 1): if some summaries have been deleted between451

λi and λ′, the transition (Si, δ, Si+1) in VP has not updated the corresponding counters.452

Hence we need to apply transitions from ∆e to empty counters corresponding to deleted453

summaries and accordingly increase corresponding counters on matching action states to454

obtain λi+1 = (Si+1, vi+1) in repr(ρ, i + 1) . ◀455

▶ Lemma 3.11. If there exist C ∈ I, and C ′ ∈ C such that C →∗ C ′ in P and C ′(e) = qf456

for all e ∈ [1, ||C ′||], then (s0, 0) ∼∼∼�∗ (sf , 0) in VP .457

Proof. Thanks to Corollary 3.3, we know there exists a well-formed execution ρ from458

C to C ′. Let K = ||C|| and n = |ρ| − 1. First, consider the sequence (s0, 0) ∼∼∼�∗
459

(s0, v0) ∼∼∼� (∅, v0) where v0(xqin) = K and for all other counters x, v0(x) = 0. Observe460

that, since qin ∈ QA, (∅, v0) ∈ repr(ρ, 0). By applying inductively Lemma 3.10, we get461

that (∅, v0) ∼∼∼�∗ (S1, v1) ∼∼∼�∗ · · · ∼∼∼�∗ (Sn, vn) with (Sn, vn) ∈ repr(ρ, n). By definition,462

every time that na-state(ρ, i, e) = qu for some process e, then na-index(ρ, i, e) = n + 1,463

hence there will always be at most one summary with exit state qu. So in the execution464

we build, every time that some summary (pr, qu, k) ∈ Si, we chose k = 1. We then have465

vn(xqu,1) = K and vn(x) = 0 for all other x ∈ X \ {xqu,1}. Hence, by construction of VP , we466

have (Sn, vn) ∼∼∼� (sf , vn) ∼∼∼�∗ (sf , 0). ◀467

Using Lemma 3.10 and Lemma 3.11 and the fact that the reachability problem for VASS468

is decidable (see Theorem 2.5) we get the main theorem of this section.469

▶ Theorem 3.12. Synchro restricted to Wait-Only protocols is decidable.470

3.3 Lower Bound for Synchro in Wait-Only Protocols471

In this subsection we reduce the reachability problem for VASS to Synchro. We fix a VASS472

V = (Loc, ℓ0, X, ∆) and a final location ℓf ∈ Loc. W.l.o.g., we suppose that any transition473

in ∆ either increments or decrements of 1 exactly one counter. Hence, for a transition474

(ℓ, δ, ℓ′) ∈ Loc, we might describe δ by giving only δ(x) for the only x ∈ X such that δ(x) ̸= 0.475

We explain how to build a protocol PV that simulates V: it is depicted in Figure 5 in476

which we don’t consider the dashed edge. The states zero and {unitx | x ∈ X} represent the477

evolution of the different counters of the VASS while the blue box P ′
V describes the evolution478

of V with respect to its locations. Formally, P ′
V consists of a set of states QV = Loc ∪ {/}479
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qin

q1

ℓ0

zero

ℓf ℓ′
f

qf err

unitx

z-end

err′

!!start

!!$
?start !!incx!!decx

!!verif?end

!!end

?verif
P ′

V

?start

?verif

?incx , ?decx x ∈ X

Figure 5 Protocol P associated to a VASS V. The dashed edge (ℓf , ?start, err) will only be
considered in Section 4.2.

ℓ ℓ′

/
for all m ∈

{incx′ , decx′ |
x′ ∈ X}

?incx

?m ?m

ℓ′′ ℓ′′′

/
for all m ∈

{incx′ , decx′ |
x′ ∈ X}

?decx

?m ?m

Figure 6 Part of P ′
V that simulates respectively the transition (ℓ, δ, ℓ′) ∈ ∆ with δ(x) = 1 at the

left, and (ℓ′′, δ, ℓ′′′) ∈ ∆ with δ(x) = −1 at the right.

and a set of transitions TV = {(ℓ, ?incx, ℓ′) | (ℓ, δ, ℓ′) ∈ ∆ and δ(x) = 1} ∪ {(ℓ, ?decx, ℓ′) |480

(ℓ, δ, ℓ′) ∈ ∆ and δ(x) = −1} ∪ {(ℓ, ?m,/) | m ∈ {incx, decx | x ∈ X}}. Some transitions of481

TV are depicted in Figure 6. We then obtain the following theorem.482

▶ Theorem 3.13. Synchro with Wait-Only protocols is Ackermann-complete.483

Sketch of Proof. The upper bound follows from Theorem 3.12 and Theorem 2.5. For the484

lower bound, we give the ideas that prove that the reduction described above is correct. In485

particular, there exist C0 ∈ I and Cf ∈ C such that C0 →∗ Cf in PV and Cf (e) = qf for all486

e ∈ [1, ||Cf ||] if and only if (ℓ0, 0) ∼∼∼�∗ (ℓf , 0) in V.487

Assume that (ℓ0, 0) ∼∼∼�∗ (ℓf , 0) in V , and let K ∈ N be the maximum value of
∑

x∈X v(x)488

reached during the run. We choose C0 such that ||C0|| = K + 1. The execution proceeds as489

follows: all processes except one (the leader) broadcast a dummy message $. The leader then490

broadcasts start and reaches ℓ0, while the others move to zero. These simulate the counter491

values, and the leader simulates the VASS by moving through the states of P ′
V . The value492

of counter x is represented by the number of processes in unitx. To simulate an increment493

of x from (ℓi, vi) to (ℓi+1, vi+1), a process in zero sends incx, which the leader receives to494

transition to ℓi+1. If the current configuration correctly represents (ℓi, vi), the new one495

faithfully represents (ℓi+1, vi+1). At the end of the simulation, the leader reaches ℓf , and496

the other processes remain in zero. They then broadcast end, and the leader (now in ℓ′
f )497

broadcasts verif, gathering all processes in qf .498

To prove the other direction, we must show that the processes cannot cheat in simulating499

the VASS. First, note that reaching qf requires exactly one broadcast of verif, a second would500

send the original sender to err. This ensures that only one process (the leader) simulates the501

VASS by moving through PV . Second, counter updates must follow the VASS transitions:502

any unauthorized update would cause the leader to receive an unexpected message and503

transition to the losing state /. Finally, when the leader reaches ℓf , all other processes must504

be in zero. If not, problems occur during the final steps: one process (the helper) broadcasts505

end, which sends the leader to ℓ′
f . Then, all remaining processes must reach z-end before the506

unique verif broadcast. If a process in unitx moves to z-end, it must broadcast decx, which is507
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received by other processes in z-end, sending them, including the helper, to err′. As a result,508

the helper misses verif and cannot reach qf , preventing a successful execution. Thus, the509

simulation must end with the leader in ℓf and all others in zero. ◀510

4 Synchro is ExpSpace-complete when the Target State is an Action511

State512

Upper bound. We show that Synchro when qf ∈ QA can be reduced to the mutual513

reachability problem on VASS, defined as follows: given a VASS V = (Loc, ℓ0, X, ∆) and514

a location ℓf , do there exist a run from (ℓ0, 0) to (ℓf , 0) and one from (ℓf , 0) to (ℓ0, 0).515

This problem is shown to be in ExpSpace [16]. More precisely, Leroux establishes the516

ExpSpace-membership and provides a bound on the lengths of the runs, for the mutual517

reachability problem in VAS (Vector Addition Systems). However, by applying the VASS-to-518

VAS transformation presented in [14], we get the following result.519

▶ Theorem 4.1 ([16] Corollary 10.6, Transformation of [14]). Given a VASS V = (Loc, ℓ0, X, ∆),520

if there are two runs (ℓ0, 0) ∼∼∼�∗ (ℓf , 0) and (ℓf , 0) ∼∼∼�∗ (ℓ0, 0), then there are two521

runs (ℓ0, 0) ∼∼∼�∗ (ℓf , 0) and (ℓf , 0) ∼∼∼�∗ (ℓ0, 0) whose lengths are bounded by 17(|X| +522

3)2x15(|X|+3)|X|+5 where x = (1 + 2(|Loc| + 1)2)2.523

Given a Wait-Only protocol P = (Q, Σ, qin, T ) and a target state qf ∈ QA, we explain524

how to transform it into a VASS where mutual reachability is equivalent to Synchro. We525

build the VASS VP = (Loc, X, s0, ∆) as described in Section 3.2, with some modifications.526

The first two modifications simply encode the fact that the target state is not a waiting sate527

anymore, while the third one ensures the mutual reachability.528

We add a state s′
f and the transition ({Sf }, 0, sf ) is replaced by two transitions: (∅, δ, s′

f )529

and (s′
f , δ′, sf ). Here, δ(xqf

) = −1, δ′(xqf
) = 1, and for all other counters x, δ(x) =530

δ′(x) = 0. It prevents the reachability of (sf , 0) to be trivial with the run (s0, 0) ∼∼∼�531

(∅, 0) ∼∼∼� (sf , 0).532

The transition (sf , δf , sf ) is replaced by (sf , δ′
f , sf ), where δ′

f (xqf
) = −1 and δ′

f (x) = 0533

for all other counters x.534

We add a transition (sf , 0, s0) to allow the resetting of VP to s0 after reaching sf .535

▶ Lemma 4.2. There exists C ∈ I and C ′ ∈ C such that C →∗ C ′ and, for all e ∈ [1, ||C ′||],536

C ′(e) = qf if and only if there are two runs (s0, 0) ∼∼∼�∗ (sf , 0) and (sf , 0) ∼∼∼�∗ (s0, 0) in537

VP .538

Sketch of Proof. Assume that there exist C ∈ I and C ′ ∈ C such that C →∗ C ′ and, for539

all e ∈ [1, ||C ′||], C ′(e) = qf . Since the main body of VP is the same as in Section 3.2 we540

can, like in Lemma 3.11, build a run of VP from (s0, 0) to (sf , 0). By construction of VP ,541

(sf , 0) ∼∼∼� (s0, 0).Assume now that (s0, 0) ∼∼∼�∗ (sf , 0) (and (sf , 0) ∼∼∼� (s0, 0)). Observe542

that it might be the case that the run looks like (s0, 0) ∼∼∼�∗ (sf , v1) ∼∼∼� (s0, v1) ∼∼∼�∗
543

(sf , v2) . . . (s0, vk) ∼∼∼�∗ (sf , 0). By construction of the VASS, we know that there is an544

execution (s0, 0) ∼∼∼�∗ (∅, v′
0) ∼∼∼�∗ (∅, v′′

0 ) ∼∼∼� (s′
f , v′′′

0 ) ∼∼∼� (sf , v′′
0 ) ∼∼∼�∗ (sf , v1). Here v′

0545

is the valuation obtained after having increased the counter xqin , v′′
0 is the valuation obtained546

just before going to s′
f , and v1 is obtained after having decremented counter xqf

