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—— Abstract

We study networks of processes that all execute the same finite-state protocol and communicate

via broadcasts. We are interested in two problems with a parameterized number of processes: the
synchronization problem which asks whether there is an execution which puts all processes on a
given state; and the repeated coverability problem which asks if there is an infinite execution where a
given transition is taken infinitely often. Since both problems are undecidable in the general case, we
investigate those problems when the protocol is Wait-Only, i.e., it has no state from which a process
can both broadcast and receive messages. We establish that the synchronization problem becomes
Ackermann-complete, and the repeated coverability problem is in EXPSPACE and PSPACE-hard.
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Wait-Only Broadcast Protocols are Easier to Verify

1 Introduction

Distributed systems are at the core of modern computing, and are widely used in critical
applications such as sensor networks, or distributed databases. These systems rely on
protocols to enable communication, maintain coherence and coordination between the
different processes. Because of their distributed nature, such protocols have proved to
be error-prone. As a result, the formal verification of distributed systems has become
an essential area of research. Formal verification of distributed systems presents unique
challenges compared to fthe one of centralized systems. One of the most significant issue is
the state explosion problem: the behavior of multiple processes that execute concurrently
and exchange information often lead to state spaces that grow exponentially with the number
of processes, making the analysis highly challenging. When the systems are parameterized,
meaning designed to operate for an arbitrary number of processes, which is often the case
in distributed protocols, classical techniques are not useful anymore. The difficulty shifts
from state explosion to dealing with an infinite number of system configurations, which
leads to undecidability in the general case [1]. Despite these challenges, verification becomes
more tractable in certain restricted settings. For instance, in parameterized systems, the
behavior of individual processes needs not always to be explicitly represented, which can
mitigate state explosion. This has motivated researchers to focus on specific subclasses of
systems or communication models where decidability can be achieved without sacrificing too
much expressiveness. One such restriction involves protocols where processes are anonymous
(i.e., without identities), and communicate via simple synchronous mechanisms, such as
rendezvous [9], where two processes exchange a message synchronously. Several variants
of this model have been studied, such as communication via a shared register containing
some value from a finite set [7], or non-blocking rendezvous [10, 4], where a sender is not
prevented from sending a message when no process is ready to receive it. In all these cases,
the processes execute the same protocol, which is described by a finite automaton.

A more expressive model is broadcast protocols, introduced by Emerson and Namjoshi [6].
In these protocols, a process can send a broadcast message that is received simultaneously
by all other processes (or by all neighboring processes in a network). Several key verification
problems arise in this context, including the coverability problem, which asks whether a pro-
cess can eventually reach a specific (bad) state starting from an initial configuration. Another
important property is synchronization, which asks whether all processes can simultaneously
reach a given state. Liveness properties, like determining whether infinite executions exist,
ensure that certain behaviors occur indefinitely. While broadcast protocols allow more
powerful communication than rendezvous protocols, this added expressiveness comes at
the cost of increased verification complexity. Indeed, rendezvous communication can be
simulated using broadcasts [8]. However, verification becomes significantly harder: while
coverability and synchronization can be solved in polynomial time for rendezvous proto-
cols [9], they become respectively Ackermann-complete [8, 20] and undecidable (we show it
in this paper) for broadcast protocols. Liveness properties are also undecidable for broadcast
protocols [8]. The challenge in verifying broadcast protocols can be understood through their
relationship with Vector Addition Systems with States (VASS). Rendezvous-based protocols
can be encoded in a VASS, where counters track the number of processes in each state. A
rendezvous is simulated by decreasing the counters corresponding to the sender and receiver
states and increasing the counters for their post-communication states. While using a VASS
for protocols using rendezvous is certainly not the way to go due to the complexity gap
between problems on VASS and the existing known polynomial time algorithms to solve
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verification problems, it is interesting to note that this encoding fails for broadcast protocols
because a broadcast message must be received by all processes in a given state, requiring
a bulk transfer of a counter value—something not expressible in classical VASS without
adding powerful operations such as transfer arcs, which leads to an undecidable reachability
problem [21]. However, in some cases, verification of broadcast protocols can become easier,
complexity-wise. One example is the setting of Reconfigurable Broadcast Networks, in which
communication between processes can be lossy [5]. Liveness properties become decidable in
that case [5] and even polynomial time [2].

Another such case is given by a syntactic restriction known as Wait-Only protocols,
introduced in [10] in the context of non-blocking rendezvous communication. In Wait-Only
protocols, a process cannot both send and receive a message from the same state. From
a practical perspective, Wait-Only protocols were proposed to model the non-blocking
rendezvous semantics used in Java’s wait/notify/notifyAll synchronization mechanism
and C’s wait/signal/broadcast operations with conditional variables, commonly found in
multi-threaded programs. In both languages, threads can be awakened by the reception of a
message. This naturally leads to distinguishing between action and waiting states: a sleeping
thread cannot act on its own and can only be awakened by a signal. This restriction simplifies
the possible behaviours of the system, potentially reducing the complexity of the verification.
Actually, the coverability problem for Wait-Only broadcast protocols becomes PSPACE-
complete [11]. Indeed, when processes are in a state where they can receive broadcasts,
they cannot send messages, meaning they will move together to the next state, reducing the
need for precise counting. Moreover, when a process is in a broadcasting state, it remains
there until it decides to send a message, simplifying execution reconstruction and enabling
better verification algorithms. By leveraging these properties, we design algorithms for the
synchronization problem and liveness properties, obtaining new decidability results for these
challenging problems. Proofs omitted due to space contraints can be found in [12].

2 Model and Verification Problems

In this section, we provide the description of a model for networks with broadcast commu-
nication together with some associated verification problems we are interested in. First we
introduce some useful mathematical notations. We use N to represent the set of natural
numbers, Ns ¢ to represent N\ {0}, and for n, m € N with n < m, we denote by [n,m] the
set {n,n+1,...,m}. For a finite set E and a natural n > 0, the set E™ represents the
n-dimensional vectors with values in F and for v € E™ and 1 < i < n, we use v(i) to represent
the i-th value of v. Furthermore, for such a vector v, we denote by ||v|| its dimension n.

Networks of Processes using Broadcast Communication. In the networks we consider,
all the processes execute the same protocol, given by a finite state machine. The actions
of this machine can either broadcast a message a to the other processes (denoted by !!a)
or receive a message a (denoted by 7a). For a finite alphabet of messages X, we use the

following notations: !'% o {lla |a € X}, 78 e {?a | a € ¥} and Opy, Lz,

» Definition 2.1. A protocol P is a tuple (Q, %, gin, T) where Q is a finite set of states, X
is a finite set of messages, qin € Q is an initial state, and T C @ x Ops; X @ is a set of
transitions.

For all ¢ € @, we define R(q) as the set of messages that can be received from state
q, given by {a € ¥ | 3¢ € Q,(¢,%a,q¢') € T}. A protocol P = (Q,%, ¢, T) is Wait-
Only whenever for all ¢ € Q, either {¢’ € Q | (¢,a,¢') € T with a €72} = (), or {¢’ €
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Figure 1 Example of a Wait-Only protocol P.

Q| (qg,a,q¢") € T with o €!!3} = (. In a Wait-Only protocol, a state ¢ € @Q such that
{¢ € Q| (q,a,q¢) € T with a €72} # () is called a waiting state. A state that is not a
waiting state is an action state. We denote by Qw the set of waiting states and by Q4 the
set of action states (hence @4 = @\ Qw ). Observe that if ¢;, € Qw, then no process is ever
able to broadcast messages, for this reason we will always assume that g;, € Q4.

For n € Nyg, an n-process configuration of a protocol P = (Q, %, gin,T) is a vector
C € Q"™ where C(e) represents the state of the e-th process in C for 1 < e < n. The
configuration is said to be initial whenever C(e) = gy, for all 1 < e < n. The dimension
||C]| hence characterizes the number of processes in C. For a state ¢ € Q, we use C~1(q) to
represent the set of processes in state ¢, formally C~1(q) = {1 < e < ||C]| | C(e) = q}. For a
subset A C [1,]|C||] of processes, we use C(A) to identify the set of states of processes in
A, formally C(A) = {C(e) | e € A}. We let C [resp. Z] be the set of all configurations [resp.
initial configurations] of P.

We now define the broadcast network semantics associated to a protocol P = (Q, 2, gin, T).
For configurations C,C’ € C, transition ¢t = (¢,!!a,¢’) € T and e € [1,]||C||], we write
C =4 C' whenever ICl| = ||C]], C(e) = ¢, C'(e) = ¢’ and, for all ¢’ € [1,]|C||] \ {e}, either
a reception occurs, i.e., (C(€'),?a,C’(¢')) € T, or the process cannot receive a, in which case
(a € R(C(€')) and C(e') = C'(¢’)). Intuitively, the e-th process of C' broadcasts a message
a, which is received by all processes able to receive it, while the other processes remain
in their current state. We note C' — C” if there exists e € [1,||C||]] and t € T such that
C 24 ¢ and use —* [resp. —T] for the reflexive and transitive [resp. transitive| closure
of —. A finite [resp. infinite| execution is a finite [resp. infinite] sequence of configurations
p=Cy...Cqlresp. p=Cy...] such that Cy € 7 and C;_1 — C; for all 0 < i < £ [resp. for
all 4 > 0]. Tts length |p| is equal to £+ 1 [resp. w]. We write A [resp. A,] for the set of finite
[resp. infinite] executions. For an execution p = CyC;... € AUA, and 0 < i < |p|, we use
pi to denote C;, the i-th configuration. We use #proc(p) to represent ||Cy||, the number

of processes in the execution. For 0 < i < j < |p|, we define p; ; def pi-..p;j. We also let

P>i def PiPit1 - .- and p<; def po--.p;i. For e € [1,#proc(p)], we denote by p(e) the sequence

of states po(e)p1(e).. ..

» Example 2.2. Figure 1 illustrates an example of a Wait-Only protocol. The waiting states
are q1, 42, s, 46, and g7, with R(gs) = {b,c}. Here is one of its execution with 3 processes:

17( ina”da ) 27( 'in7!!d7 ) 37( iny” k) in)
(Gins Qiny Gin) ——202 (g1, Gins Gin) ——"2T (g1, 41,5 Gin) ——" 1% (g5, G2, Gin)
3,(qin,!'c,qin) 3,(qin,!'b,q7)
—— (43,92, ¢in) ——— (43,43, q7).

Verification Problems. We investigate two verification problems over broadcast networks:
the synchronization problem (SYNCHRO) and the repeated coverability problem (REPCOVER).
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SYNCHRO asks, given a protocol P = (Q, %, ¢in, T') and a state ¢y € @), whether there exist
C € Z and C' € C such that C —* C’, and C’(e) = ¢y for all e € [1,]|C’||]. REPCOVER
asks, given a protocol P = (Q, X, ¢in, T) and a transition ¢ = (¢, !!a,q¢’) € T, whether there
exist p € A, and e € [1,#proc(p)], such that for all i € N, there exists j > i verifying

e,t
Pj = Pj+1-
» Theorem 2.3. SYNCHRO and REPCOVER are undecidable.

We give the proof of the undecidability of SYNCHRO in [12], while the undecidability of
REPCOVER was established in [8, Theorem 5.1]. In the remainder of the paper, we show
that by restricting to Wait-Only protocols, one can regain decidability.

» Remark 2.4. Throughout the remainder of this paper, we will consider protocols without
self-loop broadcast transitions of the form (g, !!a, q). Such transitions can be transformed into
two transitions (g, a, pq), (pg, '8, ¢) where p, is a new state added to the set of states and $
is a new message added to the alphabet. This transformation of the protocol is equivalent to
the original one with respect to SYNCHRO and REPCOVER.

Vector Addition System with States. In the following, we will extensively rely on the
model of Vector Addition Systems with States (VASS) which we introduce below. A VASS
is a tuple V = (Loc, 4y, X, A) where Loc is a finite set of locations, ¢y € Loc is the initial
location, X is a finite set of natural variables, called counters, and A C Loc x Z* x Loc is a
finite set of transitions. A configuration of V is a pair (£,v) in Loc x NX where v provides a
value for each counter. The initial configuration is (g, 0) where 0(x) = 0 for all x € X. Given
two configurations (¢,v), (¢/,v') and a transition (£,5,0') € A, we write (£,v) ~os (£/,0")
whenever v'(x) = v(x) + 0(x) for all counters x € X. We simply use (¢,v) ~~> (¢/,v") when
there exists (¢,3,¢) € A such that (¢,v) ~os (£,0"). We denote ~~s* for the transitive and
reflexive closure of ~~>. An (infinite) execution (or run) of the VASS is a (infinite) sequence
of configurations (£, vg), (¢1,v1), ..., (bn,v,), starting with the initial configuration and such
that (4;,v;) ~~> (i1, v541) for all 0 <4 < n.

REACH, the well-known reachability problem for VASS, is defined as follows: given a
VASS V = (Loc, 4y, X,A) and a location ¢; € Loc, is there an execution from (¢y,0) to
(£f,0)?

» Theorem 2.5 (Membership [18], Hardness [3, 17]). REACH is Ackermann-complete.

3 Solving Synchro for Wait-Only Protocols

To solve SYNCHRO we show in this section that we can build a VASS that simulates the
behavior of a broadcast network running a Wait-Only protocol. An intuitive way to proceed,
inspired by the counting abstraction proposed for protocols communicating by pairwise
rendez-vous communication [9], consists in having one counter per state of the protocol, that
stores the number of processes that populate that state. Initially, the counter associated with
the initial state can be incremented as much as one wants: this will determine the number of
processes of the execution simulated in the VASS. Then, the simulation of broadcast messages
(¢,"a,q") amounts to decrementing the counter associated to ¢ and increment the counter
associated to ¢’. However, simulating receptions of the message (e.g. a transition (p, ?a, p’)),
requires to empty the counter associated to p and transfer its value to the counter associated
to ¢’. This transfer operation is not something that can be done in VASS unless the model is
extended with special transfer transitions, leading to an undecidable reachability problem [21].
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To circumvent this problem, we rely on two properties of Wait-Only protocols: (1) processes
that occur to be in the same waiting state follow the same path of reception in the protocol,
and end in the same action state (we show how to take care of potential non-determinism in
the next section) and (2) processes in an action state cannot be influenced by the behaviour
of other processes as they cannot receive any message. Thanks to property (1), instead of
precisely tracking the number of processes in each waiting state, we only count the processes
in a “waiting region” — a connected component of waiting states populated by processes that
will all reach the same action state simultaneously. The waiting region allows us also to
monitor when the processes go out from a waiting region to an action state. We will explain
later how we use property (2) to handle the transfer of values of counters within the VASS
semantics, and thus simulating processes leaving a waiting region.

For the rest of this section, we fix P = (Q, X, ¢in, T) a Wait-Only protocol (with Qw
[resp. Q4] the set of waiting states [resp. action states]) for which we assume w.l.o.g. the
existence of an uncoverable state q, € Q verifying ¢ # ¢, and ¢’ # q, for all (¢,a,¢') € T
and gy 7# @in. Furthermore, we consider a final waiting state ¢y € Qw . To ease the reading,
we assume in this section that the final state ¢; is a waiting state, but our construction could
be adapted to the case where ¢y is an action state. Moreover, we show in the next section
that SYNCHRO in this latter case is easier to solve.

3.1 Preliminary properties

We present here properties satisfied by Wait-Only protocols, which we will rely on for our
construction. We first show with Lemma 3.1 that if, during an execution, two processes fulfill
two conditions: (¢) they are on the same waiting state ¢, and (i7) the next action state
they reach (not necessarily at the same time) is the same (namely ¢, ), then one can build
an execution where they both follow the same path between ¢, and ¢,. This is trivial for
deterministic protocols (where for all ¢ € @ and «a € Opy;, there is at most one transition of
the form (g, ¢’) € T) and is also true for non-deterministic protocols.

For an execution p € AUA,, of P, an index 0 < j < |p|, a waiting state ¢ € Qw and a
process number e € [1, #proc(p)] such that p;(e) = ¢, we define na-index(p, j, ) = min{k |

Jj <k <|p| and pr(e) € Qa}, i.e. the first moment after p; where the process e reaches an

action state (if such moment does not exist, it is set to |p|). We note na-state(p, j, e) et

Pra-index(p,j,¢) (€) the next action state for process e from p; if na-index(p, j,e) # |p| and
otherwise we take the convention that na-state(p, j, e) is equal to gy, the uncoverable state
of the protocol P. Finally, we let na(p, j,e) = (na-state(p, j, ¢), na-index(p, j, ¢)).

» Lemma 3.1. Let p € AUA, be an execution of P. If there exist e1,es € [1, #proc(p)]
and 0 < j < |p| such that (i) pj(er) = p;j(e2) € Qw, (7)) na(p,j,e1) = (¢,j1), and (i)
na(p, j,e2) = (q,j2) with j1 < jo < |p|, then there exists an execution p’ of the form
P<iPji1 -+ Py P>ir+1 Such that p(e1) = py(e2) = pr(e1) for all j+1 < k < j1, and pj(e1) =
pr(e1) and pi(e2) = q for all j1 < k < ja. In particular na(p’, j,e1) = na(p’, j,e2) = (¢, j1)-

» Example 3.2. Consider the protocol P in Figure 1 and the execution p of Example 2.2.
We have pa(1) = p2(2) = ¢1 and na(p,2,1) = (g3,4) and na(p,2,2) = (¢3,5). Applying
Lemma 3.1, we build: p" = (qin; Gins @in) — (q1, @in, in) — (915915 Gin) — (45,05, qin) —
(g3, 93, qin) — (¢3,43,q7) where process 1 and process 2 follow the same path between ¢; and
gs. However, consider the following events from (q1,q1,¢m): (91,91, 9m) — (92,5, @in) —
(g3, 46, q7) — (g4, q4, q4), here we cannot apply the lemma as from ¢y, processes 1 and 2 reach
two different next action states (g3 and qq).
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The above lemma enables us to focus on a specific subset of executions for SYNCHRO, which
we refer to as well-formed. In these executions, at any moment, two processes in the same
waiting state and with the same next action state, follow the same path of receptions. Formally,
an execution p of a protocol P is well-formed iff for all 0 < i < |p|, for all e, e5 € [1, #proc(p)]
such that p;(e1) = pi(e2) € Qw and na-state(p,i,e;) = na-state(p, i, e2) = g, it holds that
pr(e1) = pr(e2) for all i < k < na-index(p, i, e1). From Lemma 3.1, we immediately get:

» Corollary 3.3. There exists an execution p = Cj...C, such that C,(e) = gy for all
e € [1, #proc(p)] iff there exists a well-formed execution from Cy to C,,.

We finally provide a result which will allow us to bound the size of the VASS that
we will build from the given Wait-Only protocol. Given an execution p € AU A, of
P, an index 0 < j < |p| and an action state q, € Q4, we define na-index-set(p, j, ¢,)
as the set of indices where processes in a waiting state at p; will reach ¢, if it is their
next action state: na-index-set(p, j, q,) o {i| there exists e € [1, #proc(p)] s.t. p;(e) €
Qw and na(p7j,e) = (qavi)}’

» Lemma 3.4. For all well-formed executions p, for all 0 < j < |p|, and for all g, € Qa, we
have |na-index-set(p, j, ¢.)| < |Qw.

Proof. If we have |na-index-set(p, j,q.)| > |Qw]|, by pigeon hole principle there exist
e1, ez € [1, #proc(p)] such that p;(e1) = p;(e2) € Qw and such that na(p, j,e1) = (qgq,%1)
and na(p, j, e2) = (qa,t2) with i1 < is. Consequently p;, (e1) = g, € Q4 and p;, (e2) € Qw
hence p;, (e1) # pi, (e2), which contradicts the definition of well-formedness. <

3.2 Building the VASS that Simulates a Broadcast Network

Summaries. We present here the formal tool we use to represent processes in waiting states.

We begin by introducing some notations. A print pr is a set of waiting states. Given a non
empty subset of states A = {q1,...,qn} C @, we define a configuration A € Q™ such that
A(e) = g for all e € [1,n]. When A = {q}, we write q € Q! instead of {q}. Conversely, given
a configuration C, we define set(C) = {g € Q | C7*(q) # 0}. For two configurations C € Q"
and C' € Q™, we let C & C’ be the configuration C” € Q™™ defined by: C”(e) = C(e) if
1<e<nand C"(e)=C'(e—n)ifn+1<e<m-+n. A summary S is a tuple (pr,qq, k)

such that pr C Qw is a print, g, € Q4 is an exit state, and k € [1,|Qw/| + 1] is an identifier.

The label of S is lab(.S) = (¢, k) and we denote its print by print(S). Finally, we define a
special summary Done.

In our construction, each process in a waiting state is associated with a summary while
processes in action states are handled by the counters of the VASS. Intuitively, a summary
(pr, ga, k) represents a set of processes lying in the set pr C Qu that will reach the same next
action state ¢, simultaneously (this restriction is justified by Lemma 3.1). Since the set of
waiting states pr evolve during the simulation, each summary must be uniquely identified.
To achieve this, we use an integer k € [1,|Qw| + 1]. Hence each summary is identified with
the pair (gq, k). We do not need more than |Qw| + 1 different identifiers, because when a
process enters a new summary (i.e it arrives in a waiting state ¢, from an action state),
aiming for next action state ¢, it either joins an existing summary with exit state g, or
create a new one. In the latter case, well-formed executions ensure that no existing summary
S = (pr, qa, k) with exit state g, is such that g, € pr. Otherwise two processes would be in
the same state ¢, aiming for the same action state, but at different moments, contradicting
Lemma 3.1. Note that we need |Qw| + 1 different identifers, and not |Qw | for technical

42:7
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reasons. Finally, the special summary Done is used to indicate when the processes described
by a summary reach the exit action state.

We now describe how summaries evolve with the sequence of transitions. Let S =
(pr,qa, k) and S" = (pr', qq, k) be two summaries (with the same exit state and identifier)

and t = (q,!!b,q") € T such that there exists a configuration C’ verifying q®pr Lt q.’ e C.
We then write S = S’ whenever set(C’) = pr' C Qw. This represents the evolution of a
summary upon reception of message b, when the processes all stay in waiting states, and no
new process joins the “waiting region” of the given summary. We write .S % S’ whenever
¢ € Qw and set(C')U{¢'} = pr C Qw. In that latter case, the process responsible for
the transition ¢ joins the “waiting region” represented by .S. This typically occurs when the
process’s next action state is q,, and it reaches ¢, simultaneously with the processes described
by S. Finally, we use S L. Done whenever set(C’) = {q,}. This represents the evolution

(and disappearance) of S when all the processes reach ¢, (they all reach it simultaneously).

» Example 3.5. Returning to the protocol P of Figure 1, consider the summary Sy =
ins1a,qin iny )1, Qin
({¢1},43,1). Observe that Sy % ({g2},¢3,1) and Sy % ({g5},q3,1). How-

in,!'a,qin
ever, by definition, we do not have Sy % ({¢5,92},q3,1). Indeed, processes sum-

marized in Sy are forced to all go either on ¢ or on g5 upon receiving a: thanks to
Corollary 3.3, we consider only well-formed executions, where all processes summarized

(qin,"1b,q7)
>

in Sy choose the same next state. Additionnaly, we have ({¢g2},q3,1) Done and

in,!1a,qin in,!10,97), in,!!d,
({CI1}»C]47 1) % ({CIS}7(Z47 1) % ({%7(17}7(147 1) % Done. However,

in,!10, . .
note that we do not have ({g2}, q4,1) % Done, since the action state g3 reached from

q2 upon receiving b is not the exit state qq4.

Definition of the VASS. We now explain how we use the summaries in the VASS simulating
the executions in the network. First we say that a set S of summaries is coherent if for
all distinct pairs (pry, q1, k1), (pry, g5, k2) € S such that ¢ = ¢5, we have ki # ko and
pr; Npry = (. We denote by CoSets the set of coherent sets of summaries. For a set of
summaries S we let lab(S) = {lab(S) | S € S}. Observe that, when S is coherent, for a
label (g, k) € lab(S), there is a unique S € S such that lab(S) = (g, k).

We define the VASS Vp simulating the protocol P as follows: Vp = (Loc, sg, X, A), where
Loc = CoSets U {so} U {ss}, the set of counters is X = {xq | ¢ € Qa} U {x(gx) | ¢ € Qa,k €
[1,|Qw| + 1]}, and the set of transitions A = Ag U ([J,eqp At) U A, is defined as follows:

Ag contains exactly the following transitions:

(50,60, S0) where dg(xg,,) = 1 and 6p(x) = 0 for all other counters;
(s0,0,0) where 0 is the null vector (note that the empty set is coherent);
(

{S¢},0,5¢) € A where Sy = ({qr}, qu, 1);
(sf,0f,5¢) € A where 0f(x(q,,1)) = —1 and d7(x) = 0 for all other counters.

For t = (¢,"a,q’) € T, we have (S,9,S’) € A, iff one of the following conditions holds:

a. ¢ € Qg and § = {S1,...,Sk}. Then, for all 1 < i < k, there exists S} such that
S; & Siand 8" = {S] | 1 <i <k} \ {Done}. Moreover, d(x,) = —1, d(xy) = 1 and
d(x) =0 for all x € X\ {x4,%q }. Here we simply update the sets of states populated
by processes in waiting states after the transition f. Some summaries may have
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Xgin++ Xaw,1)7 Xqm™ =
Qin
() CoSets 0 (g2}, g5, 1 | XD+ [ {ga},q3,1
) )
—| So — Q) {qf}’q,ml H—>| Sf {Q1}aQ471
Xgo= - Xain” -
qin X(q3,2) 4
Figure 2 The structure of the VASS V. X(g3,1)++
1 Xqin~ =
{aa} a8, 1100 {an}, 03,2 X(g3,1)" - 1 {42}, 43,1
{q1}7q3a2 = {lh % q7} qa 1 Xgg++ {ql’Q2}’qg7 {(J1}aQ3»2
{Q17Q5}5q471 i —

Figure 4 Three successors of location
{({q2},43,1)} (top left location) after
the broadcast transition (g, !'d, ¢1).