. Adapting547

the proof of Lemma 3.9 to this case, we deduce the existence of an execution of the protocol548

from an initial configuration C0 to a configuration C ′
0 such that |C ′

0
−1(q)| = 0 for all q ∈ QW ,549

and |C ′
0

−1(q)| = v′′
0 (xq) +

∑
i=1,...,|QW |+1 v′′

0 (x(q,i)) for all q ∈ QA. From the portion of run550

of the VASS (s0, v1) ∼∼∼�∗ (∅, v′
1) ∼∼∼�∗ (∅, v′′

1 ) ∼∼∼� (s′
f , v′′′

1 ) ∼∼∼� (sf , v′′
1 ) ∼∼∼�∗ (sf , v2), we551
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similarly get another sequence of configurations of the protocol from a configuration C1 (not552

necessarily initial because v1 might not be equal to 0 for some counters other than xqin) to a553

configuration C ′
1 such that C1 →∗ C ′

1 and |C ′
1

−1(q)| = 0 for all q ∈ QW . Observe however554

that these two sequences can be merged into a single one, of size v′
0(xqin) + (v′

1(xqin) − v1(xqin))555

(the second part corresponds to processes added in qin with transition (s0, δin, s0), and556

δin(xqin) = 1). The execution then first behaves like the execution from C0 to C ′
0, potentially557

leaving some processes in the initial state (in particular processes from v′
1(xqin) − v1(xqin)).558

Once this first part is over, all the processes are either in the initial state, or in an action559

state (because C ′
0

−1(q) = 0 for all q ∈ QW ). Then, one can simulate the second sequence,560

(processes already in qf from the first execution won’t be affected because they are in an561

action state, so they won’t receive any message. This would not be true if qf ∈ QW ). Since562

the execution of VP eventually reaches (sf , 0), it means that it reaches (sf , vk+1) where563

vk+1(x) = 0 for all x ̸= xqf
. Then, by iterating the construction described above, one obtains564

an execution of P from an initial configuration to a configuration Cf such that Cf (e) = qf565

for all e ∈ [1, ||Cf ||]. ◀566

As runs of doubly exponential length can be guessed in exponential space in the size of567

the VASS and ExpSpace = NExpspace, we get the following theorem using Remark 3.7568

and Theorem 4.1. Observe that even if the number of locations is doubly exponential in the569

size of the protocol, the bound of Theorem 4.1 is polynomial in |Loc| and doubly exponential570

in |X|, hence lengths of the runs to guess remain doubly exponential in the size of the protocol.571

▶ Theorem 4.3. Synchro for Wait-Only protocols is in ExpSpace when qf ∈ QA.572

Lower bound. ExpSpace-hardness follows from a reduction of the coverability problem in573

VASS, which is ExpSpace-hard [19], and stated as follows: given a VASS V = (Loc, ℓ0, X, ∆)574

of dimension d ∈ N, and a location ℓf ∈ Loc, decide whether there is an execution from575

(ℓ0, 0) to (ℓf , v) for some v ∈ Nd.576

The reduction uses the protocol depicted in Figure 5, this time including the dashed577

edge but excluding the thick edges: qf is now an action state. Then ℓf is coverable iff there578

exists an execution C0 →∗ Cf in which all processes reach qf . The execution of the VASS579

can be simulated in the protocol like in Section 3.3. The processes that may still remain in580

the states unitx can reach z-end even when ℓ′
f is populated (recall that all the thick edges581

have been removed). Once this is done, all processes can gather in qf . Conversely, if there582

exists an execution in which all processes reach qf , it means that ℓf is coverable. Let e0 be583

the first process to broadcast start, then an execution of the VASS covering ℓf can be built584

based on the sequence of states visited by e0 between ℓ0 and ℓf . This relies on three keys585

observations: (1) The process e0 must visit ℓf , otherwise it cannot reach qf . (2) When e0 is586

between ℓ0 and ℓf , e0 is the only process in this region. If another process attempts to join587

by broadcasting start, e0 will receive the message and go to err, preventing it from reaching588

qf . (3) When e0 reaches ℓ0 for the first time, no other process is in the states {unitx | x ∈ X},589

since start is sent for the first time at this point. Hence, with Theorem 4.3, it establishes the590

following result.591

▶ Theorem 4.4. Synchro for Wait-Only protocols is ExpSpace-complete when qf ∈ QA.592

5 Solving the Repeated Coverability problem for Wait-Only Protocols593

Upper Bound. We show that RepCover on Wait-Only protocols is in ExpSpace, via the594

repeated coverability problem in VASS: given a VASS V = (Loc, ℓinit, X, ∆) and a location595
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!!#
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. . .

Figure 7 The part of P with transition tf =
(qn+2, !!,, q1). We write ?Σ for ?m, ∀m ∈ Σ.
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?$, ?i

?en
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Figure 8 The part of P simulating
automaton i.

ℓf ∈ Loc, is there an infinite execution (ℓinit, 0) ∼∼∼� (ℓ1, v1) ∼∼∼� . . . such that, for all i ∈ N,596

there exists j > i such that ℓj = ℓf ? We rely on the following theorem.597

▶ Theorem 5.1 (Theorem 3.1 of [13]). For a VASS V = (Loc, ℓinit, X, ∆), the repeated598

coverability problem is solvable in O(log(l) + log(|Loc|))2c|X| log(|X|) nondeterministic space for599

some constant c independent of V, and where the absolute values of components of vectors in600

∆ are smaller than l.601

Let P = (Q, Σ, qin, T ) be a Wait-Only protocol and tf = (q, !!a, q′) the transition that602

has to occur infinitely often. We build a VASS VP based on the construction presented603

in Section 3.2. This time, we add a new set of states CoSets, = {(S,,) | S ∈ CoSets}.604

and the set of transitions {(S, δ, (S ′,,)) | (S, δ, S ′) ∈ ∆tf
} ∪ {(S,,), 0, S) | S ∈ CoSets}.605

Hence, when a process takes the transition tf , it is highlighted in VP by going in a location606

tagged with ,, before continuing the execution. Taking the protocol of Figure 1, with tf =607

(qin, !!d, q1), the previous transition from the location of the VASS {({q3}, q4, 1)} to the loca-608

tion {({q3}, q4, 1), ({q1}, q6, 1)} (see Figure 4) is now transformed into two transitions in the609

VASS we build here: one from ({({q3}, q4, 1)}) to the location ({({q3}, q4, 1), ({q1}, q6, 1)},,)610

and one from ({({q3}, q4, 1), ({q1}, q6, 1)},,) to {({q3}, q4, 1), ({q1}, q6, 1)}. There is an611

execution of P with a process that takes tf infinitely often iff there is an execution612

of VP where one state in CoSets, is visited infinitely often. The procedure to decide613

RepCover is then: guess a location ℓf in CoSets, and solve the repeated coverabil-614

ity problem for VP and ℓf . From Remark 3.7 and Theorem 5.1, this can be done in615

O(log(2) + (|Q| + 1)2 × 2|Q| + 2)2c(|Q|+1)3 log((|Q|+1)3) nondeterministic space. The overall616

procedure is then in NExpSpace = ExpSpace. Hence, the following theorem.617

▶ Theorem 5.2. RepCover is in ExpSpace.618

▶ Remark 5.3. One could define RepCover with a reception transition that has to occur619

infinitely often. The VASS we described hereabove can be adapted by enlarging each location620

with the current state of the witness process. This can also be done in ExpSpace.621

Lower bound. We reduce the intersection non-emptiness problem for deterministic finite622

automata, which is known to be PSpace-complete [15], to RepCover. Let A1, . . . , An be623

deterministic, complete finite automata, with Ai = (A, Qi, q0
i , qf

i , ∆i) for 1 ≤ i ≤ n. The624

reduction assumes a single accepting state per automaton, which does not affect complexity.625

We denote by A∗ the set of words over the alphabet A, and extend each transition function626

∆i to A∗ by defining: ∆∗
i (q, ε) = q, and ∆∗

i (q, wa) = ∆i(∆∗
i (q, w), a) for all w ∈ A∗ and627

a ∈ A.628

We define a protocol P = (Q, Σ, qin, T ) composed of several components. For each629

automaton Ai, P includes a component Pi = (Qi, T i) (see Figure 8), where Qi = Qi and630
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T i = {(qi
1, ?a, qi

2) | (qi
1, a, qi

2) ∈ ∆i}. The main control component (see Figure 7) includes631

the transition tf = (qn+2, !!,, q1), which must occur infinitely often. A process taking tf632

infinitely often also receives infinitely many sequences of messages $ · end1 · end2 . . . endn,633

where each endi is broadcast by the component simulating Ai. In addition to transitions634

in Figures 7 and 8, T also includes: {(qin, !!a, qin) | a ∈ A} ∪ {(qin, !!$, qin)}. One can show635

that there exists a word w = a1 . . . an in the intersection of the n automata iff there is an636

execution in which tf is taken infinitely often.637

▶ Theorem 5.4. RepCover is PSpace-hard.638
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A Synchro is undecidable704

In order to prove undecidability of Synchro, we reduce the halting problem of a 2-counter705

machine.706

2-counter machines707

A 2-counter machine is a tuple M = (S, sin, sf , x1, x2, ∆) such that S is a finite set of708

states, sin ∈ S is the initial state, sf ∈ S is the final state, x1 and x2 are two counters709

that take their values in N, and ∆ ⊆ S × Op × S is a finite set of transitions, with710

Op = {x + +, x − −, x = 0 | x ∈ {x1, x2}}. A configuration of the machine is a tuple (s, x1, x2)711

with s ∈ S, and x1 ∈ N (resp. x2 ∈ N) is the value of counter x1 (resp. x2).712

Consider a transition δ = (s, op, s′) ∈ ∆, then for x1, x2 ∈ N, we have:713

(s, x1, x2) ∼∼∼�
δ (s′, x1 + 1, x2) iff op = x1 + +;714

(s, x1, x2) ∼∼∼�
δ (s′, x1, x2 + 1) iff op = x2 + +;715

(s, x1, x2) ∼∼∼�
δ (s′, x1 − 1, x2) iff x1 > 0 and op = x1 − −;716

(s, x1, x2) ∼∼∼�
δ (s′, x1, x2 − 1) iff x2 > 0 and op = x2 − −;717

(s, x1, x2) ∼∼∼�
δ (s′, x1, x2) iff x1 = 0 and op = (x1 = 0);718

(s, x1, x2) ∼∼∼�
δ (s′, x1, x2) iff x2 = 0 and op = (x2 = 0);719

We let ∆test = {(s, op, s′) ∈ ∆ | op ∈ {x1 = 0, x2 = 0}} ⊆ ∆. Given two configurations720