Figure 3 One successor of location

{({q2}7 q3, 1)’ ({q1}7 g3, 2)7 ({q17 Q5}7 q4, 1)} (left

location) after the broadcast transition (gin, !0, g7)

disappeared from S if the processes represented by this summary have reached their
exit action state when receiving a. For now, we only modify the counters associated to
the states ¢ and ¢’. Note that this is well-defined, since we assume in Remark 2.4 that
there is no self-loop of the form (g,!a, q).

b. ¢ € Qw, S ={S1,...,Sk}, and there exists 1 < i < k and S} such that S; LN St

For all j # i, there exists S} such that S; = S). Then &' = {S} | 1 < j < k} \ {Done}.
Moreover, d(x,) = —1, §(Xjap(s;)) = 1 and §(x) = 0 for all x € X\ {Xg, X1an(s,)}. In
that case, the process having performed the transition joins an existing summary S;.
We have then modified accordingly the counters associated to ¢ and to the appropriate
summary.

c. ¢ € Qw and § = {54,...,Sk}. For all 1 < j < k, there exists S} such that
S; LN S%. Then 8" = ({S7,..., 5} \ {Done}) U {({¢'}, qu, k)} for some g, € Q4 and
k € [1,|Qw| + 1] such that (qa,k) ¢ lab(S). Moreover, §(x;) = —1, 0(X(q, k) = 1,
and 0(x) = 0 for all x € X'\ {xg,X(q,k)}- This case happens when the process having
sent the message a reaches a waiting state, and its expected next action pair (index
and state) does not correspond to any existing summary. In that case, it joins a new
summary, the counter associated to the state ¢ is decremented and the counter of this
new summary is incremented.

Finally, A, allows to empty the counters associated to summaries that have disappeared
from the set of locations. It is defined as the set of transitions (S, d,S’) such that: & =&’
and there exists (¢, k) ¢ lab(S) with d(x;) = +1 and d(x(q,x)) = —1 and for all other
counters, d(x) = 0.

Transitions from A, allow the transfer of counter values from summaries that have disappeared
to the counter of their exit action state. This transfer is not immediate, as it is done through
iterative decrements and increments of counters. In particular, it is possible for the execution
of the VASS to continue without the counter of a disappeared summary being fully transfered.
The processes represented by the counter of a disappeared summary behave in the same
way as processes in the exit action state that do not take any action. These counters can
be emptied later, but always from a location from where no summary with the same label
exists. This ensures that there is no ambiguity between processes in a waiting region and
those on an action state that have not yet been transferred to the appropriate counter.
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» Example 3.6. Figures 2—4 illustrate the VASS Vp built for the protocol P from Figure 1.
Figure 2 shows its overall structure: any run reaching (s, 0) starts by incrementing the
counter of the initial state and ends by decrementing the counter of the summary (g¢, qu, 1).
Here, ¢, is an artificial, unreachable state used to ensure that the counted processes must
end in ¢y (since they cannot be in ¢,). Figure 4 illustrates how message receptions and
summary creations are handled. The top-left location contains a single summary ({g2}, ¢3,1),
representing configurations where all processes on Qyy are in ¢o, all progressing to g3. After
the broadcast (g, !!d, g1), three behaviors may follow. In the first case (right), the sender
creates a new summary ({q1},q4,1) (pink). In the second (diagonal), it creates another
new summary ({¢q1},qs,2) (orange), indicating a different arrival time at g3. In the third
(below), it joins an existing summary, and ¢; is added to the print. Well-formed executions
restrict the number of summaries with the same exit state, as there are at most |Qw| distinct
moments where processes can reach a given action state (Lemma 3.4). Figure 3 illustrates
summary deletion. The transition (g, b, g7) causes the sender to join the pink summary
(bottom one), incrementing its counter. Processes in the green summary ({g2}, g3, 1) receive
the message via (go, 7, g3), reaching their exit state gz. This summary is deleted in the next
location. From there, value of x4, 1) is transferred to the counter x,, with the loop transition.
If it is not taken enough times, x(4, 1) may remain non-zero. This does not affect correctness:
X(gs,1) Will be decremented eventually from a state in which there is no summary labeled with
(g3,1). Not decrementing soon enough only delay the moment the corresponding processes
will move from the action state qs.

» Remark 3.7. In the sequel of this paper, the size of Vp will be of interest to us. Hence, observe
that |Loc| = |CoSets|+3 < 2lQalx(lQwl+nx29w! | 3 (as one summary is composed of a state in
Q 4, one label in [1, |Qw|+1] and one set of waiting states), and |X| = |Qa|+|Qa| x (|Qw|+1).

Soundness of the construction. We show now that if there exists a run in the VASS Vp
from (sg,0) to (sf,0), then in the network built from P, there exist C € Z and C’ € C such
that C —* C”" and C’(e) = gy for all e € [1,]|C"||].

We say that a configuration (¢, v) of Vp is an S-configuration if £ = S for some S € CoSets.
The implementation of an S-configuration A = (S, v) is the set of network configurations
[A] C C defined as follows: C € [A] if and only if there exists a function f : [1,]|C||]] — X
such that |f~1(x)| = v(x) for all x € X, and

CondImpll for all x, € X with ¢ € Qa, we have C(e) = ¢ for all e € f~(x,),;

CondImpl2 for all x(, ) € X, if there exists (pr,q,k) € S for some pr C Qw, then
C(e) € pru{q} for all e € f~1(x41);

CondImpl3 for all x4 k) € X, if (¢,k) ¢ 1lab(S), then C(e) = ¢ for all e € f~(x4x).

In an implementation of A\, the processes populate states according to the values of the
counters. All processes associated with a counter x, of an action state will populate this
exact state (CondImpll). However, processes associated with a counter X(q,k) Of a summary
do not necessarily populate waiting states. This occurs when the label (g, k) does not appear
in § while the associated counter remains strictly positive. Such a situation arises when
a summary has been previously deleted, but its counter has not been emptied. Since all
associated processes have already reached the exit action state, the processes associated to
the corresponding counter have to populate this active state (CondImpl3). If the summary
with label (g, k) is active (i.e. its label appears in S), the processes associated with xq ) will
be in the corresponding waiting region, or in the exit action state (CondImpl2). This may
seem contradictory, as all processes are supposed to reach their exit state simultaneously.
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However, the processes already on the exit action state are “old” processes, that remained
after a previous deletion of this summary (cf. CondImpl3). These processes will be allowed
to send messages only when they are identified with the counter of the active state, meaning
when the corresponding transition in A, will be taken. The next lemma allows to build an
execution of the protocol P from an execution of the VASS Vp.

» Lemma 3.8. Let A\, X be two S-configurations of Vp and C € [A]. If A ~ouw= X in Vp then
there exists C' € [N'] such that C —* C' for P.

Sketch of Proof. Assume A = (S,v) and X' = (§,v'). Then either (S,6,8’) € A, or

(8,0,8") € Ay for some t € T. In the first case, we show that if C' € [A], then C € [N].

Otherwise, let t = (g, !!a, ¢’), there is a process e such that C(e) = gq. The transition § in the
VASS makes all the summaries and counters evolve according to the reception of the message
a. According to the different cases a., b. or c., one can build a configuration C’ € [\'] such
that C — C". <

» Lemma 3.9. If (59,0) ~~* (s5,0) in Vp, then there exist C € I and C' € C such that
C —=*C" and C'(e) = qy for all e € [1,]|C"||].

Proof. From the definition of Vp, any run from (sg,0) to (s, 0) is of the form (sg, 0) ~~>*

(0, Vinit) ~~~* ({ S}, vf) ~n* (s, 0) Where vini4(Xg,,) = n for some n € N and vy (x) = 0 for

all x € X\ {xg,, }, whereas vy (x4, 1)) = Vinit(Xq,,) =1 and vy(x) = 0 for all x € X'\ {x(4,.1)}

Define C' as the initial configuration in Z with n processes (i.e. ||C|| = n). Trivially,
C € [(0,vinit)] and with Lemma 3.8 and a simple induction, we get that there exists
C" € [({Sf},vy)] such that C —* C’. Observe that by definition of v, and since C’ €
[({S¢},vs)], there exists f : [1,n] — X such that f~*(x(g,.1)) = [1,n]. Using CondImpl2,
we have C'(e) € {qy,q.} for all e € [1,n] with n = [|C’||. Since g, is unreachable by
construction, we deduce that C’(e) = g5 for all e € [1,||C"[|]. <

Completeness of the construction. Let us first introduce some new definitions. Given a
well-formed execution p € AU A, two indices 0 < i < j < |p| and an action state ¢, € @ 4,
we define Eg;f ;» the set of processes in waiting states in p;, and whose next action state is gq,

reached at p;. Formally, Et’;jj = {e € [1, #proc(p)] | pi(e) € Qw and na(p,i,e) = (qq,J)}

Furthermore, an S-configuration A = (S,v) is a representative of the configuration p; in p iff
the following conditions are respected:

CondReprl for all ¢ € Qa, v(x,) = |p; *(¢)|, and
for all g, € Qa, there is an injective function 74, : na-index-set(p, %, q,) — [1, |Qw|+1] s.t.:

CondRepr2 S = {(pi(EL ), 4ar 74, (7)) | da € Qa.j € na-index-set(p, i, qa)}

42:11

CondRepr3 forall g, € Qa, we have v(x(q, », (j))) = |Ef;az]| for all j € na-index-set(p, i, q,)

and v(x(q, xy) = 0 for all k ¢ r,, (na-index-set(p, i, q.)).

In a representative of the configuration p;, the counters faithfully count the number of
processes on active states (CondReprl), and on waiting regions. The set Ef;az j gathers
exactly the set of processes that populate a same waiting region in a representative of
p; in p: they all reach the same next action state g, at the same instant j. The set
na-index-set(p, i, q,) being bounded by |Qw| (cf. Lemma 3.4), we can associate with each
of these indices a unique identifier, given by the injective function r,,. We use a spare
identifier for technical reasons, to handle more easily situations when |Qw| summaries exist
in the location of the VASS, and a new summary is created while one of the previous
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summaries is deleted at the next step. Then, CondRepr2 and CondRepr3 require that
the counters corresponding to the summaries and the summaries themselves reflect faithfully
the situation in the configuration p; with respect to p. Observe that such a representative is
tightly linked to the simulated execution, since we need to know the future behavior of the
different processes to determine the different summaries. Finally, if we let repr(p,i) be the
set of all S-configurations that are representatives of p; in p, we establish the following result
before proving the main lemma of this subsection (Lemma 3.11).

» Lemma 3.10. Let p be a well-formed ezecution, and 0 < i < |p|. For all \; € repr(p,i),
there exists Aiy1 € repr(p,i+ 1) such that A\; ~~>* A\jy1 in Vp.

Sketch of Proof. From an S-configuration \; = (S;,v;) in repr(p, i), we can compute the
effect on S; of the transition ¢ = (q,!!a,q’) taken in p to go from p; to p;11, and find a
matching transition (S;,d,S;j+1) € A; (according to whether ¢’ is a waiting state or not, and
in the latter case, whether it joins an existing summary or a new one, depending of the
execution p). We then obtain a new configuration X = (S;;1,v’) such that \; ~o \'. Note
that A is not necessarily in repr(p,i + 1): if some summaries have been deleted between
A; and X the transition (S;,d,S;+1) in Vp has not updated the corresponding counters.
Hence we need to apply transitions from A, to empty counters corresponding to deleted
summaries and accordingly increase corresponding counters on matching action states to
obtain A;y1 = (Si41,vi+1) in repr(p,i+1) . <

» Lemma 3.11. If there exist C € Z, and C’ € C such that C —* C" in P and C'(e) = ¢y
for all e € [1,]|C"||], then (so,0) ~~>* (s¢,0) in Vp.

Proof. Thanks to Corollary 3.3, we know there exists a well-formed execution p from
C to C'. Let K = ||C|| and n = |p| — 1. First, consider the sequence (sg,0) ~~~r*
(50,v0) ~~> (0,v9) where vg(xg,) = K and for all other counters x, vo(x) = 0. Observe
that, since ¢, € Qa, (0,v9) € repr(p,0). By applying inductively Lemma 3.10, we get
that (0, v0) ~~™ (S1,01) ~ents™ -+ - ™ (S, vy ) With (Sp, vp,) € repr(p,n). By definition,
every time that na-state(p,i,e) = g, for some process e, then na-index(p,i,e) = n + 1,
hence there will always be at most one summary with exit state ¢,. So in the execution
we build, every time that some summary (pr, ¢y, k) € S;, we chose k = 1. We then have
Un(Xq,,1) = K and v, (x) = 0 for all other x € X\ {x,, 1}. Hence, by construction of Vp, we
have (Sy,vn) ~> (5£,0p) ~ns™ (54, 0). <

Using Lemma 3.10 and Lemma 3.11 and the fact that the reachability problem for VASS
is decidable (see Theorem 2.5) we get the main theorem of this section.

» Theorem 3.12. SYNCHRO restricted to Wait-Only protocols is decidable.

3.3 Lower Bound for Synchro in Wait-Only Protocols

In this subsection we reduce the reachability problem for VASS to SYNCHRO. We fix a VASS
V = (Loc, £y, X, A) and a final location ¢4 € Loc. W.l.o.g., we suppose that any transition
in A either increments or decrements of 1 exactly one counter. Hence, for a transition
(£,8,0) € Loc, we might describe § by giving only d(x) for the only x € X such that §(x) # 0.