(s, x1, x2) and (s′, x′
1, x′

2), we write (s, x1, x2)∼∼∼�(s′, x′
1, x′

2) whenever there exists a transition721

δ ∈ ∆ such that (s, x1, x2)∼∼∼�
δ (s′, x′

1, x′
2). Finally we denote ∼∼∼�∗ the reflexive and transitive722

closure of ∼∼∼�. We assume that ∆ is deterministic, and that sf has no outgoing transition.723

The halting problem asks whether (sin, 0, 0) ∼∼∼�∗ (sf , 0, 0) and it is undecidable.724

Simulation.725

Given a machine M = (S, sin, sf , x1, x2, ∆), we define a protocol P depicted in Figure 9,726

where PM is defined as follows: PM = (S ∪ {/}, TM ) with TM = {(s, ?op, s′) | (s, op, s′) ∈727

∆ \ ∆test} ∪ {(s, !!x=0, s′) | (s, x=0, s′) ∈ ∆test} ∪ {(s, ?op,/) | s ∈ S, op ∈ {x + +, x − − |728

x ∈ {x1, x2}}}.729

If (sin, 0, 0) ∼∼∼�∗ (sf , 0, 0), there is an execution of the protocol that gathers all the730

processes in sf . The number of processes needed is 1 + max(x1 + x2) where max(x1 + x2)731

denotes the maximum value of the sum of the counters during the execution of M . Initially,732

a single process (the leader), broadcasts ℓ, and goes to sin, while all the others go to the733

state 0. From that point onward, the configurations of the 2-counter machines are encoded734

in a the protocol’s configurations as follows: the state of the leader process determines the735

location of M , and the number of processes in state x1 (resp. x2) represents the value of736

counter x1 (resp. x2).737

From a location s, if the transition taken in the execution of M belongs to ∆test, the738

leader process broadcasts the corresponding message !!xi = 0. Since the counter xi is zero at739

that moment, no process is in state xi, allowing the simulation to continue. If the transition740

involves an increment (respectively, a decrement) of counter xi, then, by our choice of the741

number of processes, there are some processes in state 0 (respectively, in state xi). One such742

process broadcasts the message !!xi + + (respectively, !!xi − −), which causes the leader to go743

to the next location. The protocol configuration remains equivalent to the configuration of744

M . Since (sf , 0, 0) is reached in M , this simulation ensures that the leader process eventually745

reaches state sf , while all other processes remain in state 0. At that moment, the leader746

broadcasts !!d, bringing all processes to sf .747
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qin

0

sin

x1x2

sf

/

!!ℓ

?ℓ

!!x1 + +

!!x2 + + !!x1 − −

!!x2 − −
?d

!!d

?x1 = 0, ?d?x2 = 0, ?d

PM

Figure 9 Protocol P associated to a machine M = (S, sin, sf , x1, x2, ∆).

Conversely, if there exists an execution of the protocol that gathers all processes in sf ,748

then at some point, one process must have broadcast !!ℓ, after which all other processes749

must have reached state 0. From this point, if any process deviates from the intended750

behavior—such as a counter sending an incorrect operation to the leader or the leader751

sending a zero-test message when the corresponding counter is not empty—an erroneous752

message is received by some processes, leading them to the sink state /, from which it is753

impossible to gather all processes in sf . When the leader process eventually reaches sf754

(which must happen since the execution gathers all processes in sf ), the only way to ensure755

that all other processes join is by broadcasting !!d. If any process is not in state 0 at that756

moment, it will be sent to the sink state /. Consequently, the corresponding execution in757

the 2-counter machine must be correct and must reach (sf , 0, 0).758

B Proof of Lemma 3.1759

Proof. Let ρ ∈ Λ ∪ Λω be an execution of P such that there exist e1, e2 ∈ [1, #proc(ρ)] and760

0 ≤ j0 < |ρ| with ρj0(e1) = ρj0(e2) ∈ QW and na(ρ, j0, e1) = (q, j1) and na(ρ, j0, e2) = (q, j2)761

with j1 ≤ j2 < |ρ|.762

We define the sequence of configurations ρ′ = ρ′
j0+1 · · · ρ′

j2
as follows:763

for all j0 < k ≤ j1, ρ′
k(e2) = ρk(e1) and for all e ̸= e2, ρ′

k(e) = ρk(e);764

for all j1 < k ≤ j2, ρ′
k(e2) = q and for all e ̸= e2, ρ′

k(e) = ρk(e).765

Observe that ρj2(e2) = q as na(ρ, j0, e2) = (q, j2). Hence, ρ′
j2

= ρj2 . Hence, it remains to766

prove that ρj0 → ρ′
j0+1 → · · · → ρ′

j2
in order to prove that ρ≤j0 · ρ′ · ρ≥j2+1 is an execution.767

We do so by induction: we let ρ′
j0

= ρj0 and we prove by induction on j0 ≤ k ≤ j2 that768

ρ′
j0

→ ρ′
j0+1 → · · · → ρ′

k.769

For k = j0, there is nothing to do. Let j0 ≤ k < j2 and assume that ρ′
j0

→ ρ′
j0+1 →770

· · · → ρ′
k. Let us prove that ρ′

k → ρ′
k+1. To do so, let ρk

e0,t−−→ ρk+1 with t = (q, !!a, q′). We771

distinguish between three cases:772

Case k < j1. First observe that k < j1 = na-index(ρ, j0, e1) ≤ na-index(ρ, j0, e2) = j2,773

hence ρk(e1) ∈ QW , ρk(e2) ∈ QW and so e0 ̸= e1 and e0 ̸= e2.774
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Observe that we are in the case where ρ′
k(e2) = ρk(e1) and ρ′

k+1(e2) = ρk+1(e1). As775

ρk → ρk+1, either (ρ′
k(e2), ?a, ρ′

k+1(e2)) = (ρk(e1), ?a, ρk+1(e1)) ∈ T or a ̸∈ R(ρk(e1)) =776

R(ρ′
k(e2)) and ρ′

k+1(e2) = ρk+1(e1) = ρk(e1) = ρ′
k(e2). Hence, as for all other process e,777

ρ′
k(e) = ρk(e) and ρ′

k+1(e) = ρk+1(e), it holds that ρ′
k

e0,t−−→ ρ′
k+1.778

Case k > j1. First observe that k < j2 = na-index(ρ, j0, e2), hence ρk(e2) ∈ QW , and779

so e0 ̸= e2.780

Observe that we are in the case where ρ′
k(e2) = ρ′

k+1(e2) = q. Recall that q ∈ QA. Hence,781

a ̸∈ R(q) = ∅.782

As ρ′
k(e) = ρk(e) and ρ′

k+1(e) = ρk+1(e) for all other process e, it holds that ρ′
k

e,t−−→ ρ′
k+1.783

As in the previous case, we conclude that ρ′
k

e0,t−−→ ρ′
k+1.784

Case k = j1. In that case ρ′
j1

(e2) = ρj1(e1) = q and ρ′
j1+1(e2) = q. As q ∈ QA,785

a ̸∈ R(q) = ∅ and so, as ρ′
k(e) = ρk(e) and ρ′

k+1(e) = ρk+1(e) for all other process e ̸= e2,786

it holds that ρ′
k

e0,t−−→ ρ′
k+1.787

◀788

C Proofs of Section 3.2789

Let λ = (S, v) and λ′ = (S ′, v′) be two S-configurations and t = (q, !!a, q′) ∈ T . When790

λ ∼∼∼�
δ

λ′ and (S, δ, S ′) ∈ ∆t, we say that λ ∼∼∼�
t

λ′.791

Proof of Lemma 3.8. Let λ ∼∼∼�
δ

λ′ with λ = (S, v) and λ′ = (S ′, v′). Let C ∈ JλK with792

||C|| = n and f : [1, n] → X.793

If δ ∈ ∆e, then S = S ′ and let (p, k) /∈ lab(S) such that δ(xp) = 1 and δ(xp,k) = −1. In794

that case, we let C ′ = C and C →∗ C ′. It remains to show that C = C ′ ∈ Jλ′K. For that,795

we will build another function f ′ : [1, n] → X, that reflects the modification of counters xp,k796

and xp. Since δ(xp,k) = −1, v(xp,k) > 0 and hence |f−1(xp,k)| > 0. Thus, let e ∈ f−1(xp,k).797

Since (p, k) /∈ lab(S), by CondImpl3, C(e) = C ′(e) = p. Then, we let f ′(e) = xp, and798

for all other processes e′ ∈ [1, n], we let f ′(e) = f(e). Then, |f ′−1(xp)| = |f−1(xp)| + 1,799

|f ′−1(xp,k)| = f−1(xp,k)| − 1, and for all other counter x, |f ′−1(x)| = |f−1(x)|. Then,800

v′(xp) = v(xp) + 1 = |f−1(xp)| + 1 = |f ′−1(xp)|, v′(xp,k) = v(xp,k) − 1 = |f−1(xp,k)| − 1 =801

|f ′−1(xp,k)|, and for all other counter v′(x) = v(x) = |f ′−1(x)|. Since C ′(e) = p, it is easy802

to see that f ′ meets the requirements CondImpl1, CondImpl2 and CondImpl3, hence803

C ′ ∈ Jλ′K.804

Otherwise, δ ̸∈ ∆e and let t = (q, !!a, q′) such that λ ∼∼∼�
t

λ′. Since δ(xq) = −1, v(xq) > 0805

and hence there exists eq ∈ [1, n] such that f(eq) = xq, and, by CondImpl1, C(eq) = q.806

We build C ′ as follows: C ′(eq) = q′. Then for all other e ∈ [1, n], if a /∈ R(C(e)), we807

let C ′(e) = C(e). Otherwise, C(e) ∈ QW . From the fact that C ∈ JλK, we deduce that808

f(e) = x(p,k), with (p, k) ∈ lab(S), and let S = (pr, p, k) ∈ S. Now,809

if (p, k) /∈ lab(S ′), it means that S
t=⇒ Done, and we let C ′(e) = p. By definition of810

S
t=⇒ Done, we deduce that (C(e), ?a, p) ∈ T .811

Otherwise, let S′ = (pr′, p, k) ∈ S ′. By definition of the VASS, it means that812

either S
t=⇒ S′, or S

t,+q′

===⇒ S′. In both cases, there exists a configuration C ′′ such813

that •
q ⊕ •pr 1,t−−→

•
q′ ⊕ C ′′ and either set(C ′′) = pr′ or set(C ′′) ∪ {q′} = pr′. Let e′

814

such that •
q ⊕ •pr(e′) = C(e) (we will justify its existence just after), then, we define815