We explain how to build a protocol Py that simulates V: it is depicted in Figure 5 in
which we don’t consider the dashed edge. The states zero and {unit, | x € X} represent the
evolution of the different counters of the VASS while the blue box P, describes the evolution
of V with respect to its locations. Formally, P, consists of a set of states Qy = LocU {®}
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7start

| ‘. ’r.;end m Iverif m ;’;/e\rTf‘;A err
N e A
v

llstart

Figure 5 Protocol P associated to a VASS V. The dashed edge (¢;, ?start,err) will only be
considered in Section 4.2.

i : ?incy : : i : ?decy .@
m 2%m  forallme m 2m  forallm e
{incys, decy | {incy, decy |
x" e X} x" e X}

Figure 6 Part of P}, that simulates respectively the transition (¢,d,¢) € A with §(x) = 1 at the
left, and (¢£”,6,¢"") € A with 6(x) = —1 at the right.

and a set of transitions Ty = {(¢,?inc., ') | (¢,6,¢') € A and §(x) = 1} U {(¥, ?decy, ') |
(£,0,0') € Aand §(x) = =1} U{(¢,?7m,®) | m € {incy,decy | x € X}}. Some transitions of
Ty are depicted in Figure 6. We then obtain the following theorem.

» Theorem 3.13. SYNCHRO with Wait-Only protocols is Ackermann-complete.

Sketch of Proof. The upper bound follows from Theorem 3.12 and Theorem 2.5. For the
lower bound, we give the ideas that prove that the reduction described above is correct. In
particular, there exist Cp € Z and C € C such that Cy —* Cy in Py and C[(e) = ¢y for all
e € [1,|Cl]] if and only if (£o,0) ~~* (£4,0) in V.

Assume that (o, 0) ~~e* (€f,0) in V, and let K € N be the maximum value of » _y v(x)
reached during the run. We choose Cy such that ||Cy|| = K + 1. The execution proceeds as
follows: all processes except one (the leader) broadcast a dummy message $. The leader then
broadcasts start and reaches ¢y, while the others move to zero. These simulate the counter
values, and the leader simulates the VASS by moving through the states of P,. The value
of counter x is represented by the number of processes in unit,. To simulate an increment
of x from (¢;,v;) to (€;41,v;11), a process in zero sends inc,, which the leader receives to
transition to £;11. If the current configuration correctly represents (¢;,v;), the new one
faithfully represents (¢;11,v;41). At the end of the simulation, the leader reaches ¢, and
the other processes remain in zero. They then broadcast end, and the leader (now in E})
broadcasts verif, gathering all processes in gy.

To prove the other direction, we must show that the processes cannot cheat in simulating
the VASS. First, note that reaching g requires exactly one broadcast of verif, a second would
send the original sender to err. This ensures that only one process (the leader) simulates the
VASS by moving through P),. Second, counter updates must follow the VASS transitions:
any unauthorized update would cause the leader to receive an unexpected message and
transition to the losing state ®. Finally, when the leader reaches ¢¢, all other processes must
be in zero. If not, problems occur during the final steps: one process (the helper) broadcasts
end, which sends the leader to é’f. Then, all remaining processes must reach z-end before the
unique verif broadcast. If a process in unit, moves to z-end, it must broadcast dec,, which is

42:13
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received by other processes in z-end, sending them, including the helper, to err’. As a result,
the helper misses verif and cannot reach gy, preventing a successful execution. Thus, the
simulation must end with the leader in ¢; and all others in zero. <

4 Synchro is ExpSpace-complete when the Target State is an Action
State

Upper bound. We show that SYNCHRO when ¢ € Q4 can be reduced to the mutual
reachability problem on VASS, defined as follows: given a VASS V = (Loc, ¢y, X, A) and
a location £y, do there exist a run from (¢, 0) to (¢7,0) and one from (¢;,0) to (¢, 0).
This problem is shown to be in EXPSPACE [16]. More precisely, Leroux establishes the
ExPSpPACE-membership and provides a bound on the lengths of the runs, for the mutual
reachability problem in VAS (Vector Addition Systems). However, by applying the VASS-to-
VAS transformation presented in [14], we get the following result.

» Theorem 4.1 ([16] Corollary 10.6, Transformation of [14]). Given a VASSV = (Loc, £y, X, A),
if there are two runs (£, 0) ~~* (£7,0) and (€5,0) ~~* (£o,0), then there are two
runs (£, 0) ~~* (£7,0) and (£f,0) ~~* (£, 0) whose lengths are bounded by 17(|X| +
3)2z 15X+ ypere 2 = (1 + 2(|Loc| + 1)2)2.

Given a Wait-Only protocol P = (Q, X, gin, T') and a target state gr € Qa, we explain
how to transform it into a VASS where mutual reachability is equivalent to SYNCHRO. We
build the VASS Vp = (Loc, X, s0,A) as described in Section 3.2, with some modifications.
The first two modifications simply encode the fact that the target state is not a waiting sate
anymore, while the third one ensures the mutual reachability.

We add a state s} and the transition ({S},0,sy) is replaced by two transitions: (0,4, 8})

and (s%,0',sy). Here, d(xq,) = —1, '(xg,) = 1, and for all other counters x, §(x) =

§’(x) = 0. It prevents the reachability of (s¢,0) to be trivial with the run (sg,0) ~~

(0,0) ~~> (s7,0).

The transition (sy,dyf,sy) is replaced by (sf, %, s¢), where 6% (xg,) = —1 and 6} (x) =0

for all other counters x.

We add a transition (sy, 0, sg) to allow the resetting of Vp to sg after reaching s;.

» Lemma 4.2. There exists C € T and C' € C such that C —* C”" and, for all e € [1,]|C"|]],
C'(e) = qy if and only if there are two Tuns (s, 0) ~~* (s7,0) and (sy,0) ~~* (s0,0) in
Vp.

Sketch of Proof. Assume that there exist C € Z and C’ € C such that C —* C’ and, for
all e € [1,[|C"||]], C'(e) = g¢. Since the main body of Vp is the same as in Section 3.2 we
can, like in Lemma 3.11, build a run of Vp from (s, 0) to (sf,0). By construction of Vp,
(5f,0) ~~r (S0, 0).Assume now that (s, 0) ~~* (s¢,0) (and (sf,0) ~~> (50,0)). Observe
that it might be the case that the run looks like (sg,0) ~~>" (5f,01) ~nt> (S0,01) ~ni>™
(sr,v2)...(s0,v%) ~* (s7,0). By construction of the VASS, we know that there is an
execution (s, 0) ~mne® (0, 0) ~anes™ (0, 05) s (8%, 057) ~ans (87,00 ) e ™ (57, v1). Here vy
is the valuation obtained after having increased the counter x,,,, vj is the valuation obtained
just before going to s}, and v is obtained after having decremented counter x,,. Adapting
the proof of Lemma 3.9 to this case, we deduce the existence of an execution of the protocol
from an initial configuration Cy to a configuration C such that |C% " (¢)| = 0 for all ¢ € Qw,
and |C} ™" (q)] = U0 (%q) + 22521, Qw41 V0 (X(q,i)) for all ¢ € Q4. From the portion of run
of the VASS (s0,v1) v ™ (0,0]) ~ne™ (0,07) ~vone (8%, 01") ~nns (85, 07) manes™ (57, 02), we
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similarly get another sequence of configurations of the protocol from a configuration C; (not
necessarily initial because v; might not be equal to 0 for some counters other than x4, ) to a
configuration € such that C; —* €] and |C} " (¢q)| = 0 for all ¢ € Q. Observe however
that these two sequences can be merged into a single one, of size v (Xy,,) + (V] (Xg;,) —v1(Xg;,))
(the second part corresponds to processes added in g;, with transition (sg,d:n, So), and
din(Xg,,) = 1). The execution then first behaves like the execution from Cy to C{, potentially

leaving some processes in the initial state (in particular processes from v (xg,, ) — v1(Xg;,))-

Once this first part is over, all the processes are either in the initial state, or in an action
state (because C’é_l(q) =0 for all ¢ € Qw). Then, one can simulate the second sequence,
(processes already in ¢y from the first execution won’t be affected because they are in an
action state, so they won'’t receive any message. This would not be true if ¢ € Q). Since
the execution of Vp eventually reaches (ss,0), it means that it reaches (sy,vx41) where
Ur41(x) = 0 for all x # x,,. Then, by iterating the construction described above, one obtains
an execution of P from an initial configuration to a configuration Cy such that Cy(e) = ¢y
for all e € [1,]|Cf]|]- <

As runs of doubly exponential length can be guessed in exponential space in the size of
the VASS and EXPSPACE = NEXPSPACE, we get the following theorem using Remark 3.7
and Theorem 4.1. Observe that even if the number of locations is doubly exponential in the
size of the protocol, the bound of Theorem 4.1 is polynomial in |Loc| and doubly exponential

in |X], hence lengths of the runs to guess remain doubly exponential in the size of the protocol.

» Theorem 4.3. SYNCHRO for Wait-Only protocols is in EXPSPACE when qy € Qa.

Lower bound. ExPSPACE-hardness follows from a reduction of the coverability problem in
VASS, which is EXPSPACE-hard [19], and stated as follows: given a VASS V = (Loc, £y, X, A)
of dimension d € N, and a location £; € Loc, decide whether there is an execution from
(40,0) to (£¢,v) for some v € N4

The reduction uses the protocol depicted in Figure 5, this time including the dashed
edge but excluding the thick edges: ¢y is now an action state. Then £ is coverable iff there
exists an execution Cy —* Cy in which all processes reach gy. The execution of the VASS
can be simulated in the protocol like in Section 3.3. The processes that may still remain in
the states unit, can reach z-end even when E} is populated (recall that all the thick edges
have been removed). Once this is done, all processes can gather in g;. Conversely, if there
exists an execution in which all processes reach gy, it means that £ is coverable. Let ey be
the first process to broadcast start, then an execution of the VASS covering ¢; can be built
based on the sequence of states visited by ey between £y and ;. This relies on three keys
observations: (1) The process ep must visit ¢;, otherwise it cannot reach gy. (2) When e is
between £y and £y, eg is the only process in this region. If another process attempts to join
by broadcasting start, eg will receive the message and go to err, preventing it from reaching
¢s. (3) When eq reaches £y for the first time, no other process is in the states {unit, | x € X},
since start is sent for the first time at this point. Hence, with Theorem 4.3, it establishes the
following result.

» Theorem 4.4. SYNCHRO for Wait-Only protocols is EXPSPACE-complete when qf € Q4.

5 Solving the Repeated Coverability problem for Wait-Only Protocols

Upper Bound. We show that REPCOVER on Wait-Only protocols is in EXPSPACE, via the
repeated coverability problem in VASS: given a VASS V = (Loc, £, X, A) and a location
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Figure 7 The part of P with transition t; = Figure 8 The part of P simulating
(gn+2,'®©,q1). We write 7% for ?m,Vm € X. automaton i.
¢; € Loc, is there an infinite execution (£inst, 0) ~~i> (€1, 1) ~~> ... such that, for all i € N,

there exists 7 > ¢ such that ¢; = £;7 We rely on the following theorem.

» Theorem 5.1 (Theorem 3.1 of [13]). For a VASS V = (Loc, linit, X, A), the repeated
coverability problem is solvable in O(log(l) +log(|Loc]))2¢XI1°8(XD) nondeterministic space for
some constant ¢ independent of V, and where the absolute values of components of vectors in
A are smaller than [.

Let P = (Q, X%, gin, T') be a Wait-Only protocol and ¢ty = (g,!!a,¢’) the transition that
has to occur infinitely often. We build a VASS Vp based on the construction presented
in Section 3.2. This time, we add a new set of states CoSetsg = {(S,®) | S € CoSets}.
and the set of transitions {(S,0,(S,®)) | (5,4,8") € Ay, } U{(S,9©),0,S) | S € CoSets}.
Hence, when a process takes the transition ¢y, it is highlighted in Vp by going in a location
tagged with ®, before continuing the execution. Taking the protocol of Figure 1, with t; =
(@in, ''d, q1), the previous transition from the location of the VASS {({gs}, g1, 1)} to the loca-
tion {({gs},q4,1), {q1}, g6, 1)} (see Figure 4) is now transformed into two transitions in the
VASS we build here: one from ({({gs}, g4,1)}) to the location ({({gs},q4,1), {a1},6,1)},®)
and one from ({({gs},q4,1), {a1},46,1)},®) to {({gs},qs,1), {q1},¢6,1)}. There is an
execution of P with a process that takes t; infinitely often iff there is an execution
of Vp where one state in CoSetsg is visited infinitely often. The procedure to decide
REPCOVER is then: guess a location ¢; in CoSetsg and solve the repeated coverabil-
ity problem for Vp and £;. From Remark 3.7 and Theorem 5.1, this can be done in
O(log(2) + (|Q| + 1)? x 21QI 4 2)2¢(1QI+D?*10e(IQI+1)*) pondeterministic space. The overall
procedure is then in NEXPSPACE = EXPSPACE. Hence, the following theorem.

» Theorem 5.2. REPCOVER is in EXPSPACE.

» Remark 5.3. One could define REPCOVER with a reception transition that has to occur
infinitely often. The VASS we described hereabove can be adapted by enlarging each location
with the current state of the witness process. This can also be done in EXPSPACE.