MFCS 2025



42:22 Wait-Only Broadcast Protocols are Easier to Verify

C ′(e) =
•
q′ ⊕ C ′′(e′). Observe that we know that such a process e′ exists, thanks to816

CondImpl2: since e ∈ f−1(xp,k), C(e) ∈ pr ∪ {p}. Moreover, C(e) ∈ QW , hence817

C(e) ∈ pr. Then we know that (C(e), ?a, C ′(e)) ∈ T or C(e) = C ′(e) and a ̸∈ R(C(e)).818

It is clear from the construction of C ′ that C → C ′. We show now that C ′ ∈ Jλ′K by819

defining f ′ : [1, n] → X as follows.820

f ′(eq) =


xq′ if q′ ∈ QA

xp,k if q′ ∈ QW , and lab(S) = lab(S ′), with xp,k the unique counter such that δ(xp,k) = 1
xp,k otherwise, with (p, k) ∈ lab(S ′) \ lab(S)

821

f ′(e) = f(e) for all other e ∈ [1, n]822

We have to prove CondImpl1, CondImpl2 and CondImpl3, but also that for all x ∈ X,823

|f ′−1(x)| = v′(x).824

Let p ∈ QA and e ̸= eq such that f ′(e) = p = f(e) by construction. Then C(e) = p, and825

by definition of C ′, C ′(e) = p. If eq is such that f ′(eq) = p, it means that p = q′ ∈ QA. In that826

case, C ′(eq) = p. In any case, CondImpl1 is satisfied. Moreover, if p ̸= q′, v′(xp) = v(xp)827

and f ′−1(xp) = f−1(xp), hence |f ′−1(xp)| = v′(xp). If p = q′, then v′(xp) = v(xp) + 1 and828

f ′−1(xp) = f−1(xp) ∪ {eq} thus |f ′−1(xp)| = v′(xp).829

Let (p, k) such that S′ = (pr′, p, k) ∈ S ′ with (p, k) ∈ lab(S). Let e ∈ f ′−1(xp,k). If830

e ̸= eq, then e ∈ f−1(xp,k). Let S = (pr, p, k) ∈ S. Then C(e) ∈ pr ∪ {p}. By construction831

of C ′, either C(e) = p = C ′(e), or C(e) ∈ pr and C ′(e) ∈ pr′. If e = eq, by definition832

of f ′, q′ ∈ QW , lab(S) = lab(S ′), and δ(xp,k) = 1, and, by definition of the VASS, this833

means that S
t,+q′

===⇒ S′, hence q′ ∈ pr′. Hence, C ′(e) = q′ ∈ pr′. Let now (p, k) such that834

S′ = (pr′, p, k) ∈ S ′ with (p, k) ̸∈ lab(S). Let e ∈ f ′−1(xp,k) such that e ̸= eq. In that835

case, e ∈ f−1(xp,k). Since (p, k) ̸∈ lab(S), by CondImpl3, C(e) = p ∈ QA, and then836

C ′(e) = p ∈ pr′ ∪ {p}. If e = eq, C ′(e) = q′, and by definition of the VASS, S′ = ({q′}, p, k).837

Then CondImpl2 is met. Moreover, if f ′(eq) = xp,k then |f ′−1(xp,k)| = |f−1(xp,k)| + 1,838

and in that case, v′(xp,k) = v(xp,k) + 1. Otherwise, |f ′−1(xp,k)| = |f−1(xp,k)| = v(xp,k) =839

v′(xp,k).840

Finally, let (p, k) /∈ lab(S ′), and let e ∈ f ′−1(xp,k). By definition of f ′, e ∈ f−1(xp,k). If841

(p, k) /∈ lab(S), then by CondImpl3 on C, C(e) = p ∈ QA, and then C ′(e) = p. Otherwise,842

let S = (pr, p, k) ∈ S, we must have S
t=⇒ Done. By construction, C ′(e) = p. Then843

CondImpl3 is satisfied by C ′. Moreover, v(xp,k) = v′(xp,k) and |f ′−1(xp,k)| = |f−1(xp,k)|.844

We have hence proved that C ′ ∈ Jλ′K.845

◀846

D Proofs of Section 3.2847

Proof of Lemma 3.10. Let C = ρi and let λi = (S, v) ∈ repr(ρ, i), then848

CondRepr1 for all q ∈ QA, v(xq) = |C−1(q)|;849

and for all qa ∈ QA, there is an injective function rqa
: na-index-set(ρ, i, qa) → [1, |QW | + 1]850

s.t.:851

CondRepr2 S = {(C(Eρ,i
qa,j), qa, rqa

(j)) | qa ∈ QA, j ∈ na-index-set(ρ, i, qa)},and,852
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CondRepr3 for all qa ∈ QA, we have v(xqa,rqa (j)) = |Eρ,i
qa,j | for all j ∈ na-index-set(ρ, i, qa)853

and v(xqa,k) = 0 for all k /∈ rqa
(na-index-set(ρ, i, qa)).854

Let t = (q, !!m, q′) and eq ∈ [1, #proc(ρ)] such that C
eq,t−−→ Ci+1. We start by building855

an S-configuration λ′ = (S ′, v′) such that λi ∼∼∼�
t

λ′. We will then show that an appropriate856

sequence of transitions from ∆e allows to go from λ′ to a configuration λi+1 ∈ repr(ρ, i + 1).857

We state first some remarks about Eρ,i
qa,j , for qa ∈ QA and j ∈ na-index-set(ρ, i, qa).858

Observe that, since Eρ,i
qa,j = {e ∈ [1, #proc(ρ)] | C(e) ⊆ QW and na(ρ, i, e) = (qa, j)}, if859

Ci+1(e) ∈ QA for some e ∈ Eρ,i
qa,j , then it means that j = i + 1 and Ci+1(e) = qa for all860

e ∈ Eρ,i
qa,j . Hence Ci+1(Eρ,i

qa,j) ⊆ QW or Ci+1(Eρ,i
qa,j) = {qa}.861

Observe also that if j ∈ na-index-set(ρ, i, qa):862

Eρ,i+1
qa,j =


∅ if j = i + 1
Eρ,i

qa,j ∪ {eq} if q′ ∈ QW and na(ρ, i + 1, eq) = (qa, j)
Eρ,i

qa,j otherwise.
863

Moreover, if q′ ∈ QW , and na(ρ, i, eq) = (qa, j) with j /∈ na-index-set(ρ, i, qa), then864

Eρ,i
qa,j = ∅ hence Eρ,i+1

qa,j = {eq}.865

Definition of λ′.866

For all S = (pr, qa, k) ∈ S, we let j = r−1
qa

(k) and we define867

S+1 =
{

(Ci+1(Eρ,i
qa,j), qa, k) if Ci+1(Eρ,i

qa,j) ⊆ QW

Done otherwise.
868

Recall that t = (q, !!m, q′). S+1 represents the set of states reached by the states in the869

print of S after the sending of the message m in ρ. We then let S0 = {S+1 | S ∈ S} \ {Done}.870

We first show that S0 is coherent: let S1 = (pr1, qa, k1), S2 = (pr2, qa, k2) ∈ S such that871

S1
+1 = (pr′

1, qa, k1) and S2
+1 = (pr′

2, qa, k2) are two distinct summaries in S0. Since S is872

coherent, we know that k1 ̸= k2. Assume that there is some p ∈ pr′
1 ∩ pr′

2. It means that873

there exist e1, e2 ∈ [1, #proc(ρ)] such that Ci+1(e1) = p = Ci+1(e2), and e1 ∈ Eρ,i

qa,r−1
qa (k1)874

and e2 ∈ Eρ,i

qa,r−1
qa (k2). Hence by definition, na(ρ, i, e1) = (qa, r−1

qa
(k1)) = na(ρ, i + 1, e1)875

and na(ρ, i, e2) = (qa, r−1
qa

(k2)) = na(ρ, i + 1, e2). Since ρ is well-formed, we have that876

r−1
qa

(k1) = r−1
qa

(k2), and hence, k1 = k2, which is a contradiction. Then for any two distinct877

summaries S1
+1 = (pr′

1, qa, k1) and S2
+1 = (pr′

2, qa, k2), then k1 ̸= k2 and pr′
1 ∩ pr′

2 = ∅.878

Now that we have defined S0, which captures the behavior of the processes that were879

in waiting states when the transition t has been taken, we define S ′ that incorporates the880

process eq that arrives in state q′, along with the new valuation v′. In particular, if q′ ∈ QW ,881

then eq reaches a zone of waiting states and must enter one of the summaries. Observe first882

that C(eq) = q, then v(xq) = |C−1(q)| > 0, then we let v′(xq) = v(xq) − 1.883

If q′ ∈ QA, S ′ = S0 and v′(xq′) = v(xq′) + 1. For all other counter x, v′(x) = v(x).884

If q′ ∈ QW , let na(ρ, i + 1, eq) = (p, j).885

1. If j ∈ na-index-set(ρ, i, p), then eq will join an existing summary S = (pr, p, rp(j)) ∈ S.886

Since na(ρ, i + 1, eq) = (p, j) and q′ ∈ QW , j ̸= i + 1 and Ci+1(Eρ,i
qa,j) ⊆ QW . Hence,887

S+1 ̸= Done. We then let S ′ = (S0 \ {S+1}) ∪ {(print(S+1) ∪ {q′}, p, rp(j))}. Then888

v′(xp,rp(j)) = v(xp,rp(j)) + 1 and v′(x) = v(x) for all other counter x.889
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2. If j /∈ na-index-set(ρ, i, p), then eq will enter a new summary. Observe first that890

na-index-set(ρ, i+1, p) = (na-index-set(ρ, i, p)∪{j})\{i+1}. So |na-index-set(ρ, i, p)| ≤891

|na-index-set(ρ, i + 1, p)| ≤ |QW | < 1 + |QW |, and there exists k ∈ [1, |QW | + 1] such892

that k /∈ rp(na-index-set(ρ, i, p)). This means that (p, k) is a label that is not used893

in the summaries of S0 and we let S ′ = S0 ∪ {({q′}, p, k)}. Now, v′(xp,k) = v(xp,k) + 1,894

and for all other counter x, v′(x) = v(x).895

Proof that λ′ = (S ′, v′) is an S-configuration.896

To prove that λ′ is an S-configuration, we need to show that S ′ is coherent. The definition897

of S ′ depends on the belonging of q′ to QA or QW .898

If q′ ∈ QA, then S ′ = S0, and we have proved above that S0 is coherent.899

if q′ ∈ QW , let S1 = (pr1, qa, k1) and S2 = (pr2, qa, k2) ∈ S1, for some qa ∈ QA. If900