Lower bound. We reduce the intersection non-emptiness problem for deterministic finite
automata, which is known to be PSPACE-complete [15], to REPCOVER. Let Ay,..., A, be
deterministic, complete finite automata, with A; = (A,Qi,q?,qif,Ai) for 1 < i <n. The
reduction assumes a single accepting state per automaton, which does not affect complexity.
We denote by A* the set of words over the alphabet A, and extend each transition function
A; to A* by defining: A¥(q,e) = ¢, and Af(q,wa) = A;(Af(g,w),a) for all w € A* and
a € A.

We define a protocol P = (@, 3, gin, T) composed of several components. For each
automaton A;, P includes a component P; = (Q% T%) (see Figure 8), where Q° = Q; and
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T = {(¢},%a,¢3) | (¢4, a,q%) € A;}. The main control component (see Figure 7) includes
the transition ty = (gn42,!'®,¢1), which must occur infinitely often. A process taking ¢
infinitely often also receives infinitely many sequences of messages $ - end; - ends .. .end,,
where each end; is broadcast by the component simulating 4;. In addition to transitions
in Figures 7 and 8, T also includes: {(qin, 'a, ¢in) | @ € A} U {(qin, '$, ¢in)}. One can show
that there exists a word w = aj ... a, in the intersection of the n automata iff there is an

execution in which ¢ is taken infinitely often.

» Theorem 5.4. REPCOVER is PSPACE-hard.
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A  Synchro is undecidable

In order to prove undecidability of SYNCHRO, we reduce the halting problem of a 2-counter
machine.

2-counter machines

A 2-counter machine is a tuple M = (5, sin, S§,X1,%2,A) such that S is a finite set of
states, s;, € S is the initial state, sy € S is the final state, x; and x, are two counters
that take their values in N, and A C S x Op x S is a finite set of transitions, with
Op = {x++,x——,x=0]| x € {x1,x2}}. A configuration of the machine is a tuple (s, x1, x2)
with s € S, and 1 € N (resp. z2 € N) is the value of counter x; (resp. x2).

Consider a transition § = (s,o0p,s’) € A, then for z1, 25 € N, we have:

(s,21,22) o (8,21 + 1,29) iff op = x1 + +;

(s,21,22) o (s', 21,9 + 1) iff op = %9 + +;

(s,21,22) o (s',21 — 1,29) iff 21 > 0 and op = x; — —;
(s,21,22) o (s', 21,29 — 1) iff 29 > 0 and op = xg — —;
(8,21, @2) ~o> (8,21, 2) iff 21 = 0 and op = (x; = 0);
(8,21, @2) ~o> (8,21, 2) iff 25 = 0 and op = (xo = 0);

We let Atest = {(s,0p,8") € A | op € {x1 = 0,xa = 0}} C A. Given two configurations

(s,x1,22) and (8, 2], 2}), we write (s, z1, 22)~~> (8, 2], 25) whenever there exists a transition
8 . . oL

0 € A such that (s, z1,x2)~~ (8", 2], 25). Finally we denote ~~* the reflexive and transitive

closure of ~~>. We assume that A is deterministic, and that sy has no outgoing transition.

The halting problem asks whether (s;y,,0,0) ~~>* (s7,0,0) and it is undecidable.

Simulation.

Given a machine M = (S, Sin, S7,X1,%2,A), we define a protocol P depicted in Figure 9,
where Py is defined as follows: Py = (SU{®}, T) with Ty = {(s, 7op,s’) | (s,0p,s’) €
AN\ Agest } U {(8,11x=0,8") | (s,x=0,5") € Atest} U{(s,70p,®) | s € S,0p € {x+ +,x — — |
x € {x1,x2}}}.

If (8in,0,0) ~~* (s5,0,0), there is an execution of the protocol that gathers all the
processes in s;. The number of processes needed is 1 4+ max(z; + z2) where max(z; + z2)
denotes the maximum value of the sum of the counters during the execution of M. Initially,
a single process (the leader), broadcasts ¢, and goes to s;,, while all the others go to the
state 0. From that point onward, the configurations of the 2-counter machines are encoded
in a the protocol’s configurations as follows: the state of the leader process determines the
location of M, and the number of processes in state 1 (resp. x2) represents the value of
counter x; (resp. xa).

From a location s, if the transition taken in the execution of M belongs to Atest, the
leader process broadcasts the corresponding message !!x; = 0. Since the counter x; is zero at
that moment, no process is in state x;, allowing the simulation to continue. If the transition
involves an increment (respectively, a decrement) of counter x;, then, by our choice of the
number of processes, there are some processes in state 0 (respectively, in state ;). One such
process broadcasts the message !!x; + + (respectively, !!x; — —), which causes the leader to go
to the next location. The protocol configuration remains equivalent to the configuration of
M. Since (sy,0,0) is reached in M, this simulation ensures that the leader process eventually
reaches state sy, while all other processes remain in state 0. At that moment, the leader
broadcasts !!d, bringing all processes to sy.
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Figure 9 Protocol P associated to a machine M = (S, sin, Sy, X1, %2, A).

Conversely, if there exists an execution of the protocol that gathers all processes in sy,
then at some point, one process must have broadcast !/, after which all other processes
must have reached state 0. From this point, if any process deviates from the intended
behavior—such as a counter sending an incorrect operation to the leader or the leader
sending a zero-test message when the corresponding counter is not empty—an erroneous
message is received by some processes, leading them to the sink state ®, from which it is
impossible to gather all processes in sy. When the leader process eventually reaches sy
(which must happen since the execution gathers all processes in sy), the only way to ensure
that all other processes join is by broadcasting !!d. If any process is not in state 0 at that
moment, it will be sent to the sink state ®. Consequently, the corresponding execution in
the 2-counter machine must be correct and must reach (s¢,0,0).

B Proof of Lemma 3.1

Proof. Let p € AUA,, be an execution of P such that there exist e, ea € [1, #proc(p)] and
0 < jo < |p| with pj,(e1) = pj,(e2) € Qw and na(p, jo, e1) = (¢, j1) and na(p, jo, e2) = (¢, j2)
with ji < ja <|pl.

We define the sequence of configurations p’ = pj .1 -+ p};, as follows:

for all jo < k < j1, pj,(e2) = px(e1) and for all e # es, p}.(e) = pr(e);
for all j1 < k < ja, p},(e2) = ¢ and for all e # eq, p.(e) = pi(e).

Observe that pj,(e2) = ¢ as na(p, jo, e2) = (g, j2). Hence, p}, = p;,. Hence, it remains to
prove that pj, — p 1 — -+ — pj, in order to prove that p<j, - p’ - p>j,+1 is an execution.
We do so by induction: we let p} = pj, and we prove by induction on jo < k < jz that
= gt = ph
For k = jo, there is nothing to do. Let jo < k < j» and assume that p} — pi . —
-++ = pj,. Let us prove that p;. — pj,. To do so, let py Loty Pr+1 with ¢ = (¢,1a,q’). We
distinguish between three cases:

Case k < ji. First observe that k < j; = na-index(p, jo, e1) < na-index(p, jo, e2) = ja,
hence p(e1) € Qw, pr(e2) € Qw and so eg # e1 and eg # es.
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Observe that we are in the case where pj(e2) = pr(e1) and pj(e2) = pryi(e1). As

P = pr1, either (p(e2),7a, p 4y (e2)) = (pr(er), 7a, pria(er)) € T or a & R(pp(e1)) =

R(pj(e2)) and pj,(e2) = pry1(e1) = pr(e1) = pj.(e2). Hence, as for all other process e,
. eq,t

pi,(€) = pr(e) and p) . (e) = pr41(e), it holds that pj, == p} ;.

Case k > ji. First observe that k < jo = na-index(p, jo, e2), hence pi(e2) € Qw, and

SO ey # €.

Observe that we are in the case where pj (e2) = pj,;(e2) = ¢. Recall that ¢ € Q4. Hence,

ad R(q)=0.

As pj.(e) = pr(e) and pj,_(e) = pry1(e) for all other process e, it holds that pj, N Py

. . eq,t
As in the previous case, we conclude that pj, = p} ;.

Case k = ji. In that case p (e2) = pj,(e1) = ¢q and pj ,(e2) = ¢. As ¢ € Qa,
a & R(q) =0 and so, as pj,(e) = pr(e) and pj_,(e) = pry1(e) for all other process e # e,

eo,t

it holds that p;, —= pj_ ;.

C Proofs of Section 3.2

Let A = (S,v) and X = (§',v) be two S-configurations and ¢t = (¢,!a,q’) € T. When
Ao N and (S,6,8) € A, we say that A~ X,

Proof of Lemma 3.8. Let A\ ~o> N with A = (S,v) and N = (S8',v). Let C € [\] with
[|IC]|=nand f:[1,n] = X.

If 6 € A, then § =&’ and let (p, k) ¢ lab(S) such that 6(x,) =1 and §(x,x) = —1. In
that case, we let ¢/ = C and C' —* C". It remains to show that C' = C’ € [\']. For that,
we will build another function f” : [1,n] — X, that reflects the modification of counters x;,

and x,. Since §(xp ) = —1, v(x,x) > 0 and hence | f 71 (x, )| > 0. Thus, let e € f~1(xpx).

Since (p, k) ¢ lab(S), by CondImpl3, C(e) = C'(e) = p. Then, we let f'(e) = x,, and
for all other processes e’ € [1,n], we let f'(e) = f(e). Then, | £~ (x,)| = [f~*(xp)| + 1,
17 (k)| = fH(%px)| — 1, and for all other counter x, |f'~'(x)| = |f~'(x)|. Then,
V' (xp) = v0(xp) + 1= [f 7 xp) [ + 1= |f/71(Xp)|, V' (xp,1) = 00xpk) = 1= [f 1 p0)| — 1=
|7/~ (xp.x), and for all other counter v/(x) = v(x) = |/~ (x)|. Since C’(e) = p, it is easy
to see that f’ meets the requirements CondImpll, CondImpl2 and CondImpl3, hence
C’ e [N].

Otherwise, § ¢ A, and let t = (¢,!la,¢’) such that A ~os X, Since d(x,) = —1, v(x,) >0
and hence there exists e, € [1,n] such that f(e,) = x4, and, by CondImpll, C(e,) = ¢
We build C” as follows: C’(e;) = ¢'. Then for all other e € [1,n], if a ¢ R(C(e)), we
let C’(e) = C(e). Otherwise, C(e) € Qw. From the fact that C' € [A], we deduce that
f(e) = X(p,k), with (p, k) € lab(S), and let S = (pr,p, k) € S. Now,

if (p, k) ¢ lab(S’), it means that S = Done, and we let C’(e) = p. By definition of
s L Done, we deduce that (C(e),?a,p) € T.

Otherwise, let S = (pr',p,k) € S’. By definition of the VASS, it means that
cither S < S’ or S % S’. In both cases, there exists a configuration C”" such

L]
that ¢ ® pr 14 ¢ ® C" and either set(C"”) = pr’ or set(C"”) U {¢'} = pr'. Let ¢
such that ¢ ® pr(e/) = C(e) (we will justify its existence just after), then, we define
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816 C'(e) = ¢ @ C"(€’). Observe that we know that such a process €’ exists, thanks to
817 CondImpl2: since e € f~1(x,), C(e) € prU {p}. Moreover, C(e) € Qw, hence
a18 C(e) € pr. Then we know that (C(e),?a,C’(e)) € T or C(e) = C’'(e) and a & R(C(e)).
810 It is clear from the construction of C’ that C' — C’. We show now that C’ € [X] by
820 defining f’ : [1,n] — X as follows.

Xq if qd €Qa

s21 flleq) = {xpx  if ¢ € Qw, and lab(S) = lab(S’), with x, ; the unique counter such that &(x, ;) = 1
Xp i otherwise, with (p, k) € lab(S’) \ lab(S)
822 f'(e) = f(e) for all other e € [1,n]

823 We have to prove CondImpll, CondImpl2 and CondImpl3, but also that for all x € X,
oo | 7H(X)] = V' (x).

a25 Let p € Q4 and e # ¢4 such that f'(e) = p = f(e) by construction. Then C(e) = p, and
2 by definition of C’, C'(e) = p. If e4 is such that f'(e,) = p, it means that p = ¢’ € Q4. In that
ar case, C'(eq) = p. In any case, CondImpll is satisfied. Moreover, if p # ¢', v/(x,) = v(xp)
o and [/ (x,) = f1(x,), hence |/ (x,)| = v/ (xp). If p = ¢/, then v/(x,) = v(x,) + 1 and
829 flil(xp) = 71 (xp) U {eq} thus |f/71(xp)| = ' (xp).

830 Let (p, k) such that S" = (pr',p,k) € &’ with (p,k) € lab(S). Let e € f'il(xp’k). If
g1 €% eq, then e € f71(x, ). Let S = (pr,p,k) € S. Then C(e) € prU {p}. By construction
sz of C', either C(e) = p = C’(e), or C(e) € pr and C’(e) € pr'. If e = ¢4, by definition
s of f/, ¢ € Qw, lab(S) = lab(S’), and (xpx) = 1, and, by definition of the VASS, this

s means that § =i S’ hence ¢’ € pr'. Hence, C'(e) = ¢’ € pr'. Let now (p, k) such that

s S = (pr',p,k) € 8" with (p,k) € lab(S). Let e € f'"'(x,) such that e # e,. In that
s case, € € f71(xpx). Since (p,k) ¢ lab(S), by CondImpl3, C(e) = p € Q4, and then
s C'(e) =peprU{p}. Ife=e, C'(e) = ¢, and by definition of the VASS, S’ = ({¢'}, p, k).
638 Then CondImpl2 is met. Moreover, if f’(e,) = X, then | £/~ (o) = |F " (xp)| + 1,
s and in that case, v'(Xp ) = v(Xp ) + 1. Otherwise, |f’71(xp7k)\ = f " (xp)| = v(xpx) =
840 ’U/(Xp’k).

a1 Finally, let (p, k) ¢ lab(S’), and let e € f'~'(x,.x). By definition of f/, e € £~ (xpx). If
sz (p, k) ¢ lab(S), then by CondImpl3 on C, C(e) = p € Q4, and then C’(e) = p. Otherwise,
a3 let S = (pr,p,k) € S, we must have S L. Done. By construction, C’(e) = p. Then
s CondImpl3 is satisfied by C’. Moreover, v(xp 1) = v (xp.x) and [ £/~ (xp)| = |/ (xp)]-
845 We have hence proved that C’ € [\].