S1, S2 ∈ S0, by coherence of S0, we have that k1 ̸= k2 and pr1 ∩ pr2 = ∅. Otherwise,901

assume that S2 ∈ S ′ \ S0. Depending on whether eq has joined an existing summary902

or a new one, S2 = (pr ∪ {q′}, p, k2) with pr empty or not. Then S1 = (pr1, p, k1) and903

if pr ̸= ∅, (pr, p, k2) ∈ S0. By coherence of S0, k1 ̸= k2 and pr1 ∩ pr = ∅. Moreover,904

if S2 = ({q′}, p, k2), by construction, k2 ̸= k1. Assume now that there exists p′ ∈905

pr1 ∩ pr2. Then p′ = q′, and there exists e1 ∈ [1, #proc(ρ)] such that Ci+1(e1) = q′ and906

na(ρ, i, e1) = (p, r−1
p (k1)). But na(ρ, i, eq) = (p, j). Since ρ is well-formed, j = r−1

p (k1),907

which is impossible because k2 ̸= k1. Hence pr1 ∩ pr2 = ∅, and S1 is coherent.908

Proof that λi ∼∼∼�
t

λ′.909

We first show that for all S ∈ S, S
t=⇒ S+1. Let S = (pr, qa, k) ∈ S with j′ = r−1

qa
(k).910

By construction, pr = C(Eρ,i
qa,j′). Assume now that there exist e1, e2 ∈ Eρ,i

qa,j′ such that911

C(e1) = C(e2). Since ρ is well-defined, Ci+1(e1) = Ci+1(e2). Then, for all s ∈ pr, there912

exists a unique s+1 ∈ Q such that Ci+1(e) = s+1 for all e ∈ C−1
i (s). Moreover, Ci+1(Eρ,i

qa,j′) =913

{s+1 | s ∈ pr}. We define a configuration C ′ as follows. Let e ∈ [1, || •pr||] such that914
•pr(e) = pe ∈ pr. Then C ′(e) = pe

+1. Hence set(C ′) = {s+1 | s ∈ pr} = Ci+1(Eρ,i
qa,j′). We915

show now that •
q ⊕

•
1, pr t−→

•
q′ ⊕ C ′. Let e ∈ [1, || •pr||] such that •pr(e) = pe, then there916

exists e′ ∈ Eρ,i
qa,j′ such that C(e′) = pe and pe

+1 = Ci+1(e′). Since C
t−→ Ci+1, then either917

(pe, ?m, pe
+1) ∈ T or m /∈ R(pe) and pe = pe

+1, and •
q ⊕ •pr 1,t−−→

•
q′ ⊕ C ′. We have already918

established that set(C ′) = Ci+1(Eρ,i
qa,j′) ⊆ QW or set(C ′) = Ci+1(Eρ,i

qa,j′) = {qa}. In the919

latter case, S+1 = Done. In the former case, S+1 = (Ci+1(Ei
qa,j′), qa, k) and S

t=⇒ S+1. In any920

case, we have that S
t=⇒ S+1.921

Now we show that there exists δ such that λi ∼∼∼�
δ

λ′ and (S, δ, S ′) ∈ ∆t.922

If q′ ∈ QA, we must have δ(xq) = −1, δ(xq′) = 1 and for all other counter x, δ(x) = 0.923

Observe that we have v′(xq) = v(xq) − 1, v′(xq′) = v(xq′) + 1, and v′(x) = v(x) for all924

other counter x. Moreover, S ′ = S0 = {S+1 | S ∈ S} \ {Done}. Since S
t=⇒ S+1 for all925

S ∈ S, we have (S, δ, S ′) ∈ ∆t and λi ∼∼∼�
δ

λ′.926

If q′ ∈ QW and there exists some S = (pr, p, rp(j)) such that S ′ = (S0 \ {S+1}) ∪927

{(print(S+1) ∪ {q′}, p, rp(j))}. Then v′(xq) = v(xq) − 1, v′(xp,rp(j)) = v(xp,rp(j)) + 1 and928

v′(x) = v(x) for all other counter x. By definition, S
t,+q′

===⇒ (print(S+1) ∪ {q′}, p, rp(j)),929
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because S
t=⇒ S+1. Then, with δ(xq) = −1, δ(xp,rp(j)) = 1 and δ(x) = 0 for all other930

counter, we have (S, δ, S ′) ∈ ∆t, and λi ∼∼∼�
δ

λ′.931

If q′ ∈ QW and S ′ = S0 ∪ {({q′}, p, k)} for some k ∈ [1, |QW | + 1]. Then (p, k) /∈ lab(S)932

by construction. Moreover, v′(xq) = v(xq) − 1, and v′(xp,k) = 1. For all other counter933

x, v′(x) = v(x). For δ such that δ(xq) = −1, δ(xp,k) = 1 and δ(x) = 0 for all other x,934

(S, δ, S ′) ∈ ∆t and λi ∼∼∼�
δ

λ′.935

Then λi ∼∼∼�
t

λ′.936

Definition of λi+1.937

First observe that for all qa ∈ QA, there is at most one S = (pr, qa, k) ∈ S such that938

S+1 = Done. Indeed, suppose there exist S1 = (pr1, qa, k1), S2 = (pr2, qa, k2) ∈ S such that939

S1
+1 = S2

+1 = Done. By definition, pr1 = C(Eρ,i

qa,r−1
qa (k1)) and pr2 = C(Eρ,i

qa,r−1
qa (k2)). Let940

j1 = r−1
qa

(k1) and j2 = r−1
qa

(k2). Then, since Ci+1(Eρ,i
qa,ji

) /∈ QW for i ∈ {1, 2}, necessarily941

Ci+1(Eρ,i
qa,j1

) = Ci+1(Eρ,i
qa,j2

) = {qa}. This implies that j1 = j2 = i + 1 and then that k1 = k2,942

which contradicts the coherence of S. This means that, there is at most one summary for943

each qa ∈ QA that disappears while going from S to S ′. This corresponds to a set of processes944

leaving a waiting zone and reaching the state qa together. We capture this new configuration945

of the protocol by transferring the value of the counter x(qa,rqa (i+1)) into the counter xqa .946

So we define vi+1 as follows. For all qa ∈ QA,947

if i + 1 ∈ na-index-set(ρ, i, qa), let k = rqa(i + 1) and vi+1(xqa) = v′(xqa) + v′(xqa,k) and948

vi+1(xqa,k) = 0.949

Otherwise, vi+1(xqa
) = v′(xqa

).950

For all other counter x, vi+1(x) = v′(x).951

We let λi+1 = (S ′, vi+1).952

Proof that λi+1 ∈ repr(ρ, i + 1).953

We show that CondRepr1 holds. Let qa ∈ QA. Observe first that, for all e ∈ [1, #proc(ρ)],954

(C(e), ?m, qa) ∈ T if and only if e ∈ Eρ,i
qa,i+1. Let eq ∈ [1, #proc(ρ)] such that C

eq,t−−→ Ci+1.955

Then, C(eq) = q, Ci+1(eq) = q′. For all e ∈ [1, #proc(ρ)], Ci+1(e) = qa if and only if956

(C(e) = qa and q ̸= qa, or C(e) = qa and e ̸= eq, or (C(e), ?m, qa) ∈ T and na(ρ, i, e) =957

(qa, i + 1), or qa = q′ and e = eq). From this we can deduce that958

C−1
i+1(qa) =


C−1(qa) ∪ Eρ,i

qa,i+1 if qa ̸= q and qa ̸= q′

C−1(qa) ∪ {eq} ∪ Eρ,i
qa,i+1 if qa = q′

(C−1(qa) \ {eq}) ∪ Eρ,i
qa,i+1 if qa = q.

959

Since C−1(qa) and Eρ,i
qa,i+1 are disjoint, and if eq ∈ C−1(q) \ C−1(q′) (which is always960

true as q ̸= q′ by hypothesis), we have that961

|C−1
i+1(qa)| =


|C−1(qa)| + |Eρ,i

qa,i+1| if qa ̸= q and qa ̸= q′

|C−1(qa) + 1 + |Eρ,i
qa,i+1| if qa = q′

|C−1(qa)| − 1 + |Eρ,i
qa,i+1| if qa = q.

962

MFCS 2025



42:26 Wait-Only Broadcast Protocols are Easier to Verify

Since λ = (S, v) ∈ repr(C, i), v(xqa
) = |C−1(qa)| and, by definition of v′, we have that963

|C−1
i+1(qa)| = v′(xqa

) + |Eρ,i
qa,i+1|964

Now, if i + 1 /∈ na-index-set(ρ, i, qa), it means that Eρ,i
qa,i+1 = ∅. In that case, by965

definition of vi+1, vi+1(xqa) = v′(xqa) = |C−1
i+1(qa)|.966

Otherwise, vi+1(xqa
) = v′(xqa

)+v′(x(qa,rqa (i+1))). The only case where v′(x(qa,rqa (i+1))) ̸=967

v(x(qa,rqa (i+1))) is if q′ ∈ QW and na(ρ, i + 1, eq) = (qa, i + 1) which is impossible. So968

v′(xqa,rqa (i+1)) = v(xqa,rqa (i+1)) and, since λ ∈ repr(C, i), v(xqa,rqa (i+1)) = |Eρ,i
qa,i+1|. Hence,969

vi+1(xqa) = v′(xqa) + |Eρ,i
qa,i+1| = |C−1

i+1(qa)|, proving CondRepr1.970

We now show that CondRepr3 holds. Let qa ∈ QA. We define an injective function971

r′
qa

: na-index-set(ρ, i + 1, qa) → [1, |QW | + 1] as follows.972

Recall that

na-index-set(ρ, i+1, qa) =


(na-index-set(ρ, i, qa) \ {i + 1})∪
{na-index(ρ, i + 1, eq)} if q′ ∈ QW and na-state(ρ, i + 1, eq) = qa

na-index-set(ρ, i, qa) \ {i + 1} otherwise.

The new injective function keeps the labelling of the summaries as in the previous973

configuration, and if needed, associates the labelling of the newly created summary to the974

index of the next moment eq will reach an action state.975

r′
qa

(j) =
{

rqa
(j) if j ∈ na-index-set(ρ, i, qa) \ {i + 1}

k otherwise, for the unique k such that ({q′}, qa, k) ∈ S ′ and (qa, k) ̸∈ lab(S)
976

For j ∈ na-index-set(ρ, i, qa) \ {i + 1}, vi+1(xqa,r′
qa

(j)) = vi+1(xqa,rqa (j)) = v′(xqa,rqa (j)).977

By definition of v′,978

v′(xqa,rqa (j)) =
{

v(xqa,rqa (j)) + 1 if q′ ∈ QW and na(ρ, i + 1, eq) = (qa, j)
v(xqa,rqa (j)) otherwise.

979

We know that v(xqa,rqa (j)) = |Eρ,i
qa,j |. Moreover,980

Eρ,i+1
qa,j =

{
Eρ,i

qa,j ∪ {eq} if q′ ∈ QW and na(ρ, i + 1, eq) = (qa, j)
Eρ,i

qa,j otherwise.
981

Hence, vi+1(xqa,r′
qa

(j)) = v′(xqa,rqa (j)) = |Eρ,i+1
qa,j |.982

If na(ρ, i + 1, eq) = (qa, j) and j /∈ na-index-set(ρ, i, qa), by definition vi+1(xqa,r′
qa

(j)) =983

v′(xqa,r′
qa

(j)) = v′(xqa,k). This corresponds to the case 2 of the definition of v′, where984

v′(xqa,k) = v(xqa,k) + 1. By definition of k, k /∈ rp(na-index-set(ρ, i, qa)), then, since985

λ = (S, v) ∈ repr(C, i), v(xqa,k) = 0 and vi+1(xqa,r′
qa

(j)) = 1. Moreover, Eρ,i
qa,j = {e ∈986

[1, #proc(ρ)] | C(e) ∈ QW and na(ρ, i, e) = (qa, j)}; since j /∈ na-index-set(ρ, i, qa),987

Eρ,i
qa,j = ∅. Hence, Eρ,i+1

qa,j = Eρ,i
qa,j ∪ {eq} = {eq} and vi+1(xqa,r′

qa
(j)) = 1 = |Eρ,i+1

qa,j |.988

Let x /∈ r′
qa

(na-index-set(ρ, i + 1, qa)). Then, either x /∈ na-index-set(ρ, i, qa), or989

x = rqa
(i + 1). In the first case, v(xqa,x) = 0, and vi+1(xqa,x) = v′(xqa,x) = v(xqa,x) = 0. In990

the second case, vi+1(xqa,x) = 0 by construction.991

Finally we show that CondRepr2 holds, i.e. that S ′ = {(Ci+1(Eρ,i+1
qa,j ), qa, r′

qa
(j)) | qa ∈992

QA, j ∈ na-index-set(ρ, i + 1, qa)}.993
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First, let S ∈ S ′. By construction, either S ∈ S0, or there exists S0 = (pr, qa, rqa(j)) ∈ S0994

such that S = (pr ∪ {q′}, qa, rqa
(j)), or S = ({q′}, qa, k).995

If S ∈ S0 and na(ρ, i, qa, eq) ̸= (qa, j) or q′ ∈ QA, then S = S0
+1 for some S0 ∈996

S. Since (S, v) ∈ repr(C, i), S0 = (C(Eρ,i
qa,j), qa, rqa

(j)) for some qa ∈ QA and997

j ∈ na-index-set(ρ, i, qa). Then S = (Ci+1(Eρ,i
qa,j), qa, rqa(j)). Then Eρ,i+1

qa,j =998

Eρ,i
qa,j . Moreover, S0

+1 ̸= Done hence j ̸= i + 1, then r′
qa

(j) = rqa
(j). Then999

S = (Ci+1(Eρ,i+1
qa,j ), qa, r′

qa
(j)).1000

If there exists S0 = (pr, qa, rqa
(j)) ∈ S such that S = (pr∪{q′}, qa, rqa

(j)) and q′ ∈ QW1001

and na(ρ, i + 1, eq) = (qa, j), then, in that case, Eρ,i+1
qa,j = Eρ,i

qa,j ∪ {eq} and j ̸= i + 1 so1002

r′
qa

(j) = rqa
(j). Then S = (Ci+1(Eρ,i+1

qa,j ), qa, r′
qa

(j)).1003

Finally, if S = ({q′}, qa, k), and q′ ∈ QW , with na(ρ, i + 1, eq) = (qa, j) and j /∈1004

na-index-set(ρ, i, qa), then Eρ,i+1
qa,j = {eq} and r′

qa
(j) = k. Then, S = (Ci+1(Eρ,i+1

qa,j ), qa, r′
qa

(j)).1005

Now, let S = (Ci+1(Eρ,i+1
qa,j ), qa, r′

qa
(j)) for some qa ∈ QA, j ∈ na-index-set(ρ, i + 1, qa).1006

If j ∈ na-index-set(ρ, i, qa), then j ̸= i + 1 and r′
qa

(j) = rqa(j). Let S0 =1007

(C(Eρ,i
qa,j), qa, rqa

(j)) ∈ S. Such a summary exists because λ = (S, v) is in repr(C, i).1008

If q′ ∈ QW and na(ρ, i+1, eq) = (qa, j), then, Eρ,i+1
qa,j = Eρ,i

qa,j ∪{eq}. Moreover, by con-1009

struction of S ′, (Ci+1(Eρ,i
qa,j) ∪ {q′}, qa, rqa

(j)) = (Ci+1(Eρ,i
qa,j) ∪ Ci+1(eq), qa, rqa

(j)) =1010

(Ci+1(Eρ,i+1
qa,j ), qa, r′

qa
(j)) ∈ S ′. Otherwise, Eρ,i+1

qa,j = Eρ,i
qa,j and, by construction of S ′,1011

S0
+1 = (Ci+1(Eρ,i

qa,j), qa, rqa
(j)) = (Ci+1(Eρ,i+1

qa,j ), qa, r′
qa

(j)) ∈ S ′.1012

If j /∈ na-index-set(ρ, i, qa), then r′
qa

(j) = k and ({q′}, qa, k) ∈ S ′. Moreover, since1013

j ∈ na-index-set(ρ, i + 1, qa) \ na-index-set(ρ, i, qa), it means that q′ ∈ QW and1014

na(ρ, i + 1, eq) = (qa, j). Then Eρ,i+1
qa,j = {eq} and S = (Ci+1(Eρ,i+1

qa,j , qa, r′
qa

(j)) =1015

({q′}, qa, k) ∈ S ′.1016

Proof that λ′ ∼∼∼�∗ λi+1.1017

The only difference between λ′ and λi+1 is in the valuation. We show that λ′ ∼∼∼�∗ λi+11018

by successive transitions from ∆e in order to transfer the values of counters associated to1019

summaries that have reached Done to the counter associated to the corresponding action1020

state.1021

Let {q1, . . . , qn} ⊆ QA such that, for all 1 ≤ ℓ ≤ n, i + 1 ∈ na-index-set(ρ, i, qℓ). It is1022

the set of action states that are reached by processes in waiting zones in Ci+1. We build1023

the sequence of valuations v0, v1, . . . , vn with v0 = v′ and vn = vi+1 such that (S ′, vℓ) ∼∼∼�∗
1024

(S ′, vℓ+1), for all 1 ≤ ℓ < n. For all 1 ≤ ℓ ≤ n, let kℓ = rqℓ
(i + 1). We prove by induction1025

that, for all 1 ≤ ℓ ≤ n, vℓ(xqℓ′ ,kℓ′ ) = vi+1(xqℓ′ ,kℓ′ ), and vℓ(xqℓ′ ) = vi+1(xqℓ′ ) for 1 ≤ ℓ′ ≤ ℓ,1026

and for all other counter vℓ(x) = v′(x).1027

Observe that for all 1 ≤ ℓ ≤ n, kℓ /∈ r′
qℓ

(na-index-set(ρ, i + 1, qℓ)). Indeed, by construc-1028

tion, if na(ρ, i + 1, eq) = (qℓ, j), then r′
qℓ

(j) ̸= rqℓ
(i + 1).1029

Let v(xq1,k1) = x. Then (S ′, v)(∼∼∼�
δ )x(S ′, v1) with δ(xq1) = +1, δ(xq1,k1) = −1 and1030

δ(x) = 0 for all other x. Since k1 /∈ r′
qℓ

(na-index-set(ρ, i + 1, q1)), (q1, k1) /∈ lab(S ′) (due1031

to the fact that (S ′, vi+1) is in repr(ρ, i + 1)), and (S ′, δ, S ′) ∈ ∆e. Moreover, v1(xq1) =1032

v′(xq1) + v′(xq1,k1) = vi+1(xq1) and v1(xq1,k1) = 0 = vi+1(xq1,k1).1033

Let ℓ ≥ 1 and assume that the property is true for 1 ≤ ℓ′ < ℓ. We can show in a1034

similar way that for δ(xqℓ
) = +1, δ(xqℓ,kℓ

) = −1 and δ(x) = 0 for all other counter x, we1035

have (S ′, δ, S ′) ∈ ∆e and (S ′, vℓ−1)(∼∼∼�
δ )x′(S ′, vℓ), with x′ = v(xqℓ,kℓ

). Hence, vℓ(xqℓ
) =1036

vℓ−1(xqℓ
) + vℓ−1(xqℓ,kℓ

). By induction hypothesis, vℓ(xqℓ
) = v′(xqℓ

) + v′(xqℓ,kℓ
) = vi+1(xqℓ

).1037
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Moreover vℓ(xqℓ,kℓ
) = 0 = vi+1(xqℓ,kℓ

). For all other counter x, vℓ(x) = vℓ−1(x), which proves1038

the property.1039

Thus, we have proved that (S ′, v′) ∼∼∼�∗ (S ′, vn) with vn(xqℓ,kℓ
) = vi+1(xqℓ,kℓ

), vn(xqℓ
) =1040

vi+1(xqℓ
) for all 1 ≤ ℓ ≤ n, and vn(x) = v′(x) for all other counter x, hence vn = vi+1.1041

◀1042

E Proofs of Section 3.31043

The proof of Theorem 3.13 relies on the following lemma.1044

▶ Lemma E.1. There exist C0 ∈ I and Cf ∈ C such that C0 →∗ Cf in PV and Cf (e) = qf1045

for all e ∈ [1, ||Cf ||] if and only if (ℓ0, 0) ∼∼∼�∗ (ℓf , 0) in V.1046

Proof of Lemma E.1. Let the run of the VASS be (ℓ0, v0) ∼∼∼� (ℓ1, v1) ∼∼∼� · · · ∼∼∼� (ℓn, vn)1047

with v0 = vn = 0 and ℓn = ℓf . We denote K = max0≤i≤n |vi| where |vi| =
∑

x∈X vi(x).1048

We build an execution of the protocol starting from the initial configuration C0 with1049

K + 1 processes. The first part of the execution goes as follows.1050

C0
1,(qin,!!$,q1)−−−−−−−−→ C1

2,(qin,!!$,q1)−−−−−−−−→ · · · K,(qin,!!$,q1)−−−−−−−−→ CK
K+1,(qin,!!start,ℓ0)−−−−−−−−−−−−→ CK+1. Observe that1051