846 <

«- D  Proofs of Section 3.2
ss  Proof of Lemma 3.10. Let C' = p; and let \; = (S,v) € repr(p,i), then
840 CondReprl for all ¢ € Q4, v(x,) = |[C(q)];

sso and for all g, € Q 4, there is an injective function r,, : na-index-set(p, i, q,) — [1,|Qw|+1]
g5t S.b.:

852 CondRepr2 § = {(C’(Eg;i,j), Qa,7q,(7)) | 4o € Q4,Jj € na-index-set(p, i, q,)},and,
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CondRepr3 for all g, € Qa, we have v(xy, r, (j)) = |E(’1’alj| for all j € na-index-set(p, i, q,)

and v(xq, 1) = 0 for all k ¢ r,, (na-index-set(p, i, qq)).

Let t = (¢,""'m,q’) and e, € [1, #proc(p)] such that C SZLN Ci11. We start by building
an S-configuration N = (S',v’) such that A; ~~ \. We will then show that an appropriate

sequence of transitions from A, allows to go from )\ to a configuration \;41 € repr(p,i+ 1).
for ¢, € Q4 and j € na-index-set(p,i,q,)-

We state first some remarks about EJ"*,

Observe that, since E(';;i,j = {e € [1,#proc(p)] | C(e) € Qw and na(p,i,e) = (qq4, )}, if

Cit1(e) € Q4 for some e € El’;jj, then it means that j = ¢ + 1 and C;y1(e) = ¢, for all

ee€ Egalj Hence Ci+1(E5f,j) C Qw or C’H_l(Ep’i ) ={q.}

9a,]
Observe also that if j € na-index-set(p,i,q,):

0 ifj=i+1
EPT =L pri U if ¢/ d i+ 1,e,) = j
qa,j GasJ eq} g GQW all na(p,z—f— aeq) = (Qaaj)
gj’ ; otherwise.

Moreover, if ¢ € Qw, and na(p,i,eq) = (¢a,j) With j ¢ na-index-set(p,,q,), then
EP" . = hence Egj);rl ={eq}-

Definition of )\'.

For all S = (pr,qq, k) € S, we let j = r;ll(k:) and we define

gt _ (Cis1(EL' ) qas k) if Cipa (EP' ) € Qw
Done otherwise.

Recall that t = (g, !!m,q’). S** represents the set of states reached by the states in the

print of S after the sending of the message m in p. We then let Sy = {S** | S € S} \ {Done}.

We first show that Sy is coherent: let S1 = (pry, ¢a, k1), S2 = (Pry, qa, k2) € S such that
S1*t = (pr}, qa, k1) and So™' = (pry, qa, ko) are two distinct summaries in Sp. Since S is
coherent, we know that ki # ko. Assume that there is some p € pr} N pry. It means that

there exist eq, ex € [1, #proc(p)] such that C;11(e1) = p = Cip1(e2), and e; € El’;’i 1 (k)
asTq, (K1

and ey € B _, Hence by definition, na(p,i,e1) = (qa,7;' (k1)) = na(p,i + 1,e;)

9asTqq (k2).
and na(p,i,es) = (qa,7; (k2)) = na(p,i + 1,ez). Since p is well-formed, we have that

o (k1) =7, (k2), and hence, ki = ko, which is a contradiction. Then for any two distinct
summaries S, = (pr}, qa, k1) and So** = (prh, qa, ko), then ky # ky and prj N pry, = .

Now that we have defined Sy, which captures the behavior of the processes that were
in waiting states when the transition ¢ has been taken, we define S’ that incorporates the
process e, that arrives in state ¢/, along with the new valuation v’. In particular, if ¢’ € Qw,
then e, reaches a zone of waiting states and must enter one of the summaries. Observe first
that C(e,) = q, then v(x,) = |C71(q)| > 0, then we let v/(x,) = v(x,) — 1.

If ¢ € Qa, &' =Sy and v'(xy) = v(xy) + 1. For all other counter x, v’(x) = v(x).
If ¢ € Qw, let na(p,i+1,¢e,) = (p,j).

1. If j € na-index-set(p, i, p), then e, will join an existing summary S = (pr, p,r,(j)) € S.

Since na(p,i+ 1,e4) = (p,j) and ¢ € Qw, j #i+ 1 and C’i+1(E§;fj) C Qw. Hence,
S*! 2 Done. We then let &' = (Sp \ {S**}) U {(print(S**) U {¢'},p,7p(4))}. Then
V' (Xp,r, (7)) = V(Xp,r, () + 1 and v'(x) = v(x) for all other counter x.
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2. If j ¢ na-index-set(p,i,p), then e, will enter a new summary. Observe first that

na-index-set(p, i+1,p) = (na-index-set(p, i, p)U{j})\{i+1}. So |na-index-set(p,i,p)| <

[na-index-set(p,i+ 1, p)| < |Qw| < 14 |Qw|, and there exists k € [1,|Qw |+ 1] such
that k ¢ r,(na-index-set(p, i, p)). This means that (p, k) is a label that is not used
in the summaries of Sy and we let S’ = So U{({¢'},p, k)}. Now, v'(xpx) = v(Xpx) + 1,
and for all other counter x, v'(x) = v(x).

Proof that \' = (S§',v’) is an S-configuration.

To prove that X is an S-configuration, we need to show that S’ is coherent. The definition
of 8§’ depends on the belonging of ¢ to Q4 or Qw .

If ¢ € Q4, then 8’ = Sy, and we have proved above that Sy is coherent.

if ¢ € Qw, let S1 = (pry,qa, k1) and Sy = (pry, ga, k2) € S, for some ¢, € Q4. If
51,82 € Sy, by coherence of Sy, we have that ky # ko and pry N pry = 0. Otherwise,
assume that Sy € &'\ Sp. Depending on whether e, has joined an existing summary
or a new one, Sy = (prU {¢'},p, k2) with pr empty or not. Then S; = (pry,p, k1) and
if pr # 0, (pr,p, k2) € So. By coherence of Sy, k1 # ko and pr; N pr = (). Moreover,
if So = ({¢'},p,k2), by construction, ko # ki. Assume now that there exists p’ €
pry Npry. Then p’ = ¢/, and there exists e; € [1, #proc(p)] such that C;11(e1) = ¢’ and
na(p,i,e1) = (p,r, ' (k1)). But na(p,i,eq) = (p,j). Since p is well-formed, j = r, ! (k1),
which is impossible because ko # k1. Hence pry Npry = 0, and S; is coherent.

Proof that \; ~~x ).

We first show that for all § € S, § &= $*. Let § = (Pr,qa, k) € S with j" = r_ (k).
By construction, pr = C’(Egjj,). Assume now that there exist e;,es € E(‘I’;fj, such that
C(e1) = C(e2). Since p is well-defined, Cit1(e1) = Ciy1(e2). Then, for all s € pr, there
exists a unique s*! € Q such that Cyy1(e) = s™ for all e € C; ! (s). Moreover, C;1(E"" ) =
{s*' | s € pr}. We define a configuration C’ as follows. Let e € [L,]|pr|]] such that
pr(e) = p. € pr. Then C’(e) = p.**. Hence set(C’) = {s™ | s € pr} = Cip1(Ep" ). We
show now that ¢ & 1,pr AN ¢ ®C". Leteell ||p.r||] such that [;r(e) = p., then there
exists e’ € Egjj, such that C(€’) = p. and p.** = C;11(¢’). Since C t Ci11, then either
(pe; ?m,p™) € T or m ¢ R(p.) and p. = p.*!, and q®pr RN q' © C'. We have already
established that set(C") = Ci11(E]" ;) € Qw or set(C') = Cip1(E]" ;) = {¢a}. In the
latter case, S** = Done. In the former case, S** = (Cit1(E} /), qa, k) and S L. $*1. In any
case, we have that S = S*1.

Now we show that there exists § such that A; ~o X and (S,6,8') € A,.

If ¢ € Qa, we must have d(x,) = —1, d(x,) = 1 and for all other counter x, d(x) = 0.
Observe that we have v/(xq) = v(xq) — 1, v/(xg) = v(xy) + 1, and v'(x) = v(x) for all
other counter x. Moreover, &' = Sy = {5*! | S € S} \ {Done}. Since S = S*! for all
S €S, we have (S,6,8') € Ay and \; ~o V.

If ¢ € Qw and there exists some S = (pr,p,7,(j)) such that S’ = (S \ {S*™}) U
{(print(S*™) U {q'},p,rp(4))}. Then v'(xg) = v(xq) — 1, v/ (Xp 1 (5)) = ¥(Xp,r,(j)) + 1 and
v’'(x) = v(x) for all other counter x. By definition, S g, (print(S*) U {¢'}, p.1p(4)),
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because S = S*1. Then, with d(xq) = =1, 8(xpr, ;) = 1 and d(x) = 0 for all other

counter, we have (S,6,8) € Ay, and A; ~ous N

If ¢ € Qw and 8" = So U{({¢'},p, k)} for some k € [1,|Qw|+ 1]. Then (p, k) ¢ lab(S)
by construction. Moreover, v'(x,) = v(x,) — 1, and v'(x, ) = 1. For all other counter
x, v'(x) = v(x). For ¢ such that §(x4) = —1, d(xp ) = 1 and d(x) = 0 for all other x,
(8,6,8") € Ay and A; ~ous N

Then \; ~~s> X

Definition of ;4.

First observe that for all g, € Q4, there is at most one S = (pr,q,, k) € S such that
S*' = Done. Indeed, suppose there exist S; = (Pri;qas k1), S2 = (pra, qa, k2) € S such that

S;*t = 5™ = Done. By definition, pr; = C(ES’ - )) and pry = C(Ep’ v (ks )) Let

j1 = r‘l(kl) and jo = ’f‘_l(kg) Then, since C’L+1(E5a1]1) ¢ Qw for i € {1,2}, necessarily
Cl+1(Egazh) = C’,+1(E5a Jz) = {q,}. This implies that j; = j» =i+ 1 and then that k = ko,
which contradicts the coherence of §. This means that, there is at most one summary for
each q, € Q 4 that disappears while going from S to &’. This corresponds to a set of processes
leaving a waiting zone and reaching the state g, together. We capture this new configuration
of the protocol by transferring the value of the counter x(g, », (i+1)) into the counter x,, .

So we define v;41 as follows. For all ¢, € Q 4,

if i +1 € na-index-set(p,i,q,), let k = ry, (i +1) and vi41(x,,) = v'(xq,) +v' (X, k) and
Vit1(Xga k) = 0.
Otherwise, v;41(xq,) = v'(Xq, )-

For all other counter x, v;41(x) = v'(x).

We let )\1'_;,_1 = (S/,UH_l).

Proof that )\, ; € repr(p,i+1).

We show that CondReprl holds. Let g, € Q4. Observe first that, for all e € [1, #proc(p)],

(C(e),?m,q,) € T if and only if e € Eg’ iv1- Let eq € [1, #proc(p)] such that C Loty Cit1.

Then, C(eq) = ¢, Ciz1(eq) = ¢'. For all e € [1,#proc(p)], Cit1(e) = ¢, if and only if
(C(e) = qq and q # qq, or C(e) = ¢, and e # ¢4, or (C(e),?m,q,) € T and na(p,i,e) =
(ga,i+1), or ¢, = ¢’ and e = ¢,). From this we can deduce that

C ) UED if gu # ¢ and qq # ¢’
Ci:tll(qa) =4qC" 1(‘](1) u {eq} U Eqa i+1 if ¢, = Q’
(C M ga) \{egDUEL" ) ifga=2q.

Since C~'(qa) and Ef*; ., are disjoint, and if e, € C~'(q) \ C~'(¢') (which is always
true as q # ¢’ by hypothes1s) we have that

1C™ qa)| + |EY 2+1| if g, # q and g, # ¢
1G4 (ga)l = S 10 Hga) + 1+ B 1] ifga=¢
|071(Qa)| 1Jr|Eaz+1| if g, = q.

42:25
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963 Since A = (S,v) € repr(C, i), v(x,,) = |C~'(q.)| and, by definition of v’, we have that

964 |Cz‘_+11(%)| ='(xq,) + ‘Eg;twﬂ

965 Now, if ¢ + 1 ¢ na-index-set(p,i,q,), it means that E(‘I’;i’iﬂ = (. In that case, by
ss definition of viy1, viy1(Xg,) = V' (Xg,) = |C’;r11(qa)|.

967 Otherwise, v;11(%q,) = v'(Xq,) + V' (X(gu,r,, (i+1)))- The only case where v'(x(q, r,. (i+1))) 7
w8 U(X(g,,r,, (i+1))) 18 if ¢ € Qw and ma(p,i + 1,e;) = (qa,i + 1) which is impossible. So

90 V' (Xg, ry. (i41)) = V(Xgq ,ry, (i+1)) and, since A € repr(C, i), v(Xq, r,. (i+1)) = |E(’1’:Z+1| Hence,

o0 Vig1(Xg,) = V' (Xq, ) + |E§;Z;i+1| = |C’;_11 (¢a)], proving CondReprl.
o71 We now show that CondRepr3 holds. Let g, € Q4. We define an injective function

m  1g, :na-index-set(p,i+1,¢.) = [1,|Qw| + 1] as follows.

Recall that
(na-index-set(p,i,q,) \ {¢ + 1})U

na-index-set(p,i+1,q,) = ¢ {na-index(p,i + 1,¢,)} if ¢ € Qw and na-state(p,i+1,¢,) = ¢,
na-index-set(p,i,q,) \ {¢ + 1} otherwise.

o73 The new injective function keeps the labelling of the summaries as in the previous
ora  configuration, and if needed, associates the labelling of the newly created summary to the
o5 index of the next moment e, will reach an action state.

! ( ) Tqa (.7) lf.] € na—index-set(p, ia (J(l) \ {Z + 1}
976 T =
/ k otherwise, for the unique k such that ({¢'}, ¢a, k) € S’ and (qq, k) & lab(S)
977 For ] (S na—index-set(p, i, qa) \ {7, + 1}, Ui""l(XQa,"";a (J)) = Ui+1(xqa,7”q,l (j)) = UI(an,Tqa (j))
o78 By definition of v/,

o79 V' (Xgorgq (7)) =

,U(any’rqa (J)) + 1 lf q/ E QW and na(pa Z + 1) eq) = (qa7j)
otherwise.

U(XQa sTqq (]) )

080 We know that v(x ) = |E§al ;|- Moreover,

9asTqq (]
081 pyi+1 {Ef;;l,] U {eq} if q/ € QW and na(p,i + 176q) = (Qa;j)
Gasj P, .
qo.d otherwise.
i1
092 Hence, Vi1 (g5, (7)) = V' (Kgurrg, ) = 1B
083 Ifna(p,i+1,eq) = (¢a,j) and j ¢ na-index-set(p, i, q,), by definition ”i+1(xqa,r;a(j)) =
084 V' (Xg,r, (7)) = V'(Xq,,k). This corresponds to the case 2 of the definition of v’, where
985 V' (Xgo,k) = V(Xg, k) + 1. By definition of k, k ¢ r,(na-index-set(p, i, q,)), then, since
986 A = (S,v) € repr(C,i), v(xq, k) = 0 and vi11(xg, r (j)) = 1. Moreover, B, = {e €
987 [1,#proc(p)] | C(e) ilQW and na(p,i,e) = (qa,j)}; since j ¢ na—index-se‘1;+(1p,i,qa)7
988 Ep" ;= 0. Hence, E" 7 = Ep" U {eq} = {eg} and vi1(xg, () = 1=1EL"; |-
089 Let = ¢ ', (na-index-set(p,i + 1,q,)). Then, either x ¢ na-index-set(p,i,q,), or

wo = =1y, (i+1). In the first case, v(xq, ) =0, and vi11(Xg, o) = V' (Xg, ) = V(Xgy,z) = 0. In
o1 the second case, vi11(Xg,.») = 0 by construction. ,

002 Finally we show that CondRepr2 holds, i.e. that &' = {(Ci+1(Egij1), Qa>74, (7)) | Ga €
w3 Qa,j € na-index-set(p,i+1,q,)}.
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First, let S € §’. By construction, either S € Sy, or there exists So = (pr, ¢a,7q, (J)) € So
such that S = (prU{q¢'}, g, 74, (7)), or S = ({¢'}, qu, k).

If S € Sy and na(p,i,qa,e,) # (¢a,7) or ¢ € Qa, then S = Sy** for some Sy €
S. Since (S,v) € repr(C,i), Sy = (C’(Ega )y qasTq.(j)) for some ¢, € Qa and
j € na-index-set(p,i,q,). Then S = (Cz+1(E5;j) Qa,7q,(j3)). Then E(’;jjl =

Eg;fj. Moreover, So™ # Done hence j # i + 1, then r’qa(j) = 74,(7). Then

S = (Cz'ﬂ(EqpaZJH) Qaﬂ“fh (J))-

If there exists So = (pr, ga, 7¢,(j)) € S such that S = (pru{q'}, ¢a, 74, (4)) and ¢’ € Qw
and na(p,i+1,eq) = (¢q, j), then, in that case, E’”Jr1 Epaf U{eq} and j #i+1 so
7, 9) = 70,(4). Then § = (Coa(BRT), 4o, ().

Finally, if S = ({¢'},¢a, k), and ¢ € Qw, with na(p,i + 1,¢e;) = (qa,J) and j ¢
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na-index-set(p, i, q,), then Egjjfl = {eq}and ] (j) = k. Then, S = (C’i_s_l(Ef;jjl), a7y, (7))

Now, let S = (C’i+1(E5;j )s4as 7, (7)) for some g, € Q4, j € na-index-set(p,i +1,qa).

If j € na-index-set(p,i,q.), then j # i + 1 and r; (j) = rq,(j). Let So =
(C’(Eg;i,j), Ga,7q, (7)) € S. Such a summary exists because A\ = (S,v) is in repr(C, ).
If ¢ € Qu and na(p,i—i—l? eq) = (a, ), then, Eg:;]fl - Egaz] U{eq}. Moreover, by con-
struction of S', (Cit1(E," ;) U{d'}, dar 74, (7)) = (Ci1 (B ) U Ciga(eq)s qas 74, (4)) =

(CHl(Eg:jl) Qa>7q, (j)) € S'. Otherwise, Ep’iJr1 = Ep’ij and, by construction of &',

So™t = (Cir1(EL ) das e, (4)) = (Ciga (Ef; ZH) Ga>7q, () €S

If j ¢ na-index-set(p,i,q,), then r; (j) =k and ({¢'},qa, k) € S’. Moreover, since
j € na-index-set(p,i + 1, ¢,) \ na-index-set(p, i, q,), it means that q € Qw and
na(p,i + 1,e4) = (¢q,j). Then Egj;"l = {eq} and S = (C’H_l(Ep’ J ' ga, 7o, (7)) =
({d'} ¢, k) € 5"

Proof that \ ~~* \; 1.

The only difference between A\’ and \;11 is in the valuation. We show that A ~~* A\jyg
by successive transitions from A, in order to transfer the values of counters associated to
summaries that have reached Done to the counter associated to the corresponding action
state.

Let {g1,...,gn} C Q4 such that, for all 1 < ¢ < n, i+ 1 € na-index-set(p,i,q,). It is
the set of action states that are reached by processes in waiting zones in C;11. We build
the sequence of valuations vy, vy, ..., v, with vg = v’ and v, = v;11 such that (S’ vs) ~~r*
(8 vpg1), forall 1 < ¢ < n. Forall 1 <¢<mn,let kg =ry, (i +1). We prove by induction
that, for all 1 < £ < n, ve(Xg, k, ) = Vit1(Xq, k), and Ve(Xg,, ) = vig1(Xq,, ) for 1 < £ <4,
and for all other counter vy(x) = v'(x).

Observe that for all 1 < ¢ <n, k¢ ¢ r;,(na-index-set(p,i + 1,q,)). Indeed, by construc-
tion, if na(p,i+ 1,e4) = (g, j), then ry, (j) # rq, (i + 1).

Let v(xg, 1) = . Then (8',v)(~=)*(S',v1) with 8(xg,) = +1, 6(xg.5,) = —1 and
d(x) = 0 for all other x. Since k; ¢ r;, (na-index-set(p,i + 1,q1)), (q1,k1) ¢ lab(S’) (due
to the fact that (S',v;41) is in repr(p,i + 1)), and (§',9,S8’) € A.. Moreover, v1(xq,) =
UI(XQ1) + UI(XQ1J€1) = Ui+1(XQ1) and vy (XQ1J€1) =0= Ui+1(XQ17k1)'

Let £ > 1 and assume that the property is true for 1 < ¢/ < £. We can show in a
similar way that for d(x,,) = +1, 6(xq£ k) = —1 and &(x) = 0 for all other counter x, we
have (8,8,8") € A, and (S',vp_1)(~o) (S, v0), with &/ = v(xg, 1,). Hence, vy(x,,) =
vo—1(Xg,) + ve—1(Xq, k). By induction hypothesis, vi(xq,) = v'(Xq,) + V' (Xg, k) = Vit1(Xq,)-

MFCS 2025
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Moreover vg(Xg, k,) = 0 = vi1+1(Xg,.k,)- For all other counter x, vg(x) = vs—1(x), which proves
the property.
Thus, we have proved that (S',v") ~~™* (S, vp,) With vy, (Xg, k) = Vit1 Kgp ke ) Un(Xg,) =
vi41(xq,) for all 1 < £ < n, and v, (x) = v'(x) for all other counter x, hence v, = v; 4.
<

E Proofs of Section 3.3

The proof of Theorem 3.13 relies on the following lemma.

» Lemma E.1. There ezist Cy € I and Cy € C such that Cy —* Cy in Py and Cy(e) = gy
for all e € [1,]|Cy||] if and only if (£y,0) ~~* (€,0) in V.

Proof of Lemma E.1. Let the run of the VASS be (£y,v0) ~nt> (£1,01) ~ont> + - ~ont> (£, 0y,)
with vg = v, = 0 and £,, = £;. We denote K = maxo<;<y [v;| where |v;| = > .y vi(x).
We build an execution of the protocol starting from the initial configuration Cy with

K + 1 processes. The first part of the execution goes as follows.
1,(qin,"'8, 2,(qm,"'$, K,(qin,!'$, K+1,(gin,!!start, £,
Co (q q1) o) (g ), K(g q1) Cr (qin,!Istart,lo) Cresn.

Cry1(j) =zerofor all 1 < j < K and Cg41(K + 1) = £.

We rename Cg 1 to CJ.

For all 0 < i < mn,let C(¢;,v;) ={C e€C|C(K+1)=1¢,C([1,K]) = {zero, unit, | x €
X}, and for all x € X, |C~(unit,)| = v;(x)} be the set of protocol configurations correspond-
ing to (¢;,v;). We show by induction on ¢ that, for all 0 < ¢ < n, for all C € C(¢;,v;),
Cy—*C.

For i = 0, observe that C(¢y,vg) = {C{} hence the property trivially holds. Let 0 < i < n
and (£;,0;,¢;+1) € A such that (¢;,v;) ~~> (bir1,0i41) and vy = v; + 6;. Let x; be the
unique counter such that é;(x;) € {1,—1}. Let now C € C(¢;41,v;41).

Case 6;(x;) = 1. Then v;11(x;) = v;(x;) + 1 > 0, and since C € C(¥;41,v;41), there
exists 1 < e < K such that C(e) = unity,. Let then C; € C such that C;(K + 1) = ¢;,
C;(e) = zero and for all other process 1 < j < K, C;(j) = C(j). By definition of the

e, (zero,!lincy, ,unity; )

Observe that

protocol, (¢;,7incy,,¥i+1) € T, hence C; C. Furthermore, it is easy to
see that, since |C; ! (unit,,)| = |C ™ (unit,)| — 1 = v;41(x;) — 1 = vi(x;), and for all other
counter x, |C; (unit,)| = |C~(unit,)| = vit1(x) = v;(x), C; € C(4;,v;). Hence, by induction
hypothesis, C§ —=* C; — C.

Case 0;(x;) = —1. Then v;41(x;) = v;(x;) — 1 < K and there exists a process e such
that C(e) = zero. Let C; € C such that C;(K + 1) = ¢;, C;(e) = unit,, and for all other

process 1 < j < K, C;(j) = C(j). By definition of the protocol, (¢;,?decy,,¥;i+1) € T,

e, (unity, ,!!dec,, ,zero) Lo X 1 i
hence C; C. Furthermore, it is easy to see that, since |C; *(unity,)
|C~(unit,,)| + 1 = viy1(x;) + 1 = v;(x;), and for all other counter x, |C;*(unit,)| =
|C 1 (unity)| = vi11(x) = v;(x), C; € C(¢;,v;). Hence, by induction hypothesis, C§ —* C; —
C.

Then, since C(¢,,,vy,) = {C},} with C}(K+1) = ¢, = {;, and C (j) = zeroforall 1 < j <

1,(zero,!!end,z-end)

K, we have that C —* C/,. The execution ends in the following way: C,

’ 2,(zero,!lend,z-end) K ,(zero,!lend,z-end) K+1,(s’f,l!verif,qf)

il C ik C, 1 x41- One can ob-
serve that for all process e, C, | ;- ,(e) = ¢y which concludes the proof.

We now prove the other direction, which relies on the following intermediate lemma.