CK+1(j) = zero for all 1 ≤ j ≤ K and CK+1(K + 1) = ℓ0.1052

We rename CK+1 to C ′
0.1053

For all 0 ≤ i ≤ n, let C(ℓi, vi) = {C ∈ C | C(K + 1) = ℓi, C([1, K]) = {zero, unitx | x ∈1054

X}, and for all x ∈ X, |C−1(unitx)| = vi(x)} be the set of protocol configurations correspond-1055

ing to (ℓi, vi). We show by induction on i that, for all 0 ≤ i ≤ n, for all C ∈ C(ℓi, vi),1056

C ′
0 →∗ C.1057

For i = 0, observe that C(ℓ0, v0) = {C ′
0} hence the property trivially holds. Let 0 ≤ i < n1058

and (ℓi, δi, ℓi+1) ∈ ∆ such that (ℓi, vi) ∼∼∼� (ℓi+1, vi+1) and vi+1 = vi + δi. Let xi be the1059

unique counter such that δi(xi) ∈ {1, −1}. Let now C ∈ C(ℓi+1, vi+1).1060

Case δi(xi) = 1. Then vi+1(xi) = vi(xi) + 1 > 0, and since C ∈ C(ℓi+1, vi+1), there1061

exists 1 ≤ e ≤ K such that C(e) = unitxi
. Let then Ci ∈ C such that Ci(K + 1) = ℓi,1062

Ci(e) = zero and for all other process 1 ≤ j ≤ K, Ci(j) = C(j). By definition of the1063

protocol, (ℓi, ?incxi
, ℓi+1) ∈ T , hence Ci

e,(zero,!!incxi
,unitxi

)
−−−−−−−−−−−−→ C. Furthermore, it is easy to1064

see that, since |C−1
i (unitxi)| = |C−1(unitxi)| − 1 = vi+1(xi) − 1 = vi(xi), and for all other1065

counter x, |C−1
i (unitx)| = |C−1(unitx)| = vi+1(x) = vi(x), Ci ∈ C(ℓi, vi). Hence, by induction1066

hypothesis, C ′
0 →∗ Ci → C.1067

Case δi(xi) = −1. Then vi+1(xi) = vi(xi) − 1 < K and there exists a process e such1068

that C(e) = zero. Let Ci ∈ C such that Ci(K + 1) = ℓi, Ci(e) = unitxi and for all other1069

process 1 ≤ j ≤ K, Ci(j) = C(j). By definition of the protocol, (ℓi, ?decxi
, ℓi+1) ∈ T ,1070

hence Ci

e,(unitxi
,!!decxi

,zero)
−−−−−−−−−−−−→ C. Furthermore, it is easy to see that, since |C−1

i (unitxi
)| =1071

|C−1(unitxi
)| + 1 = vi+1(xi) + 1 = vi(xi), and for all other counter x, |C−1

i (unitx)| =1072

|C−1(unitx)| = vi+1(x) = vi(x), Ci ∈ C(ℓi, vi). Hence, by induction hypothesis, C ′
0 →∗ Ci →1073

C.1074

Then, since C(ℓn, vn) = {C ′
n} with C ′

n(K +1) = ℓn = ℓf , and C ′
n(j) = zero for all 1 ≤ j ≤1075

K, we have that C ′
0 →∗ C ′

n. The execution ends in the following way: C ′
n

1,(zero,!!end,z-end)−−−−−−−−−−−→1076

C ′
n+1

2,(zero,!!end,z-end)−−−−−−−−−−−→ · · · K,(zero,!!end,z-end)−−−−−−−−−−−−→ C ′
n+K

K+1,(s′
f ,!!verif,qf )

−−−−−−−−−−−−→ C ′
n+K+1. One can ob-1077

serve that for all process e, C ′
n+K+1(e) = qf which concludes the proof.1078

We now prove the other direction, which relies on the following intermediate lemma.1079

▶ Lemma E.2. Let C0 →∗ Cf such that C0 ∈ I and for all e ∈ [1, ||Cf ||], Cf (e) = qf . Then,1080

the message verif is broadcast exactly once.1081
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Proof. We let C0 → C1 → · · · → Cn = Cf be the execution that gathers everyone in qf .1082

The broadcast of verif can be done only with the transition (ℓ′
f , !!verif, qf ).1083

First, observe that there must exist an index 0 ≤ j ≤ n such that Cj

e1,(ℓ′
f ,!!verif,qf )

−−−−−−−−−−→ Cj+1;1084

otherwise, qf is unreachable. Let j1 denote the first such index. If there exists an index1085

j2 > j1 such that Cj2

e2,(ℓ′
f ,!!verif,qf )

−−−−−−−−−−→ Cj2+1, then, by construction of the VASS, e2 ̸= e11086

(there is now way for e1 to go back to ℓ′
f ), and Cj2+1(e1) = err. Then, Cn(e1) = err which1087

contradicts the definition of the execution. ◀1088

We let C0 → C1 → · · · → Cn = Cf be the execution that gathers all processes in qf .1089

From Lemma E.2, there exists a unique index j such that Cj

e1,(ℓ′
f ,!!verif,qf )

−−−−−−−−−−→ Cj+1. Hence,1090

there exists a unique process e1 evolving in PV ; indeed, any process in PV needs to broadcast1091

verif in order to reach qf , and the only way to broadcast verif is to go through PV . So there1092

exists a unique index j1 < j such that Cj1

e1,(qin,!!start,ℓ0)−−−−−−−−−−→ Cj1+1. Hence, all other processes1093

receive the message start in Cj1 ; otherwise they will never reach qf . As a consequence, for1094

each process e ̸= e1, Cj1+1(e) = zero.1095

We now prove that there exists an index j1 < j2 < j such that Cj2(e1) = ℓf and for any1096

other process e ̸= e1, Cj2(e) = zero. First note that, unless ℓ0 = ℓf , there must be at least1097

one process e such that Cj1+1(e) = zero. Otherwise, no process ever broadcasts a message,1098

and e would not be able to reach ℓf and then ℓ′
f .1099

We claim that j2 is the first index such that Cj2

e2,(zero,!!end,z-end)−−−−−−−−−−−−→ Cj2+1 for some process1100

e2. This transition must occur during the execution, otherwise, processes other than e11101

would be unable to reach qf during the unique broadcast of verif in the execution. First,1102

we prove that Cj2(e1) = ℓf . If it is not the case, it needs to receive some messages in the1103

set {incx, decx | x ∈ X} before broadcasting message !!verif. Observe from Lemma E.2, there1104

is exactly one broadcast of verif, and so the sending of one message in {incx, decx | x ∈ X}1105

is received by e2 which goes to state err′. As a consequence, it never reaches qf which1106

contradicts definition of Cf . Hence, Cj2(e1) = ℓf . We prove now that for all other process1107

e ̸= e1, Cj2(e) = zero. If it is not the case, since end is not broadcast before, there is one1108

process e′ such that Cj2(e′) ∈ {unitx | x ∈ X}. In that case, for the same reason as before, it1109

will need to broadcast a message from {decx | x ∈ X} while e2 is in z-end. This would lead e21110

to err′ and contradicts the definition of Cf .1111

Hence, Cj2(e1) = ℓf and for all other process e ̸= e1, Cj2(e) = zero.1112

We rename the configurations visited during this part of the execution to Cj1+1 =1113

C ′
0 → C ′

1 → · · · → C ′
k = Cj2 , with k = j2 − j1 − 1. First observe that since C ′

0(e1) = ℓ0,1114

and C ′
k(e1) = ℓf , the structure of the VASS implies that C ′

i(e1) ∈ Loc for all 0 ≤ i ≤ k.1115

Similarly, since, for all e ≠ e1, C ′
0(e) = C ′

k(e) = zero, the structure of the VASS implies that1116

C ′
i(e) ∈ {zero, unitx | x ∈ X}, for all e ̸= e1, and for all 0 ≤ i ≤ k. We build now, by induction1117

on 0 ≤ i ≤ k, an execution (ℓ0, v0) ∼∼∼� (ℓ1, v1) ∼∼∼� . . . ∼∼∼� (ℓk, vk) of the VASS such that1118

ℓi = C ′
i(e1), and vi(x) = |C ′−1

i (unitx)| for all x ∈ X.1119

With v0 = 0X, the definition of C ′
0 allows to conclude immediately for the case i = 0. Let1120

now 0 ≤ i < k and assume the property true. Let C ′
i

e,t−−→ C ′
i+1 the transition taken in the1121

execution of the protocol. Since, by construction of the protocol, C ′
i(e1) ∈ QW , we know1122

that e ̸= e1, and then t ∈ {(zero, !!incx, unitx), (unitx, !!decx, zero) | x ∈ X}. We distinguish1123

two cases:1124

t = (zero, !!incx, unitx) for some x ∈ X. In that case, by definition of the protocol,1125

(ℓi, δ, ℓi+1) ∈ ∆ with δ(x) = 1 and δ(x′) = 0 for all other counters x′. Furthermore,1126
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|C ′−1
i+1(unitx)| = |C ′−1

i (unitx)| + 1 = vi(x) + 1 by induction hypothesis, and for all other1127

counters x′, |C ′−1
i+1(unitx′)| = |C ′−1

i (unitx′)| = vi(x′), by induction hypothesis. Hence,1128

(ℓi, vi) ∼∼∼� (ℓi+1, vi+1) with vi+1(x) = |C ′−1
i+1(unitx)| for all x ∈ X.1129

t = (unitx, !!decx, zero) for some x ∈ X. In that case, by definition of the protocol,1130

(ℓi, δ, ℓi+1) ∈ ∆ with δ(x) = −1 and δ(x′) = 0 for all other counters x′. Furthermore,1131

|C ′−1
i+1(unitx)| = |C ′−1

i (unitx)| − 1 = vi(x) − 1 ≥ 0, by induction hypothesis. For all other1132

counters x′, |C ′−1
i+1(unitx′)| = |C ′−1

i (unitx′)| = vi(x′), by induction hypothesis. Hence,1133

(ℓi, vi) ∼∼∼� (ℓi+1, vi+1) where vi+1(x) = |C ′−1
i+1(unitx)| for all x ∈ X.1134

Hence, (ℓ0, v0)∼∼∼�∗ (ℓk, vk) with ℓk = C ′
k(e1) = Cj2(e1) = ℓf and vk(x) = |C ′−1

k (unitx)| =1135

0 for all counters x, which concludes the proof.1136

◀1137

F Proof of Lemma 4.21138

We prove that if there are runs (s0, 0) ∼∼∼�∗ (sf , 0) and (sf , 0) ∼∼∼�∗ (s0, 0) in the VASS VP ,1139

there is an execution in P that leads all the processes in qf .1140

The idea is that from a run of the VASS going from (s0, 0) to (sf , 0), one can build a1141

run from (s0, 0) to (sf , 0) that never takes the transition (sf , 0, s0). Hence this new run will1142

necessarily be of the form: (s0, 0) ∼∼∼�∗ (∅, vinit) ∼∼∼�∗ (∅, vf ) ∼∼∼� (s′
f , v′

f ) ∼∼∼� (sf , vf ) ∼∼∼�∗
1143

(sf , 0) with no visit of (sf , 0, s0). Here, vinit(x) = 0 for all counters x ̸= xqin and vf (x) = 01144

for all counters x ̸= xqf
. An easy adaptation of the proof of Lemma 3.9 allows then to build1145

an execution of the protocol from C0 ∈ I to Cf such that for all e ∈ [1, ||Cf ||], Cf (e) = qf .1146