» Lemma E.2. Let Cy —* Cy such that Cy € Z and for all e € [1,]|C}||], Ct(e) = qy. Then,
the message verif is broadcast exactly once.
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Proof. We let Cy — C1 — --- — C,, = Cy be the execution that gathers everyone in gy.
The broadcast of verif can be done only with the transition (¢, !lverif, g5).

el,(f’f,l!verif,qf)

First, observe that there must exist an index 0 < j < n such that C} Cit1;

otherwise, ¢; is unreachable. Let j; denote the first such index. If there exists an index

) ) ea, (£ verif,q) .
jo2 > j1 such that Cj, ————— Cj, 41, then, by construction of the VASS, ey # e;

(there is now way for e; to go back to £}), and Cj,11(e1) = err. Then, Cy(e1) = err which
contradicts the definition of the execution. |

We let Cp — C; — - = C, = Cy be the execution that gathers all processes in gy.

: . . . e1,(£},!verif,q )
From Lemma E.2, there exists a unique index j such that C; Cjj+1. Hence,

there exists a unique process e; evolving in Py; indeed, any process in Py needs to broadcast

verif in order to reach gy, and the only way to broadcast verif is to go through Py. So there

. . . . . e1,(qin,!Istart, £
exists a unique index j; < j such that Cj, H Cj,+1. Hence, all other processes

receive the message start in Cj, ; otherwise they will never reach gy. As a consequence, for
each process e # eq, Cj, +1(e) = zero.

We now prove that there exists an index j; < jo < j such that C},(e1) = £5 and for any
other process e # ey, C},(e) = zero. First note that, unless ¢y = {y, there must be at least
one process e such that Cj, +1(e) = zero. Otherwise, no process ever broadcasts a message,
and e would not be able to reach £¢ and then é’f.

o . ) ,!lend,z-end
We claim that js is the first index such that Cj, 2, (zero,ftendz-end), Cj,+1 for some process

e2. This transition must occur during the execution, otherwise, processes other than e;
would be unable to reach gy during the unique broadcast of verif in the execution. First,
we prove that Cj,(e1) = £;. If it is not the case, it needs to receive some messages in the
set {incy, dec, | x € X} before broadcasting message !lverif. Observe from Lemma E.2, there
is exactly one broadcast of verif, and so the sending of one message in {inc,,dec, | x € X}
is received by e; which goes to state err’. As a consequence, it never reaches ¢y which
contradicts definition of Cy. Hence, C},(e1) = £¢. We prove now that for all other process
e # ey, Cj,(e) = zero. If it is not the case, since end is not broadcast before, there is one
process €’ such that Cj,(e') € {unit | x € X}. In that case, for the same reason as before, it
will need to broadcast a message from {dec, | x € X} while ey is in z-end. This would lead e
to err’ and contradicts the definition of Cy.

Hence, C},(e1) = ¢y and for all other process e # eq, Cj,(e) = zero.

We rename the configurations visited during this part of the execution to Cj 41 =
Cy— Cl — -+ = C}, =Cj,, with k = jo — j1 — 1. First observe that since C{(e1) = /o,
and Cj(e1) = £y, the structure of the VASS implies that Cj(e;) € Loc for all 0 < i < k.
Similarly, since, for all e # ey, C{(e) = C},(e) = zero, the structure of the VASS implies that
Ci(e) € {zero,unit, | x € X}, for all e # eq, and for all 0 < i < k. We build now, by induction
on 0 <4 <k, an execution ({o, vg) ~~> (€1, V1) ~nt> ... ~on> (U, vg) of the VASS such that
£; = Cl(e1), and v;(x) = |C (unit,)| for all x € X.

With vy = Ox, the definition of C{; allows to conclude immediately for the case i = 0. Let
now 0 < i < k and assume the property true. Let C! SEIN Ci,, the transition taken in the
execution of the protocol. Since, by construction of the protocol, Ci(e1) € Qw, we know
that e # e, and then ¢ € {(zero, llincy, unity), (unity, !!dec,, zero) | x € X}. We distinguish
two cases:

t = (zero,!lincy, unity) for some x € X. In that case, by definition of the protocol,
(€;,0,0;41) € A with §(x) = 1 and §(x’) = 0 for all other counters x’. Furthermore,
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|C42 1 (unity)| = |C; ! (unitx)| + 1 = v;(x) + 1 by induction hypothesis, and for all other
counters x’, |C/; 1 (unity)| = [C/~!(unite)| = v;(x'), by induction hypothesis. Hence,
(05,03) ~m (i1, vi1) With v (x) = |Cf5 ] (unity)| for all x € X.

t = (unity, !ldecy, zero) for some x € X. In that case, by definition of the protocol,
(£;,6,0;41) € A with §(x) = —1 and §(x’) = 0 for all other counters x’. Furthermore,
|CI 1 (unit, )\ = |C/ Y (unit,)| — 1 = v;(x) — 1 > 0, by induction hypothesis. For all other
counters x', |C/ 1 (unity)| = [C/~!(unite)| = v;(x'), by induction hypothesis. Hence,
(Ei,’()i) > (fi—&-la Ui—i—l) where Ui—i—l( ) |C’Z/+}(un|t )| for all x € X.

Hence, (4o, vg) ~t* (U, vg) with £, = C}(e1) = Cj,(e1) = £ and vy (x) = \C’,’C_l(unitx)\ =
0 for all counters x, which concludes the proof.

F Proof of Lemma 4.2

We prove that if there are runs (sg,0) ~~>" (sf,0) and (sf,0) ~~* (s0,0) in the VASS Vp,
there is an execution in P that leads all the processes in gy.

The idea is that from a run of the VASS going from (sg,0) to (sy,0), one can build a
run from (s, 0) to (s7,0) that never takes the transition (ss,0,sg). Hence this new run will
necessarily be of the form: (sp,0) ~ne™ (0, Vinit) ~ane™ (0,07) ~anis (8, V) s (87,05 ) ~nes
(sr,0) with no visit of (sy, 0, sg). Here, v;ni(x) = 0 for all counters x # x4, and vy(x) =0
for all counters x # x,,. An easy adaptation of the proof of Lemma 3.9 allows then to build
an execution of the protocol from Cy € Z to Cy such that for all e € [1,||Cf||], Cf(e) = gqy.

We now focus on transforming the run of the Vp. From the VASS construction, we can
decompose the run into: (sg, vg) ~~t* (S5, V1) ~ni> (S0, V1) ~nt>™ (S5,02) .. (so,vn 1) ~en™
(sf,vn) with vy = v,, = 0. Moreover, for all 0 < ¢ < n there exist vectors v}, v and v} such
that: (so,v;) ~~>" (S0, 7,) ((Z),’UZ) (@J}{-')w(Sf,U;N)Nv\D(Sf,’U;-/)W (5f7'U1Z+1),
with (i) v}(Xg,,) = vi(Xq,) + k for some k € N and for all other counters x, v}(x) = v;(x), and
(i) i (xq;) = vit1(xq;) + j for some j € N and for all other counters x, v;’(x) = vi11(x).

The key observation is to note that for all s, s’ € Loc, for all counter valuations vy, Ay, vo
such that 0 < Aj, with < the component-wise order, if (s,v1) ~~* (s, v2) then (s,v; +
Aq) ~>* (8,02 + A1), By reordering, we construct a run where all increments of x,,, occur
at the beginning and all decrements of x,, occur at the end.

For all 0 < i < n, let A; be defined by:

A (qu) = Zi<j<n U; (qu) — Y5 (qu)
Ai(XQf) = Zogj<i U;/(qu) - Uj+1(xqf)
A;(x) = 0 for all other x € X.

Observe first that 0 < A;, and that, for all 0 <4 < n, v{' +A; = vj | +As11. Then, from
the different parts of the run (0, v}) ~~s* (0, v!'), we deduce that (0, v} +A;) ™ (0, v + A;),
and we can hence build an execution (g, 0) ~~>* (S0, V) + Ag) ~ni> (0, v + Ag) ~ens™ (0, 07 +
Ap) oo (0,001 + Apsq).

Since in the original run (0,v;,_1) ~~e™ (0,07_1) s (85,000 1) ~nes (55,07 _1) ~ne
(5f,vn), with v, = 0, we deduce that v;;_;(xg,) = 0, v, _;(xg;) > 0, and v;;_;(x) = 0 for
all other x € X. Moreover, A,,_1(x) = 0 for all x # x,,, hence can continue the execution
(0,0 + A1) ot (550 + By 1) ot (8,6 y + B1) ™ (557,0).

This run avoids the transition (s, 0, sg).

Observe that if g¢ € Qw, then this transformation is not possible, as run segments between
so and sy would be of the form (so,v) ~ane™ (0, v1) ~ne™ ({ Sy}, v2) v (8%, 03) v (57, 03).

*
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u2 As a result, we can not shorten a run by gluing a configuration with location {S;} and one
urs  with location (.

aw G Proofs of Section 5

urs  We prove here the soundness and correctness of the reduction presented in Section 5. Denote
ws  L(A) the language of automaton A, i.e. £(A) = {w | A*(¢°,w) = ¢/} where ¢° is its initial
urr  state and ¢/ its final state.

us B Lemma G.1. If there exists a word w € (), <;<,, L(A;), then there exists an execution p € Ay,

21O,
un and e € [1, #proc(p)] such that for all i € N, there exists j > i such that p; i)

180 Oj41-

usr  Proof. We denote w = ay ...ar. Let Cy be the initial configuration with n + 2 processes.
usz  We form the following prefix of execution:

0 0 0
C() 17(’1in1!!17ql) Cl 2)(%’7“”27‘12) nv(Qim!!naqn) C n+17(Qin7!!#7QI) C

1183 n n41

uss  Cpq is such that: Cpyq(i) = ¢) foralli € [1,n], and Cp,11(n+1) = ¢ and Cpy1(n+2) = Gin.
uss  Next, consider the following sequence of configurations:

n+2,(qin,!'a1,qin) n+2,(qin,!'a2,qin) n+2,(qin,! 'k ,qin)
—> P

1186 Cn-i—l Cn+2 Cn-i—k—i—l
n+2,(gin,!!$,qin) 1,(¢} Mtend1,qf) n, (g} end g5,

1187 ——————— Cpipt2 e Contkt2
n+1,(qn+2,11©,q1)

1188 —_— C’Qn-i-k-i-B

e As ar...ap = w € (<<, £(A;), it holds that: Cpipy1(i) = qu for all ¢ € [1,n]. Hence,
o Chypta(i) = qf for all ¢ € [1,n]. Furthermore, Cpr12(n + 1) = g2. We conclude that

nan  Copirrs = Cpy1. Hence, we can form an infinite execution p = CyCy ... Cri1 « .. Conygts -« - Congkas - - -
n+1,(gnt2,119,q1)
—>

ez such that for all 4 (S N, Cn+1+i(n+k:+2) = On-‘,—l and Cn+i(n+k+2) Cn+1+i(n+k;+2)7
ne3  which concludes the proof.
1194 |

uss B Lemma G.2. If there exists an execution p € A, and e € [1, #proc(p)] such that for all

C,(Qn+2,!!©,(I1)

us 1 € N, there exists j > i such that p; pj+1, then there exists w € () <<, L(Ai).

nor  Proof. Denote p such an execution. We start by proving the following lemma.

nee  » Lemma G.3. There exists ig € N, from which no new processes reach state ®, in other
ue  words, for all process e, if p;,(e) # @ then p;(e) # @ for all i > ig.

120 Proof. We reason by contradiction. Otherwise, for all iy € N, either all processes are on ®,
o or there exists an process not in ® who reach it later. As @ is a sink state and there is a finite
122 number of processes, eventually all processes are on @, leading to a deadlock configuration,
1203 which contradicts the fact that p € A,,. <

o We now denote eg a process taking infinitely often transition (g,12,'®, q1). We easily see that
s for all i € N, p;(eg) # @, as otherwise, p;(eg) # @ for all j > 4. Consider now i1, i2,i3 € N

(gn+2,119, .
s three indexes such that ig < i1 < 79 < i3. and Pi; M) Pij+1 for j € {1, 2,3} By
o7 construction of the protocol, there exist ey, ..., e, which respectively broadcast messages
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endq, ...,end, which are received by ey between i1 and is. Observe that from the protocol’s
construction, once process e is on state g2, the only sequence of broadcast messages that
does not put ey (before it reaches g,y2) in ® is end; - ends - - - end,,. Meaning that there
exists 41 < 44 < i2 such that C;,(eg) = ¢2 and:

e1,(q} Mendy,qf) e2,(q5,llend2,q) en, (g3 Mendy,q?)

(:7i4 (:7i4,4—71

as any other behaviour would put ep in ®. Observe that for all i € [1,n], Ci,4+n(e;) = 5.

Note that iy +n = i2 as if Cj, 4 (g,tm.q) Ciitn+1 with m # ©, then Cj,yn(e,) = ©.

Hence:

Ci,(ei) = ¢ for all i € [1,n]
Ciy(e0) = @

Denote i5 the next index from which $ is broadcast (it exists as, in particular, ey needs
to take the cycle with (g2, 7endy, q3)).

As i3 > 1ip, no process e; reaches @, hence p;_(e;) = qlf as otherwise, p;,+1(e;) = @ for
all i € [1,n].

Observe that between i3+ 1 and i5, the only broadcasts are of the form (g, 'a, ¢;,) with
a € ¥ as any other broadcast would put ey in ®.

Hence, the sequence of letters a € ¥ broadcast between i3 4+ 1 and i5 is received by all
processes eq, ..., e, (as automata are complete), and thanks to the protocol’s construction,
it forms a word accepted by all automata. |
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