We now focus on transforming the run of the VP . From the VASS construction, we can1147

decompose the run into: (s0, v0) ∼∼∼�∗ (sf , v1) ∼∼∼� (s0, v1) ∼∼∼�∗ (sf , v2) . . . (s0, vn−1) ∼∼∼�∗
1148

(sf , vn) with v0 = vn = 0. Moreover, for all 0 ≤ i < n there exist vectors v′
i, v′′

i and v′′′
i such1149

that: (s0, vi) ∼∼∼�∗ (s0, v′
i) ∼∼∼� (∅, v′

i) ∼∼∼�∗ (∅, v′′
i ) ∼∼∼� (s′

f , v′′′
i ) ∼∼∼� (sf , v′′

i ) ∼∼∼�∗ (sf , vi+1),1150

with (i) v′
i(xqin) = vi(xqin) + k for some k ∈ N and for all other counters x, v′

i(x) = vi(x), and1151

(ii) v′′
i (xqf

) = vi+1(xqf
) + j for some j ∈ N and for all other counters x, v′′

i (x) = vi+1(x).1152

The key observation is to note that for all s, s′ ∈ Loc, for all counter valuations v1, ∆1, v21153

such that 0 ⪯ ∆1, with ⪯ the component-wise order, if (s, v1) ∼∼∼�∗ (s′, v2) then (s, v1 +1154

∆1) ∼∼∼�∗ (s′, v2 + ∆1). By reordering, we construct a run where all increments of xqin occur1155

at the beginning and all decrements of xqf
occur at the end.1156

For all 0 ≤ i < n, let ∆i be defined by:1157

∆i(xqin) =
∑

i<j<n v′
j(xqin) − vj(xqin)1158

∆i(xqf
) =

∑
0≤j<i v′′

j (xqf
) − vj+1(xqf

)1159

∆i(x) = 0 for all other x ∈ X.1160

Observe first that 0 ⪯ ∆i, and that, for all 0 ≤ i < n, v′′
i + ∆i = v′

i+1 + ∆i+1. Then, from1161

the different parts of the run (∅, v′
i)∼∼∼�∗ (∅, v′′

i ), we deduce that (∅, v′
i +∆i)∼∼∼�∗ (∅, v′′

i +∆i),1162

and we can hence build an execution (s0, 0) ∼∼∼�∗ (s0, v′
0 + ∆0) ∼∼∼� (∅, v′

0 + ∆0) ∼∼∼�∗ (∅, v′
1 +1163

∆1) . . . ∼∼∼�∗ (∅, v′′
n−1 + ∆n−1).1164

Since in the original run (∅, v′
n−1) ∼∼∼�∗ (∅, v′′

n−1) ∼∼∼� (s′
f , v′′′

n−1) ∼∼∼� (sf , v′′
n−1) ∼∼∼�∗

1165

(sf , vn), with vn = 0, we deduce that v′′
n−1(xqin) = 0, v′′

n−1(xqf
) > 0, and v′′

n−1(x) = 0 for1166

all other x ∈ X. Moreover, ∆n−1(x) = 0 for all x ̸= xqf
, hence can continue the execution1167

(∅, v′′
n−1 + ∆n−1) ∼∼∼� (s′

f , v′′′
n−1 + ∆n−1) ∼∼∼� (sf , v′′

n−1 + ∆n−1) ∼∼∼�∗ (sf , 0).1168

This run avoids the transition (sf , 0, s0).1169

Observe that if qf ∈ QW , then this transformation is not possible, as run segments between1170

s0 and sf would be of the form (s0, v) ∼∼∼�∗ (∅, v1) ∼∼∼�∗ ({Sf }, v2) ∼∼∼� (s′
f , v3) ∼∼∼� (sf , v3).1171
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As a result, we can not shorten a run by gluing a configuration with location {Sf } and one1172

with location ∅.1173

G Proofs of Section 51174

We prove here the soundness and correctness of the reduction presented in Section 5. Denote1175

L(A) the language of automaton A, i.e. L(A) = {w | ∆∗(q0, w) = qf } where q0 is its initial1176

state and qf its final state.1177

▶ Lemma G.1. If there exists a word w ∈
⋂

1≤i≤n L(Ai), then there exists an execution ρ ∈ Λω1178

and e ∈ [1, #proc(ρ)] such that for all i ∈ N, there exists j > i such that ρj
e,(qn+2,!!,,q1)−−−−−−−−−−→1179

ρj+1.1180

Proof. We denote w = a1 . . . ak. Let C0 be the initial configuration with n + 2 processes.1181

We form the following prefix of execution:1182

C0
1,(qin,!!1,q0

1)−−−−−−−−→ C1
2,(qin,!!2,q0

2)−−−−−−−−→ · · · n,(qin,!!n,q0
n)−−−−−−−−→ Cn

n+1,(qin,!!#,q1)−−−−−−−−−−→ Cn+11183

Cn+1 is such that: Cn+1(i) = q0
i for all i ∈ [1, n], and Cn+1(n+1) = q1 and Cn+1(n+2) = qin.1184

Next, consider the following sequence of configurations:1185

Cn+1
n+2,(qin,!!a1,qin)−−−−−−−−−−−→ Cn+2

n+2,(qin,!!a2,qin)−−−−−−−−−−−→ · · · n+2,(qin,!!ak,qin)−−−−−−−−−−−→ Cn+k+11186

n+2,(qin,!!$,qin)−−−−−−−−−−→ Cn+k+2
1,(q$

1 ,!!end1,qe
1)−−−−−−−−−−→ · · · n,(q$

n,!!endn,qe
n)−−−−−−−−−−→ C2n+k+21187

n+1,(qn+2,!!,,q1)−−−−−−−−−−−−→ C2n+k+31188

As a1 . . . ak = w ∈
⋂

1≤i≤n L(Ai), it holds that: Cn+k+1(i) = qf
i for all i ∈ [1, n]. Hence,1189

Cn+k+2(i) = q$
i for all i ∈ [1, n]. Furthermore, Cn+k+2(n + 1) = q2. We conclude that1190

C2n+k+3 = Cn+1. Hence, we can form an infinite execution ρ = C0C1 . . . Cn+1 . . . C2n+k+3 . . . C3n+k+5 . . .1191

such that for all i ∈ N, Cn+1+i(n+k+2) = Cn+1 and Cn+i(n+k+2)
n+1,(qn+2,!!,,q1)−−−−−−−−−−−−→ Cn+1+i(n+k+2),1192

which concludes the proof.1193

◀1194

▶ Lemma G.2. If there exists an execution ρ ∈ Λω and e ∈ [1, #proc(ρ)] such that for all1195

i ∈ N, there exists j > i such that ρj
e,(qn+2,!!,,q1)−−−−−−−−−−→ ρj+1, then there exists w ∈

⋂
1≤i≤n L(Ai).1196

Proof. Denote ρ such an execution. We start by proving the following lemma.1197

▶ Lemma G.3. There exists i0 ∈ N, from which no new processes reach state /, in other1198

words, for all process e, if ρi0(e) ̸= / then ρi(e) ̸= / for all i > i0.1199

Proof. We reason by contradiction. Otherwise, for all i0 ∈ N, either all processes are on /,1200

or there exists an process not in / who reach it later. As / is a sink state and there is a finite1201

number of processes, eventually all processes are on /, leading to a deadlock configuration,1202

which contradicts the fact that ρ ∈ Λω. ◀1203

We now denote e0 a process taking infinitely often transition (qn+2, !!,, q1). We easily see that1204

for all i ∈ N, ρi(e0) ̸= /, as otherwise, ρj(e0) ̸= / for all j > i. Consider now i1, i2, i3 ∈ N1205

three indexes such that i0 < i1 < i2 < i3. and ρij

e0,(qn+2,!!,,q1)−−−−−−−−−−→ ρij+1 for j ∈ {1, 2, 3}. By1206

construction of the protocol, there exist e1, . . . , en which respectively broadcast messages1207
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end1, . . . , endn which are received by e0 between i1 and i2. Observe that from the protocol’s1208

construction, once process e0 is on state q2, the only sequence of broadcast messages that1209

does not put e0 (before it reaches qn+2) in / is end1 · end2 · · · endn. Meaning that there1210

exists i1 < i4 < i2 such that Ci4(e0) = q2 and:1211

Ci4

e1,(q$
1 ,!!end1,qe

1)−−−−−−−−−−→ e2,(q$
2 ,!!end2,qe

2)−−−−−−−−−−→ · · · en,(q$
n,!!end1,qe

n)−−−−−−−−−−−→ Ci4+n1212

as any other behaviour would put e0 in /. Observe that for all i ∈ [1, n], Ci4+n(ei) = qe
i .1213

Note that i4 + n = i2 as if Ci4+n
(q,!!m,q′)−−−−−−→ Ci4+n+1 with m ̸= ,, then Ci4+n(en) = /.1214

Hence:1215

Ci2(ei) = q0
i for all i ∈ [1, n]1216

Ci2(e0) = q11217

Denote i5 the next index from which $ is broadcast (it exists as, in particular, e0 needs1218

to take the cycle with (q2, ?end1, q3)).1219

As i3 > i0, no process ei reaches /, hence ρi5(ei) = qf
i as otherwise, ρi5+1(ei) = / for1220

all i ∈ [1, n].1221

Observe that between i3 + 1 and i5, the only broadcasts are of the form (qin, !!a, qin) with1222

a ∈ Σ as any other broadcast would put e0 in /.1223

Hence, the sequence of letters a ∈ Σ broadcast between i3 + 1 and i5 is received by all1224

processes e1, . . . , en (as automata are complete), and thanks to the protocol’s construction,1225

it forms a word accepted by all automata. ◀1226
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